Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "6 Hyperbolic functions\6.1
Hyperbolic sine"

Test results for the 502 problems in "6.1.1 (c+d x)"m (a+b sinh)*n.m"

Problem 25: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx) Csch[a+bx] dx

Optimal (type 4, 50leaves, 5 steps):
2 (c+dx) ArcTanh[e*®X]  dPolylog[2, -e*®*] dPolylLog|[2, e®PX]

+

b b2 b2

Result (type 4, 174 leaves):

c Log[Cosh[2 4+ &X cLog[sinh[2 4+ BX
~ [ [2 z]]+ [ [2 2H+id _aLog[Tanh[l(a+bX>H—
b b b? 2
i((ia+ibx) (Log[1-e® @b ] _Log[1+e! (1@ 10X ]) 1 (Polylog[2, -e* (*2"20X) | _polylog[2, e (210X ]))

Problem 29: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(c+dx)2Csch[a+bx]2dlx

Optimal (type 4, 74 leaves, 5steps):

(c+dx)® (c+dx)*Cothla+bx] 2d(c+dx)Log[1-e?@®X ]| d2Polylog|2, e (@b ]
b b i b2 : b

Result (type 4, 277 leaves):
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2cdCschla] (—beosh[a} + Log[Cosh[bx] Sinh[a] + Cosh[a] Sinh[b x]] Sinh[a])

+

b? (-Cosh[a]?+Sinh[a]?)
Cschla] Csch[a+bx] (c2Sinh[bx] +2cdxSinh[bx] +d*x?Sinh[bx])
b

+

1
d’>Csch[a] Sech[a] |-b? e ArcTanh(Tanhlal] 2, — =4 (~bx (-sn+2iArcTanh[Tanh[a]]) - 7 Log[1+e®"*] -

1-Tanh[a]?
2 (ibx+iArcTanh[Tanh[a]]) Log[1 - e?* (1Px+iArcTanh(Tanhal]) |, ;| og[Cosh[bx]] +2 i ArcTanh[Tanh[a]]

Log[i Sinh[bx +ArcTanh[Tanh[a]]]] + i Polylog[2, e?* (ibx+iArcTanh(Tanh(all) 1) Tanh[a] / (b3\/5ech[a]2 (Cosh[a]?-sinh[a]?) )

Problem 33: Result more than twice size of optimal antiderivative.

J(c+dx)3Csch[a+bx]3d1x

Optimal (type 4, 256 leaves, 15 steps):
6d? (c+dx) ArcTanh[e?®*]  (c+dx)>ArcTanh[e®®*] 3d (c+dx)?Cschfa+bx] (c+dx)’Coth[a+bx] Csch[a+bx]
- +

b3 b 2b? 2b
3 d® Polylog[2, -e>®X] 3d (c+dx)?Polylog[2, -e*®*] 3d>Polylog|2, e*®*| 3d (c+dx)?PolyLog|2, e*P¥]
b ' 2b? ' b ) 2b? )
3d? (c+dx) PolyLog[3, -e>®*| 3d? (c+dx) Polylog[3, e**®*| 3d>Polylog|[4, -e****| 3d>PolylLog|4, e***X]
b3 ' b3 : b ) b

Result (type 4, 517 leaves):

;?(—b3c3Log[ e™®*] 1 6bcd?Log[1-e®*] -3b3c?dxLog[l-e™?*]| +6bd>xLog[1-e®P] -
3b>cd?x? Log[1-e*] ~b?d®x* Log[1- e*] +b® c? Log[1+ X ~6bcd?Log[1+e™®*] +3b>c2dxLog[1+e¥] -

6bd®>xLog[1+e™®*]| +3b%cd?x?Log[1+e**] +b3d®x®Log[1+e*?*] +3d (—2d2+b2 (c+dx)2) PolyLog[2, -e®®*] -
3d (—2 d? + b? (c+dx)2) PolyLog[2, €®**] - 6b cd?PolyLog[3, -e*®*| - 6bd>x Polylog|3, -e***] +
6 b cd?PolyLog[3, e®**| + 6 bd®xPolyLog[3, e***| + 6d> PolyLog[4, -e*°*| - 6 d> PolyLog|4, ea*bx]) -

1

—ZCsch[a+bx]2 (bc®Cosh[a+bx] +3bc?>dxCosh[a+bx] +3bcd?x*Cosh[a+bx]+bd®x’Cosh[a+bx] +
2b

3c?dsinh[a+bx] +6cd?xSinh[a+bx] +3d>x*Sinh[a+bx])
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Problem 34: Result more than twice size of optimal antiderivative.
J(c+dx)2Csch[a+bx]3dlx

Optimal (type 4, 154 leaves, 9 steps):

(c+dx)2ArcTanh[ea*bX} d? ArcTanh[Cosh[a+bx]] d (c+dx) Csch[a+bx] (c +dx)2Coth[a+bx] Csch[a+bx]

- +

b b3 ; b? 2b
d (c+dx) PolylLog[2, -e*®*] d (c+dx) Polylog|2, e®*] d?PolylLog|3, -e®®*| d?Polylog|3, €|
b2 ) b2 ) b i b3

Result (type 4, 420leaves):

_d (c+dx) Cschla] X (-c?-2cdx-d>x?) CSCh[iJ'bTX]Z .

b2 8b

% (-b?c? Log[1-e®®*]| +2d? Log[1-ePX| -2b? cdxLog[1-e*?*] -b?d?x?Log[1-e™®*] +
2b

b?c? Log[1+e®P*] -2d?Log[1+e®®*] +2b%cdxLog[1+e®®*] +b?d?x Log[1+e®P*] +
2bd (c+dx) Polylog[2, -e®>®*| -2bd (c+dx) PolylLog[2, €****| - 2d* PolylLog|3, - €| + 2d? PolyLog|[3, e***]) +

(-c2-2cdx-d?x?) Sech[2 + °x]* ) Csch[2] Csch[ 2+ ®X] (cdSinh[2*] + d?xSinh[2*])
8b 2b2
+2x] [cdsinn[2*] + d?xsinh[°X])

Sech[i] Sech[%

2 b?

Problem 35: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(c+dx) Cschla+bx]3dx
Optimal (type 4, 92 leaves, 6 steps):

(c+dx) ArcTanh[e®*®X]  dCsch[a+b x] (c+dx) Coth[a+bx] Csch[a+bx] d PolyLog[2, -e*®*| dPolylLog|[2, e*?X]
_ _ N _
b 2 b? 2b 2 b2 2 b2

Result (type 4, 332leaves):
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dxCsch[2+2%]® ccsch[X (a+bx)]®> clLlog[Cosh[L (a+bx c Log[sinh[% (a+bx
oot ]t comll o) ctegleoml} fanon)]] etolsmnlllsenn)] gy
8b 8b 2b 2b 2 b? 2

i((ia+ibx) (Log[l—e“”*“x)} -Log[1+e! (““'le)]) i (PolyLog[Z, —et (1aib) ] _polylog|2, e“ja*jbx)])) -

bx 12 1 2 b . b a , bx1 cs bx
deech[§+7"] _cSech[;(a+bx)] +dCsch[§]Csch[§+7"]51nh[TX] +dSech[§] Sech[2+ ZX]Slnh[ZX]

8b 8b 4 b2 4 b?

Problem 37: Attempted integration timed out after 120 seconds.

dx

JCsch[a+bx}3
<C+dx)2

Optimal (type 9, 18leaves, 0steps):
Csch[a+bx]3
X

Unintegrable|
(c+dx) 2

Result (type 1, 1leaves):
22?

Problem 45: Result more than twice size of optimal antiderivative.
J(c+dx)5/zsinh[a+bx}2d1x

Optimal (type 4, 239 leaves, 10 steps):

bc

5/2 —2a+20¢ T A2 A/b \c+dx 5/2 2a-22¢ T s [/2 \/b vcrdx
_5d<c+dx)3/2_(c+dx)7/2+15d e a /2 Er"F[ e }_15d e d /2 Er"Fl[ N ]+
16 b? 7d 256 b7/2 256 b7/2
(c+dx)*?Cosh[a+bx] Sinh[a+bx] 5d(c+dx)*?Sinh[a+bx]?2 15d2+/c+dx Sinh[2a+2bX]
- +
2b 8 b? 64 b3

Result (type 4, 3531 leaves):

PRy COSh[M] B2 Er{[\/?\/?\/cnix %Erfi[\/?\/?\/“*dx }]
— - ‘ d Sinh[22<]
4b 16+/2 b¥/? d
(crdx)7?

-~——1— 4+ >c?Cosh[2a] |- +
7d 2 d




a2

ﬁﬁ¢$]

—Er‘f[\ﬁ\/?/ Jeedx | erfi
d

d

dmsinh{“(“%w
+

2Cosh{2bc} _

\/?\/?\/mdx

[a [«

]

d 16+/2 b3/2 a0
d
—
3/2 V2 b cax ,
2bc dmCosh[M] a2/ E"“C[ }+Er“F1{
2Cosh| ] : ~ /
d 4b 16ﬁb3/2

c? Cosh[a] Sinh[a]

’ e —

PR [ere ST gy [ e ] d+/Tax sinh[ 22000 ]

+ S \evdx)

2sinh[22<€] |- . ; X d
d 16 /2 b3/2 ab
4
d
.
2b (c+dx) a3/2\ Er‘f{ﬁV” m]*r‘fi{ﬁﬁm}
2 ¢ dmCosh{diw - - Sinh{zbc}
4b 16 /2 b¥/?2 d

cdCosh[2a]

&B3/2\

*EPF[M} +Erfi [M}
d d

dZ

d+/c+dx Sinh { W]
i

2cCosh[2bC] _

d 162 b3/2

4b

1

d2

V2 /b Verdx
Vd

3d¥2+/n Erfi|

| +4v2 Vb Jcrdx

-4b <c+dx) Cosh[

N
32+/2 b%/2d

d

Sinh[zzc] [3d3/2\HEr‘F[

2b (c+d
]adsmﬂM
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V2 b Ve+dx
Vd

] -
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7(:05”&] 3d3/2\/?EP_F[\/7\/F\/C+dx }+3d3/2\/7Er"Fi[ﬁ\/F\/c+dx }+
324/2 b%/2d d NF NS
2b (c+d 2b (c+d
4~/2 b Jc+dx 3dCosh[(C+X>]+4b(c+dx)sinh[<cd+x)}J] .
32 [ Ja b feax ], .xmmx]
2 c Cosh[22¢] 4VEdK com| 25| F[EM{ g [
d 4b 16 /2 b¥/?2
2cdCosh[a] Sinh[a] |-
d2
32 |- er m 2b (c+dx
2 c Sinh[25€] ol r[m[ F }/Erﬁ{ 7 }+amsmh{%ﬂq
d 16/2 b¥/?2 4b
1
+
¢ 32+/2 b%2d
COSh[&] [—3<13/2V7Em°[\/7\/F c+dx]+3c|3/WFE|mci[\/7\/F C+dx]+
i Vd va
2b d 2b d
4+/2 /b VJcrdx 4b(c+dx) Cosh[%}_mjsmh[%] J_
7Sinh[£] 3d3/2\/75f‘f[ﬁﬁm}+3d3/2ﬁ5pﬁ[ﬁﬁm}+
32+/2 b%/2d d Ja N
2b (c+d 2b (c+d
4+/2 /b Jc+dx —3dCosh[(C+X>]+4b(c+dx)sinh[<cd+x)} ] .
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a2 [Er‘fp/?\/?\/x}%r‘fi{\’qx/?Vc*dx }
d

2b (c+dx) ]
2 d+/c+dx Cosh{diw p Sinh[Zbc
d

ab B 162 b2 )

1
=d?Cosh[2a] |- +
2 d3

2c¢C

] { a2 ,Epf{VTVKE\W%HH[VTV?&W} N rores Sinh[zbc;dx}]]
- +

2 c2 Cosh| 22€

d 16+/2 b3/2 4b

1

d? +16\/?b5/2d2
\/?\/F C+dx]+3d3/2\/;EPfi[ﬁ\/Fm]+

N N

2b <C+dx) } —3dSinh[2b (c+dx>
d d
\/7\/?\/c+dx ]+3d3/2\/?Er‘-Fi[\/7\/F\/C+dX
Ja Ja
2b (c+dx) | ab (c-dx) Sinh[Zb (c+dx)} ]_
c+dx)

d d
| ~15d*~/r Erfi[+/2 ° { y

c Sinh[zdﬁ] [3d3/2 Vo Erf|

4\5\5\/c+dx

4b (c+dx) Cosh|

]

2bc
- C COSh[—]
16 /2 b*/2d? d

4\/7\/Fx/c+dx

30372\ Erf] E

-3dCosh|

c+dx)

b
(c+dx)3/25inh[%] 1502/ Erf[V2 ( ;

(C+dx)

]+4\/? b

3/2

2b(c+dx) 2b<c+dx)

d

] -20bd (c+dx) sinh| ] 128 /2 b2 d?

/

\EWW] —15d5/2\/7Er‘-Fi[ﬁﬁ crdx
Vd Vd

{(15d2+16b2(c+dx)2)Cosh[ (b(“dx)

—
+

1 Cosh[Zbc}

128 /2 b7/2 ¢2 d

15d%2 /7 Erf|

} +
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4\/?\/?N/C+dx

d? Cosh[a] Sinh[a]

2¢? Sinh[zzc

-20bd (c+dx) Cosh| y

d+/c+dx Cosh{mdi*dxw

2b (c+dx)

2b (c+dx)

] + (1502 +16b* (c+dx)?| sinh] -

]

] .

d3/2\[n |Erf

d /d

2c2Cosh[22C] [ 4b -

{V/?V/:N c+dx ]+Er‘1ci{\/7\/?\“ crdx }]
16 /2 b%?

d3/2 \/7
] _

d3

ﬁ\m}
o

~Erf| Yz o +EPFi|

d d

—
\ 2 \/:\‘cfdx }

16+/2 b3/

4b

d/crdx Sinh[“’(c%] ]
+

1

c Cosh]|

2bc
]

4\5\5\/C+dx

16 /2 b5/2 d2

4\/?\/?\/C+dx

3d3/2\/;Er'-F[

cSinh[g]

d3

\E\/F\/C+dx
\d

-4b (c+dx) Cosh|

32 Erf|

| -3d¥2/n Erfi]

2b (c+dx)

\/7\/?\/c+dx

.
16 /2 b5/ d?

\E\m\/c+dx ]+
\d

2b (c+dx)
d

+

| +3dsinh|

]

\/TW\/C+dx

d
2b (C+dx>

-3dCosh]| y

128 /2 b7/2 2

4ﬁ\m\/c+dx

1

osh[zzc} [15d5/2ﬁ5rf[

Vd

| +4b (c+dx) Sinh|

\E\/F\/CerX

| +3d%2+/n Erfi|

|+

2b <C+dx)
d

]

Vd

\EW\/CerX

(1502 +16b? (c + dx)?| Cosh|

128 /2 b7/2 d2

Sinh[Zbc} [15 d*2+/ Erf|
d

Vd

2b<c+dx)

V2 /b Ver+dx

| ~15d°2/n Erfi|

] +

l

Vd

2b (c+d
- }2ebd(c+dx)51nh[<cd+x)

V2 b Verdx

Vd

| -15d%2 /7 Erfi]

L
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2b (c+dx)
d

2b (c+dx)

42 \/b Vc+dx |-20bd (c+dx) Cosh| y

| + (15d2+16b? (c+dx)?| sinh|

]

|

Problem 58: Result more than twice size of optimal antiderivative.

dx

JSinh [a+bx]3

<c+dx>5/2

Optimal (type 4, 277 leaves, 18 steps):

Vd

- +

2d5/2 2d5/2 2d5/2

b3/2 e—a+%WEPF[@g] b32 e 320 3 Epf[@%@} b3/2 &4 o Erfi[ B edx ]

3/2 3530 s 7v/3 Vb /crdx
b>2e’® ¢ /37 Erfi] e ] 4bCosh[a+bx] Sinh[a+bx]2 2Sinh[a+bx]3

2d°2 d2+/c+dx 3d(c+dx)3/2
Result (type 4, 716 leaves):
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1
6d°/2 (c+dx)>?

6bc+/d Coshfa+bx] +6bd*2xCosh[a+bx] -6bc~/d Cosh|3 (a+bx)]-6bd*?xCosh[3 (a+bx)] -

3b>2c+/7r +/c+dx Cosh[a- ]Er‘-F [\/— € rdx ] -3b%2d+/n x/c+dx Cosh[a- }Er‘f [\/— c+dx}
d V@ d V@
3032 ¢ VI e ax Cosh[3a- 22 npi[ Y2 YR VCrdX )y et ax cosh[3a- 20 Erp [ Y3 VR Verdx )
d v d Ja
T e P P e R LI CELLE PN SR LLS B CTEPING o Pty IR IR LR EIS PP SURELLS
Vi d el d
3b3/2\/§<c+dx)3/2Er‘1c[\/?\/F c+dx] —Cosh[3a——3bc]+Sinh[3a—3bc]]+
Jd d d
3032 o (crdx) 2 ene] Y2V ETAX cmhp_Ei]_ﬁnwa_Eiu_3HQCV7\R:E?fPH[1El£iiiqsmhp_ﬁi}_
V@ d d el d
Vb c+dx

3b%2d~/m x+/c+dx Erfi]

| sinh[a- bdic} +3d*?sinh[a+bx] -d*?Sinh|[3 (a+bx)]

Vd

Problem 59: Result more than twice size of optimal antiderivative.

Sinh[a+bx]3
J————————d

(c+dx)”?

Optimal (type 4, 331 leaves, 19 steps):

b5/2 (e— +d \/_EF"F[lf \/Lgc +d x } 3b5/2 efBaJrB(;LmEr\f[l{B 3{bd1{c+dx ] b5/2 ea—%\/?Er\_Fi[lfb r}/: +d x ]

- + - +

5d7/2 5d7/2 5d7/2

3bc
3 p5/2 3a-— 3 Erfi 3 \/b [crdx
e 7 /351 Erfif . ]

16 b2Sinh[a+bx] 4bCosh[a+bx] Sinh[a+bx]%? 2Sinh[a+bx]®> 24b%2Sinh[a+bx]3

5 47/2 : 5d3\Vcrdx ) 5d2 (c+dx)*? _ 5d (c+dx)>? 5d3+/c+dx
Result (type 4, 681 leaves):
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1

2bcd*?Cosh[a+bx] +2bd*?xCosh[a+bx] -2bcd*?Cosh[3 (a+bx)]|-2bd*>xCosh[3 (a+bx)]|-
10d7/2 (c+dx)>'?

2b5/2\/?(c+dx>5/2Cosh[afb7c] Er‘f[ivF crdx }+6b5/2\/§(Cerx)E'/ZCosh[3afBbc}Er‘-F[\/?\/F crdx ] -

Vd d Jd
2b5/2\/;(c+dx>5/2Cosh[a ]Er‘-F [\ﬁ c+dx] 6b5/2\/ﬁ(c+dx)5/2Cosh[3a—Lbc]Er‘-Fi[\/?\/F crdx ] -
d Vd d Vd
6b5/zm<C+dx)5/2Er‘f[ﬁﬁm]Sinh[3a73bc]+6b5/zm(c+dx>5/2Er'fi[\/?W e+ dX ) sinn[3a- 225,
Vd d Vd d
20524/ (c+dx>5/2Er‘-F[7\/F fcrdx ]Sinh[a-b—c} —2b5/2\/7(c+dx)5/2Er‘fi[7W fcrdx ]Sinh[a-—c]+
Vd d Vd d

4b2c2+/d Sinh[a+bx] +3d*2Sinh[a+bx] +8b%2cd¥2xSinh[a+bx] +4b2d>2x2Sinh[a+bx] -

12b2c2\/?Sinh[3 (a+bx)] - d*/2sinh|3 (a+bx)] - 24b? cd*? x Sinh|[3 (a+bx)] -12b?d*/2x? Sinh|[3 (a+bx)]

Problem 71: Result unnecessarily involves higher level functions.

J[Xi -x2+/Sinh[x] | dx
Sinh

[X] 3/2

Optimal (type 4, 58 leaves, 4 steps):
16 i EllipticE[f - 1%, 2] +/sinh[x]

2 x% Cosh[x]

+8x1/Sinh[x] - 2
A/ Sinh[x] A/ 1 Sinh[x]
Result (type 5, 68 leaves):
1 5 .
-—————2 |x*Cosh[x] -4 (-2 +x) Sinh[x] -
v/ Sinh[x]
8/2 Hypergeometric2Fl|- l 1 3 , Cosh[2x] +Sinh[2x] | (-Cosh[x] +Sinh[x \/ Sinh[x] (Cosh[x] +Sinh[x])
4 2 4

Problem 73: Attempted integration timed out after 120 seconds.

J(c+dx)m51nh[a+bx]3d1x

Optimal (type 4, 237 leaves, 8 steps):



12 | 6.1 Hyperbolic sine.nb

3bc _ bc _
3-lm 3 (c+dx)™ (—UC;&L) mGamma[1+m, —Mcd*—dxl] 3e 0 (c+dx)™ (—U%L) mGamma[ler, —ch;ﬂL]

8b 8b

bc _ 3bc _
3e % (crdx)" (Mjﬂl) mGamma[1+m, Mcgﬂl] 3-lm 3 (crdx)™ (mc;ﬂl) mGamma[ler, M?ﬂl}

+

8b 8b

Result (type 1, 1leaves):

2P

Problem 110: Result more than twice size of optimal antiderivative.

c+dx
J dx
a+1iasSinh[e+ fx]
Optimal (type 3, 63 leaves, 3 steps):
2dtog[cosh (2 50 £X]] (e dx) Tamn[5 - s ]

- +

a f? af

Result (type 3, 185leaves):

. fx fx ) fx, . fx . fx
[]].d‘FXCOSh[e+ —] + Cosh|[ —] [—21dAr‘cTan[Sech[e+ 7} Slnh[?“ —dLog[Cosh[e+fx]]) +2cf51nh[7] +
2 2

X f x f x . f x X f x ) . f x
dfxSinh|[—] +2dArcTan|Sech[e + — | Slnh[?“ Sinh|e+ 7} -idLog[Cosh[e+fx]] Sinh[e+ 7})/
2 2

|

Problem 130: Result more than twice size of optimal antiderivative.

(af2 (Cosh[g] +iSinh[§]) Cosh[% (e+fx)] +JiSinh[§ (e+fx)]

JX?’ (a+jaSinh[c+dx])5/2d1x

Optimal (type 3, 638 leaves, 14 steps):
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265216a%+/a+1aSinh[c+dx] 128a2x2+/a+iaSinh[c+dx]

1125 d* 5 d?
17408a2Cosh[§+2—”+d7x}2\/a+jasinh[c+dx] 64 a2 x2Cosh[§ z—”+d?"}2\/a+iasinh[c+dx]
3375 d* 15 d?
384a2Cosh[§ T”+dTX}4\/a+j1aSinh[c+dx] 48a2x2Cosh[§+%+d7x]4\/a+jasinh[c+dx}
- +
625 d* 25 d?
8704 2% x Cosh[ € + % 4 ¢ ] sinh[ €4 20, 9% /ay G aSinh[c+dx] 32a?x*Cosh|[S+ 1~ —X}Slnh[£ 4 4] /a4y iaSinh[c+dx]
2 4 2 2 4 2 4 2 4 2 4 2 N
1125 d3? 15d
it d 3 s it d . . i 7T d . .
192 a2 xCosh[i T+TX] Slnh[§+T+Tx]\/a+1a51nh[c+dx} +8a x3Cosh{§ ekt TX} Slnh{ T+TX] vJa+1iaSinh[c+dx] )
125 d3 5d
132608 a2x+a+1iaSinh[c+d x] Tanh[i 7”+d7"] 64 a2x3+/a+1iaSinh[c+dx] Tanh[§+%+d7x]
+
1125 d3 15d
Result (type 3, 2918 leaves):
1
d Cosh[ €+ %] +isinh[ €+ 2x])
2 2 2 2
( ER— )Cosh[5(£+dfx)} ( ER— )Sinh[5(£+dfx)}
2 |- 135000 135000 ; 2 2 + 135000 135000 ; 2 2 [1296Jl—32401C+405@1C2—33751C3+
d d
S ({c dx , c dx ., (¢ dx S (c dx)? , c dx)? o ({c dx)3
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Problem 135: Result more than twice size of optimal antiderivative.

(a+iaSinh[c+dx])*?

dx
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Optimal (type 4, 536 leaves, 21 steps):
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Problem 169: Result more than twice size of optimal antiderivative.

J (crdx)? ix

a+bSinh[e+ fx]

Optimal (type 4, 404 leaves, 12 steps):
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(c+dx)3Log[1+&] (c+dx)3Log[1+ﬁ} 3d(c+dx)2PolyLog[2,—ﬁ] 3d (c+dx)*PolyLog|2, - b e ™

a-+/ a2+b? a+/ a2+b? a-+/ a2+b? a+/ a2+b? ]

_ . _ _
Vaz+b? f Va?+b? f Va?+b? f2 va?+b? f2
6d2 (c+dx) Polylog|3, —&] 6d? (c+dx) PolyLog|3, —&] 6 d> PolyLog[4, - b e 7 | 6d*Polylog|4, - b e 7

a-+/ a2+b? a+/ a2+b? a-+/ a?+b? a+/ a2+b? ]

+ + -

VaZ+p? £ Va2 b2 £ VaZ+b? 4 VaZ+b? f4

Result (type 4, 1031 leaves):
1

V-aZ-b? ./ (a% + b2) e?® f*
+f 2e+f
(a%+b?) ¢ f3Ar‘cTan[w]+3xlfasz2 c?de® 2 xLog[1+ be? ™ | +3+/-a%-b? cd?e® > %

w

2c¢C
—a2_p? ae® (az+b2> e2e
2e+f 2e+f 2e+f
Log[1 + be?® | ++/-a%-b? d®e® 3 x* Log[1 + be = ]_34/_a2_b2 de £ x Log[1 + be®Tx |-
ae® -,/ (a%+b?) e’° ae® -,/ (a%+b?) e’ ae®+./ (a%+b?) e’
2e+f 2e+f
34/-a%-b? cd?e® > x? Log|1+ be’™” | -/ -a?-b? d®e® 3 X3 Log |1+ be ™" |+
ae®+ <a2+b2) e?e ae®+ (a2+b2) e?e
2e+f 2e+fx
34/-a?-b? de® 2 (c+dx)2Polylog[2, - . ] -3+/-a2-b? de** (c+dx)?PolyLog|2, - be ] -
ae®- <a2+b2) e?e aee (a2+b2> e2e
2e+f 2e+fx
6/ -a?-b? cd?e®fPolylog|3, - be?™™” | -6~/ -a%-b? d®e®fxPolylog|3, - be ]+
ae®- <a2+b2) e?e ae®- (a2+b2) e?e
2e+fx 2e+fx
6+/-a?-b? cd?e®fPolylLog[3, - be™ | +6+/-a%*-b? d*>e®fxPolylLog|3, - be ]+
ae®+ <a2+b2) e?e ae®+ (a2+b2> e?e
2e+fx 2e+fx
6/ -a?-b? d’e®Polylog|4, - be | -6+/-a%-b? d*>e®PolyLog|4, - be ]
ae®- (a2+b2) e?® ae®+ (a2+b2) e?®

Problem 170: Result more than twice size of optimal antiderivative.

J (crdx)? i

a+bSinh[e+ fx]

Optimal (type 4, 296 leaves, 10 steps):
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(c+dx)2Log[1+ ﬂ] (C+dX)ZLog[1+ &} 2d (c+dx) PolyLog[z, _ _besfx

a-+/ a2+b? a+/ a2+b? a-+/ a2+b? }

— + —

VaZ+b? f VaZ+b? f Va?+ b2 f2
2d (c+dx) Polylog|2, - bee | 2d?Polylog|3, - b e+ | 2d?Polylog|3, - b e®Fx

a+/ a?+b? a-+/ a2+b? a+/ a2+b? }

- +

\a? + b2 f2 VaZ+b? 3 Va2 + b2 3
Result (type 4, 601 leaves):

2c2f2 Ar‘cTan[ia“bemfx | 2cde®f?xLog[l+ — befetx | d?ecf2x%Log[1+ L]
_a2_p? ae®- (a2+b2) e2e ae®- <a2+b2) e2e
+ + -

f3 ~—a?_ b2 (a2+b2> e2e (a2+b2) e2e

2cdeeF2xLog[1+L] dzeefzszog{l+L} 2de®f (c+dx) PolyLog[Z,—L}
ae+/ (a’+b?) e*® ae+ (a%+b?) e®° ae®-./ (a%+b?) e’°
_ N _
(a? + b2) e?¢ (a? + b2) e?¢ (a? + b2) e?¢
2de®f (c+dx) Polylog[2, - —2<“"——] 2d2e°Polylog|3, - —2<——| 2d?e°Polylog|3, - — 2]
ae+/ (a%+b?) e?° ae®-/ (a%+b?) e*° ae+ (a%+b?) e?°
- +
(a2+b2) e?e (az+b2> e?® (a2+b2) e?®

Problem 174: Result more than twice size of optimal antiderivative.

j (c+dx)? ix

(a+bSinh[e+-Fx])2

Optimal (type 4, 549 leaves, 18 steps):

2d (c+dx) Log[1+&] a (c+dx)2Log[1+ﬂ] 2d (c+dx) Log[1+7bewx

(C +d X) 2 a-+/ a?+b? a-+/ a?+b? a++/ a?+b? }

- + + + -

(a2 + b2) f (a% + b2) F2 (a2 b2)¥/2¢ (a2 + b2) F2

a (c+dx)2Log[1+M] 2d? PolyLog[2, - b e ™ ] 2ad(c+dx) Polylog|2, —ﬁ} 2d? Polylog|2, - b et

a+/ a%+b? a-+/ a2+b? a-+/ a%+b? a+/ a2+b? ]

+ + + -

(a2+ b2>3/2f <a2+b2) £3 (az . b2)3/2 £2 (az +b2) £

2ad (c+dx) PolyLog|2, - b e T | 2ad?PolyLog|3, - beefx | 2ad?Polylog[3, - b ee X

ai+/ a2+b? a-+/ a2+b? a++/ a2+b? b(c+dx)2Cosh[e+'Fx1
_ + _

(a2 + b2)3/2 £2 (a2 + b2)?/2 f2 (a2 + b2) %% £3 (a2 +b?) f (a+bSinh[e+fx])

Result (type 4, 5743 leaves):



1

(a2 + b2> (—1 + eze) f

2e®|-2cde®*x+2cde® (-1+e*®) x-d*e®x*+d’e® (-1+e°°) X -

6.1 Hyperbolic sine.nb

e+fx e+fx
ac?2e®ArcTan [ arbe™ ac?e®ArcTan [ arb et
J-arb? _a?-b?
+
1/75327}32 7a27b2

efx erfx efx
2acde®ArcTan[22=] 2acde®ArcTan| 22— 2 aArcTan| 22— . A
T2t p? b2 Jazp2 Log [2 ae®fxip (—1 + @2 (exfx) ) ]
- -cde® |-2x+ + +
V-aZ-b? f V-a?-b? f V-aZ-b? f f
erfx
2aAr‘cTan[% [ oot ( Z(ef))]
\ —a2_p? Log|2ae® ™ +b (-1+e°(&TX
cde® |-2x+ + -
~/ 7a2 _ b2 £ f
)(Log{hil’”}“wX } PolyLog{Z,— bee } XLog{1+ pe2erfx } PolyLog[z,f b ezertx
X2 B ace/ (a2b2) ¢ aeen/ (a2:b2) e2¢ x2 _ acts (aZib?) €28~ aee/ (a24b2) €22
2 |ae®-4/ (a%+b?) €2° ae®-/ (a%+b?) e?¢ | f ae®-/ (a’+b?) e*° ] £2 2 |ae®+q (a%+b?) €2° ae®+/ (a%+b?) e?¢ | f ae+ (a%+b?) e?¢ | £2
2bd?e® +
—a e—eie—ZE az e2E+b2 eza —a e—e+e72e a2 e2e+b2 eza _a efeie—ZE aZ e29+b2 eZe —a e—e+e—25 az eZe+b2 eza
_ . N _
bPZE—Fx b@ZE‘FX bele—(x bele—Fx
x Log |1+ PolylLog|2,- X Log |1+ PolylLog|2,-
: ek iporovyrorverst i e e - sk Saporon oyt M G s
2 |lae®- (az+b2) e?® ] ae®- (a2+b2) e?e ] f (a e®- (a2+b2) e?® ] 2 2 [a e®+ (a2+b2) e?® ] ae®+ (az+b2) e?® ] f (a e®+ (a2+b2) e?e ] 2
2bd? e |- +
—a efeie—ZE aZ 625+bz eZe —a e’e+e’ze /az ‘EZe+b2 eZe —a efeiefze aZ e2e+b2 eZe —a efeJre—Ze aZ 625+bz eZe
b - b b - b
b e2e+fx b e2e+fx
x2 xLoe [1 " ae®- (az+b2) e?e ] Polylog [2, ) ae®-4/ (a%+b?) e2° }
2ad? |- (—ae’eJre’ze a?e?® +b?e?° - - /
2 lae®- <a2+b2) e?e ae®- <a2+b2) e?e | f ae®- (a2+b2)eze)f2
b _aefe_(e—Ze aze2e+b262e _aefe_'_efZe a262e+bzeze
+

| 21
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2e+fx 2e+fx
, xLog[1+ be+] PolyLog[Z, —be+}
X ae®+ (a%+b?) e?° ae®+ (a%+b?) e?°
(_ae—e_e—Ze a2 e29+b262e _ _ /
2 lae®+ <a2+b2) e?e ae®+ (a2+b2> e?e | f ae®+ (a2+b2> e?® ) f2
b —ae® e—Ze a2 eZe+b2 eZe 7ae—e+e—2e a2 e2e+b2 eZe
b b
2eifx 2eifx
xLog[1+b°+] PolyLog[Z, 7be+}
X2 ae®-/ (a%+b?) e?° ae®-/ (a%+b?) e?°
2acdf |- —ae®+e?®q/a’e?®+b?2e?® - -
2 (ae®- <a2+b2) e2e ae®- (a2+b2) e?e | f ae®- (a2+b2) eze)fz
7ae—eie—2e a2 eZe+b2 eZe 7ae—e+e—2e aZ e2e+b2 eZe
b - +
b b
2e+fx 2e+fx
xLog[1+ be+] PolyLog[Z, 7be+}
2 2 2 5 o x2 ae+ (a%+b?) e?° ae®+ (a%+b?) e?°
(—ae’e e “®+/a‘e‘®+b*e" - -
2 ae®+ <a2+b2) e?® ae®+ (a2+b2> e?e | f ae®+ (a2+b2) e?® ) £2
b —_ae® e—Ze aZ e2e+b2 eZe 7ae—e+e—2e a2 e2e+b2 (e2e
b b
2e+fx 2e+fx
xLog[lJr be%} PolyLog[Z, —b°+]
2 e 2. h2) o2e e 2, p2) e2€
2ad? |- ||e?® |-ae®+e 2% /a’e?®+b?e?"® X - 2ty (bt e - acty (b e /
2 lae® - (a2+b2> e?e ae® - (a2+b2) e?e | f ae®- <a2+b2) e?e | 2
—_ae® (e—Ze a2 eZeerZ eZe 7ae—e+e—2e az e2e+b2 eZe
b - +
b b
2eifx 2eifx
, x Log[1+ be | PolyLog|2, - be ]
X aed+ (a2+b2>e e ae®+ (a2+b2)<e e
(eZe _ae—e_(e—Ze a2(8213_*_|3262e _ _ /
2 ae®+ (a2+b2) e?® ) ae®+ (a2+b2) e?¢ | f ae®+ <a2+b2) e?e | f2
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_ae—e_e—Ze aze2e+b262e _ae—e+e—2e a262e+b2e2e
b - +
b b
2e+fx 2e+fx
x Log[1+ be | PolyLog[2, - be ]
X2 ae®- (az+b2) e’® ae®- (az+bz) e’®
2acdf |-||e?® |-ae®+e?%+/a?e?®+b%e2" - -
2 (ae® (a2+b2) e?e ) ae®- (az+b2) e?e | f ae®- <a2+b2) e?e | £2
_ae—e_e—Ze aZGZe+bzeze _ae—e+e—2e azeze+bzeze
b - +
b b
2eifx 2esfx
xLog[1+ be } PolyLog[Z, —b“%]
e2¢ [_ae®_e2°./a2e2® 4 b2 e2® x? B aet (a%b?) e aet+y (al+b?) e’ /
2 (ae®+ (a2+b2) e?® ) ae®+ (a2+b2) e?e | f ae®+ <a2+b2) e?e | f2
b _aefe_e—Ze a2e2e+b262e _aefe_*_efZe a262e+b2(eze
b b
2eifx 2esfx
\ x? Log |1+ be | 2xPolyLog[2, - —2———]
X ae®-./ (a®+b?) e2¢ ae®- a2+b?) e2°
adzf _ (7ae—e+e—2e aZ(EZeerz 2e] _ ( ) _ ( ) .
3 (ae®- <a2+b2) e?e ae® - (a2+b2) e?e | f ae®- <a2+b2) e?e | f2
2e+fx
2 Polylog|3, - be
ace-f (a2:b?) e2° /(b —ae®-e?evVate?®+b?e?® -—aec®+e?®vVate?®+b?e?e J
- +
ae® - (a2+b2> e?e | f3 b b
2e+fx 2e+fx
x? Log|1 + be | 2xPolyLog|2, - be ]
2 2 g2 2 g2 x? aef+y/ (a%+b?) e?e aet+/ (a?+b?) e?e
—ae®-e“®/a‘e‘®+b°e”" - - +
3 lae®+ <a2+b2) e?e ae®+ <a2+b2) e?e | f ae®+ <a2+b2) e?e | f2
2e+fx
2 Polylog|3, - be
actiyf (a2b?) ¢ —ae®-e?®/ate?®+b?e?® -—aec+e?¢Va?e?c+b2e?t

.F3

ae®+ (a2+b2> e?®

| 23
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; x? Log[l + L} 2 X PolyLog[Z, - b !
ad’f |-||e?® |-ae®+e?2%/a%e?®+Db?e2" x - 2oty (et et acty (ateb?) e
3 (ae®- (a2+b2> e?e ae®- (a2+b2> e?e | f ae®- (a2+b2> e?e | £2

2Polylog[3, - — b ]
ace[(a2b2) e2° /(b _ae®_e2e+/a2 g2 ph2 p2e _ae®:e2e+/a2 g2, p2 g2@ J
- +
ae®- (a2+b2> e?e | f3 b b

; x? Log[1+ b et ] 2xPolyLog[2, —L]

e?® |—ae®-e2%/a?e?®+b%e?® X _ aethy/ (a%+b?) e* B aet+y (a%+b?) e2° +
3 |ae®+ (a2+b2) e?¢ ) ae®+ (a2+b2> e?¢ | f ae®+ (a2+b2) e?¢ ) £2
2Polylog|[3, - — 2]

e, Z+b2 2e
ae (a ) e / {b

ae®+ (a2+b2> e?e | 3

g E 2 2 2 2cs . 20,2 cx
Csch|—] sech| =] (ac®Cosh[e] +2acdxCosh[e] +ad”x?Cosh[e] +bc?Sinh[fx] +2bcdxSinh[fx] +bd®x*Sinh[fx])
2 2

/

(2
(a2+b2)
.f:
(a+bsinh[e+fx]))

Problem 179: Attempted integration timed out after 120 seconds.

J = dx
(e+fx) <a+bSinh[c+dx])3

Optimal (type 9, 22leaves, 0 steps):
1

Unintegrable | » X]

(e+fx) (a+bSinh[c+dx])?

Result (type 1, 1leaves):

PP
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Problem 180: Attempted integration timed out after 120 seconds.
J 1
(e+fx)2 (a+bSinh[c+dx])3

dx

Optimal (type 9, 22leaves, 0steps):

Unintegrable | ! » X]

(e+1‘:x)2 (a+bSinh[c+dx])3

Result (type 1, 1leaves):

2P

Problem 183: Result more than twice size of optimal antiderivative.

J(c+dx)’" (a+bSinh[e+fx}>2dlx

Optimal (type 4, 281 leaves, 10 steps):

2cf

a? (c+dx)1+"‘ b2 <c+dx)1*"' 23 mp2 g2 (c+dx)" (—ﬂc;ﬁ)—)_mGamma[l+m, _2f (cedx) Cd*dx ]
_ . .

d(1+m) 2d (1+m) f

abet s (c+dx)" (—ﬂc;—dxl)fmGamma[l+m, _ﬂc‘;&L] abe (c+dx)" (M)fmGamma[lm, ﬂcgﬁl]
. _

f f

_ 2¢f -m
2-3-mp2 o 2e+ = (C+dX)m (f(c;dx) ) Gamma[1+m, 2'F(((:j+dx) ]

.F

Result (type 4, 652 leaves):
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.FZ d 2\ -m
#2—3—m <C+dX>m _M
df(ler) d2
23+ma2c.f: 7M m722+mb2c.f: 7M m+23+mazd.,:x mezbmed{:x 7M m+
d2 d2 d2 d2
f d m £ d f d m £ d
23*’"abd[—M Cosh[e—ﬂ}Gamma[er, M]+23*"‘abdm(—4<c+ X>] COSh[e—ﬁ]Gamma[ler, (c+ X>]_
d d d d d d
f dx) " 2f d flc+dx)\" 2f d
bzd(<c+x> Cosh[2e72Cf]Gamma[1+m, M]indm 7& COSh[Zefzc-F}Gamma[ler’M .
d d d d d d
f dx) " 2f d £ dx) " 5 f d
bzd(——<c+ d Gamma [1 +m, 7(C+ X>]Sinh[2e—2Cf]+b2dm —7(C+ J Gamma[1 +m, 7<C+ X)}Sinh[Ze—ZCf]+
d d d d d
2f d
b>d (1+m) (F(§+x mGamma[ler,%] cOsh[Zefzzf]+Sinh[2e72;f]),
f d m £ d f d m £ d
23M 3 d _M Gamma[1+m, M} Sinh[e—i]—23+’“abdm(_ <C+ X)) Gamma[1+m, (C+ X>]Sinh[e_£]+
d d d d d d
f d
2>Mabd (1+m) (f(§+x))mgamma[1+m,_¥] Cosh[e—cd—f]JrSinh{e—cd—f]]

Problem 189: Result more than twice size of optimal antiderivative.

(e+fx) Sinh[c+dx]
J dx

a+1iaSinh[c +dx]

Optimal (type 3, 90leaves, 5 steps):
Pex  ifx? ijLog[Cosh[§+%+d7x]} i (e+fx) Tanh| dTX]
} a ) 2a ) ad? : ad

[« it
=4+ — 4+
2 4

Result (type 3, 239 leaves):

. dx
+4jde51nh[f} +

2 . dx, . d x
d>x (2e+fx) +4ifArcTan[Sech[c+ —] Sinh[—]] + 2 f Log[Cosh[c +dX] ] "

d x ) d x
~2dfxCosh[c+ —] -iCosh[—] A A

2 2

ZdexSinh[de] +2d2exSinh[c+de} +d2fxzsinh[c+dl] +4]‘1FAr‘cTan[Sech[c+de} Sinh[dl]] Sinh[c+dl] +
2 2 2 2 2 2

1 1

= (c+dx)]+iSinh[= (c+dx)] ]

Cosh|
2 2

d x C C
2 f Log[Cosh[c+dx]] Sinh[c + —]J/ [Zad2 (Cosh[—] +jSinh[—])
2 2 2
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Problem 190: Result more than twice size of optimal antiderivative.
J Sinh[c +dXx]

a+1aSinh[c +dXx]

dx

Optimal (type 3, 35leaves, 2 steps):

1Xx Cosh[c +dx]

a d(a+iaSinh[c+dx])

Result (type 3, 84 leaves):

1 1 s 1
- Cosh[—<c+dx)]+151nh{—(c+dx)]
ad (-i+Sinh[c+dx]) 2 2

((c+dx) Cosh{% (c+dx)]+1i(2i+c+dx) Sinh{% (c+dx)]

Problem 193: Result more than twice size of optimal antiderivative.

J(e+fx)3Sinh[c+dx]2
dx

a+1aSinh[c+dXx]
Optimal (type 4, 241 leaves, 14 steps):

(e+fx)® (e+fx)* 6if?(e+fx)Coshlc+dx] i (e+fx)>Cosh[c+dx]
_ N _ _
ad 4af ad? ad

+

6F (e+fx)?Log[1+ied*] 122 (e+fx) Polylog[2, -ie<d%] 123 Polylog[3, -ie“X]

.
ad? ad? ad*

61 f3Sinh[c+dx] 31'1'F(e+fx>25inh[c+dx} (e+'Fx)3Tanh[
+

+
i dx]
+ =+
4

< ax
2 2

ad* ad? ad

Result (type 4, 2976 leaves):
1

o — 23 f (d2 (—J'ldecx (3e2+3e-Fx+-F2x2) +3 (1+Jiec) <e+'FX)2LOg[1+J'1e“dX]) +
adt (—Ji+<ec>

6d (1+1ie) f (e+fx)Polylog[2, -ie“ ] -6i (-i+e) f>Polylog|3, -1 e“‘“]) +

1 Cosh[c+dx] Sinh[c+dXx]
(Cosh[£] +isinh[£]) (Cosh[S+ 2*] «isinh[ <+ &X]] 8ad* 8ad*
—4jd3e3Cosh[d—X} —121’1d2e2fCosh[d—X} —241’1def2Cosh[d—X} —241’1-F3Cosh[d—x] —4Jid4e3xCosh[d—X} —121’1d3e2-FxCosh[d—X] -
2 2 2 2 2 2
z4jd2ef2xcosh[d—x] —24Jid-F3xCosh[d—X] —611d4e2'Fx2Cosh[d—X] -121d3ef2x2cOsh[d—X} —1211d2'F3x2Cosh[d—X] -
2 2 2 2

2
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4Jid4e-F2x3Cosh[d—X] —4Jid3f3x3Cosh[d—X] —id4f3x4Cosh{d—X} +8d3e3Cosh[c+d—X] +4d4e3xCosh[c+d—X] +
2 2 2 2 2

24d3e2fxCosh[c+dfx} +6d4e2fx2Cosh[c+dfx] +24d3ef2x2Cosh[c+dfx} +4d4e-F2x3Cosh[c+de] +8d3-F3x3Cosh[c+d—X] +

2 2 2 2 2
dx 3dx 3dx 3dx 3dx
d4-F3x4Cosh[c+—]—10d3e3Cosh[c+ }+6d2e2-FCosh[c+ }—12de~F2Cosh[c+ }+12-F3Cosh[c+ }+
2 2 2 2 2
3dx 3dx 3dx 3dx 3dx
4 d*e® x Cosh|c + | -30d®>e? fxCosh|c+ | +12d?e f? x Cosh|c + | -12df*x Cosh|c+ | +6d*e? fx*Cosh|c+ ] -
2 2 2 2 2
3dx 3dx 3dx 3dx 3dx
30 d*>e f2 x? Cosh|[c + | +6d*f>x? Cosh|c + | +4d*ef? x> Cosh|c+ | -10.d* £* x* Cosh[c + | +d*£3x* Cosh[c+ |-
2 2 2 2 2
3dx 3dx 3dx 3dx 3dx
2id*e?Cosh[2c+ | +61id?e?fCosh[2c+ | -12idef?Cosh[2c+ | +12i > Cosh[2c+ | +41id*e*xCosh[2c+ | -
2 2 2 2
3dx 3dx 3dx 3dx
6Jid3e2'FXCosh[2c+ }+12]’1d2ef2xCosh[2c+ }—12]‘1dF3XCosh[2c+ ]+6]’1d4e2-Fx2Cosh[2c+ ]7
2 2 2 2
3dx 3dx 3dx 3dx
6id’>ef?x?Cosh[2c+ | +61d?fx*Cosh[2c+ | +4id*ef*x*Cosh[2c+ | -21d®fx3Cosh[2c+ |+
2 2 2 2
3dx 5dx 5dx 5dx
id*f3x*Cosh[2c+ | -2id*e®cosh[2c+ | +61id*e?fCosh[2c+ | -12idef?Cosh[2c+ |+
. 3 5dx 3 5dx T 5dx ) 3 5dx
121 f Cosh[2c+ ]—61de-FxCosh[2c+ ]+121d ef xCosh[2c+ ]—1211d-F xCosh[2c+ }—
2
5dx 5dx 5dx 5dx
6id’>ef?x?Cosh[2c+ | +61d?fx?Cosh[2c+ | -21d® £ x3Cosh[2c+ | +2d*e®Cosh[3c+ ] -
2 2 2 2
5dx 5dx 5dx 5dx 5dx
6 d?e? fCosh[3c+ | +12def*Cosh[3c+ | -12 Cosh[3c+ | +6d*e? fxCosh[3c+ | -12d*ef2xCosh[3c+ |+
2 2 2 2 2

12df?x Cosh[3 ¢+ de} +6d>ef?x?Cosh[3c+ de] -6d*f3x?Cosh[3c+ de} +2d?> 3 x3Cosh[3c+ de] —4id4e3xSinh{d—X} -
2 2 2 2 2
61d4e2fxzsinh[d—x] _4nd4ef2x351nh[d—x] _jd4f3x451nh[d—x} +12d3e351nh[c+d—x] +12d2e2f51nh[c+d—x] +
2 2 2 2 2
. dx . d x . dx . dx . dx
24def251nh[c+f] +24-F351nh[c+—] +4d4e3x51nh[c+—] +36d3e2fx51nh[c+f} +24d2ef2x51nh[c+—] +
2 2 2 2 2

24df3xSinh[c+d—X] +6d4e2fx251nh[c+d—x} +36d3ef2xzsinh[c+d—x] +12d2f3x251nh[c+d—x] +4d4ef2x3sinh[c+d—x] +
2 2 2 2 2
]+

]+4d4e3xSinh[c+ 3 ]—30d3e2-FxSinh[c+ de} +12d2e-F2xSinh[c+ BdX} —12df3xSinh[c+ 3dx
2 2 2 2 2
d x

dx dx 3dx 3dx 3dx
12d® £ x3Sinh[c+ — ] +d* £ x* Sinh[c + — ] - 10d®> e Sinh[c + | +6d?e? fSinh|c+ | -12def?Sinh[c+
2 2 2 2 2

dx dx

3
12 3 Sinh[c +

]+

3dx 3dx 3dx 3 3dx
6 d* e? f x? Sinh[c + | -36d*ef>x*Sinh|c+ | +6d? 2 x?sinh[c+ | +4d*ef?x3sinh[c+ | -10d® 3 x*>sinh|c +
2 2 2 2 2

X}Jr

] +

d x

| -2id®e®sinh[2c+ BdX] +61id?e?fsinh[2c+ de} -12idef?Sinh[2c+ BdX] +121i f*sinh[2c+ 2d

3
d* 2 x* Sinh|[c +
2 2 2 2 2
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]+
3dx 3dx 3dx 3dx
61id*e? fx?Sinh[2c+ | -6id*ef?x?Sinh[2c+ | +6id*fx?Sinh[2c+ | +4id*ef?x’Sinh[2c+
2 2 2 2
5dx}

dx

X o 2 . 3dx ) 3 . 3dx
| +12id’efxSinh[2c+ | -12idf>xSinh[2c+

X 3 o . 3d
| -6id®e?fxSinh[2c+
2 2

3d
4id*e*xSinh[2c+

] -

3dx 3dx 5dx
2id®*fx>Sinh[2c+ | +id* 3 x*sinh[2c+ | -2id*e*sinh[2c+

| +6id*e’fsinh[2c+
2 2 2

) 9 s 5dx 3 s 5dx 3 0 . 5dx o e . 5
12idef?Sinh[2c+ | +12i f3sinh[2c+ | -61id®e?fxSinh[2c+ | +12id*ef?xSinh[2c+

2

} _

5dx 5dx 5dx 5
12idf’xSinh[2c+ | -6id®ef>x*sinh[2c+ | +6id?fx?sinh[2c+ | -2id®fx3>sinh[2c+
2 2 2 2

|+

2 e sinh[3c+ 20 X] _ed?e? fsinh[3cs 20X ] s 12de 2 sinh[3cr 20X ]~ 126 sinh[3c+ 2oX] +6d¥e? Fxsinh[3 e 20X ] -
2 2 2 2 2
12d%e 2 xSinh[3cs 20X 1 12d P xsinh[3cs X ] s6d? e 22 Sinh[3 e 20X ] _6d2 £ sinh[3c s oX] 422 £ sinh[3 ¢+ 20X]
2 2 2 2 2

Problem 197: Attempted integration timed out after 120 seconds.
Sinh[c+dx]?2 dx
J(ewa) (a+iasinh[c+dx])

Optimal (type 9, 33 leaves, 0steps):

Sinh[c+dx]?

Unintegrable| » X]

(e+fx) (a+iasSinh[c+dx])

Result (type 1, 1leaves):

2?0

Problem 198: Attempted integration timed out after 120 seconds.

Sinh[c+dx]?
J dx

(e+-Fx)2 (a+iasinh[c+dx])

Optimal (type 9, 33 leaves, 0steps):

. Sinh[c +dx]?
Unintegrable [

, X
(e+-Fx)2(a+JiaSinh[c+dx]) ]

Result (type 1, 1leaves):

2?7
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Problem 199: Result more than twice size of optimal antiderivative.

J(e+fx>351nh[c+dx]3 5
X

a+1iaSinh[c+dx]

Optimal (type 4, 393 leaves, 19 steps):
3iefZx 31if3x? Ji(e+Fx)3 311(e+-Fx>4 6 f2 (e+fx) Cosh[c+dx] (e+-Fx)3Cosh[c+dx]

+ - + + + +
4ad? 8 a d? ad 8af ad3 ad
6if (e+fx)*Log[l+iecdx] X 121 f2 (e + f x) Polylog[2, -1 e“*9X] ) 12 i 3 Polylog|3, -1 e<*dX] )
ad? ad? ad*

6 3 Sinh[c +dx] 3f(e+fx)251nh[c+dx] 3if2 (e+fx) Cosh[c+dx] Sinh[c+dx]

ad* ) ad? ) 4ad3 )
i (e+fx)’Cosh{c+dx]Sinh[c+dx] 3ifdSinh[c+dx]? 3if (e+fx)?Sinh[c+dx]? i(e+fx)3Tanh[§+i—”+d7x

2ad : 8ad* : 4 ad? ) ad

Result (type 4, 1210leaves):
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31e3x 9ie?2fx? 3iefix? 31if3x* 1
+ + +

2a 4a 2a 8a +ad4(—j+ec)
2f (d? (-ide“x (3e?+3efx+fx?) +3 (1rie) (e+fx)’Log[l+ie®™]]+6d (1+ie)f (e+fx)Polylog[2, -ie ] -

3 x3Cosh[c] F3x3Sinh[c] Cosh[c] Sinh[c]

61‘1(1’1+e“)-F2P01yLog[3,jec*dx])+( +(dPe*+3d°e*f+6def>+6f) +

2ad 2ad 2ad* 2ad*
3xCosh|[c 3xSinh[c 3x2 Cosh|[c 3x2Sinh[c
(d*e*f+2def?+2f) el : ]J+(defz+f3) el : ]J (Cosh[dx] -Sinh[dx]) +
2ad? 2ad? 2ad? 2ad?
3 x3 Cosh[c 3 x3Sinh[c Cosh|c Sinh|c
el L (e 3delfisder 6F) L2 ”]+
2ad 2ad 2ad* 2ad*
3x2 (def?Cosh[c] - f3Cosh[c] +def2Sinh[c] - 3 Sinh[c]) 1
+
2 ad? 2ad?

3x (d*e*fCosh[c] -2def*Cosh[c] +2f>Cosh[c] +d*e*fSinh[c] -2def*Sinh[c] +2f>Sinh[c])| (Cosh[dx] +Sinh[dX]) +

i 3 x3 Cosh[2c i 3 x3Sinh[2 ¢ i Cosh[2c i Sinh[2 ¢
(1 Coshize] 1T sinhl ]+(4d3e3+6d2e2f+6defz+3f3)(l ET ])+
8ad 8ad 32ad* 32ad*
31ixCosh[2c 31xSinh[2c 31ix2Cosh[2c 31x2Sinh[2c
(2d?e2f+2def2+ ) [ [2c] 31 [ J]+(2defz+f3)[ = [2¢] 312 [ }] (Cosh[2dx] - Sinh[2dx]) +
16 ad? 16ad3? 16 a d? 16 a d?
i 3 x3 Cosh[2 ¢ i £3 x3Sinh[2c i Cosh[2c i Sinh[2 ¢
2 [2c] 1 [ ]+(4d3e3—6d2e2f+6def2—3f3) (-1 [2¢] _15inh] ])-
8ad 8ad 32ad* 32ad*
3ix? (2def?Cosh[2c] - f3Cosh[2c] +2def?Sinh[2c] - f3Sinh[2c]) 1
16 a d? 16 a d3

3ix (2d*e*fCosh[2c] -2def’Cosh[2c] +f>Cosh[2c] +2d*e*fSinh[2c] -2def?Sinh[2(] +f3Sinh[2c])]

21 (e3sinh[ ]+ 3e2 fxSinh[2*] +3ef2x2sinh[4*] + £ x3 Sinh[ X])

(Cosh[2dx] +Sinh[2dx]) -

ad (Cosh{i] +JiSinh[§” (Cosh[§

Problem 200: Result more than twice size of optimal antiderivative.

J(e+fx)zsinh[c+dx]3
dx

a+1aSinh[c +dXx]

Optimal (type 4, 287 leaves, 17 steps):
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i 2y J'l(e+Fx>2 J'l(e+Fx)3 22 Cosh[c +dx] (e+Fx)2Cosh[c+dx}
4ad> ad : 2af : ad3 : ad :
4if (e+fx)Log[l+ie< ] 4if2Polylog|2, -ie9*| 2f (e+fx)Sinh[c+dx] if2Cosh[c+dx]Sinh[c+dx]
ad? i ad? ) a d? ) 4ad? )
1'1(e+fx)2Cosh[c+dx]Sinh[c+dx} if (e+fx) Sinh[c+dx]? j(e+-Fx)2Tanh[§+a—”+d7"]
2ad : 2ad? ) ad

Result (type 4, 2925 leaves):
;Zf (d(-ide“x (2e+fx) +2 (1+ie) (e+Ffx)Log[l+ie®])+2 (1+1ie) fPolylog[2, -1ie“®*])+
ad3 (—1’1+e°)

1

(Cosh[ﬂ +iSinh[§]) (Cosh[§+d7"] +JiSinh[§+ dTX})
Cosh[2c+2dx] Sinh[2c+2dXx]
32ad3 32ad3

—4jd2e2Cosh[de] 712dee-FCosh[de} —141’1-F2Cosh[dfx] —81’1d2efxCosh[dﬁX} -
2 2 2 2

121‘1df2xCosh[d—X] —41‘1d2F2x2Cosh[dﬁX} +8d2e2Cosh[c+de} +16de-FCosh[c+de] +16-F2Cosh[c+dfx] +16d2eFxCosh[c+de} +
2 2 2 2 2 2

16d-F2xCosh[c+d—X] +8d2F2x2Cosh[c+d—X] +8d2e2Cosh[c+3dX] +16de f Cosh[c+ 3dx] +16f2Cosh[c+3dX] +

2 2 2 2 2
3dx 3dx 3dx 3dx 3dx
24 d*e? x Cosh [ c + | +16d? e fxCosh[c+ | +16df* x Cosh|c + | +24d®efx*Cosh|c+ | +8d?f2x?Cosh|[c+
2 2 2 2 2

|+

3dx

3dx 3dx 3dx 3dx
8 d° £2 x? Cosh [ c + | +401id*e’Cosh[2c+ | +16idefCosh|[2c+ | +16i f2 Cosh[2c + | +241id*e*xCosh[2c+

|+

3dx 5dx 5dx 5dx 5dx
81id®f?x>Cosh[2c+ | -4@1id?e?Cosh[2c+ | +16idefCosh|2c+ | 161 f?Cosh[2c+ | +241id®e*xCosh[2c+
2 2 2 2 2
o 5dx ) ) 5dx 3 ) 5dx 222 5dx
801id’efxCosh[2c+ | +16idf2xCosh[2c+ | +24i d*efx?Cosh[2c+ | -40i d*f*x*Cosh[2c+ |+

2 2 2 2
5dx 5dx 5dx 5dx 5dx
8id®>f2x*Cosh[2c+ | +8d*e?Cosh[3c+ | -16defCosh[3c+ | +16 f2 Cosh[3 c+ | -24d®e*xCosh[3c+
2 2 2 2 2

|+

3dx 3dx 3dx
| +16idf>xCosh[2c+ | +24id*efx*Cosh[2c+ | +401i d*f*x?Cosh[2c+

0 3dx
80 id*efxCosh[2c+
2 2 2

|+

5dx

5dx 5dx 5dx 5dx
16d*efxCosh[3c+ | -16df2x Cosh[3 c+ | -24d*efx?Cosh[3c+ | +8d*f2x>Cosh[3c+

| -8d*f2x3Cosh[3c+
2 2

] +

7d
| +12i d*efxCosh|4c+

|+

]+15f2Cosh[3c+7dX] +12d2e-FxCosh[3c+7dX] 714df2xCosh[3c+7dX

7dx
| -14defCosh[3c+
2 2 2

7dx
6 d? e? Cosh[3 ¢+

X],
]_

2 £2 2 7dx T 7dx . 7dx = 7dx
6 d? 2 x* Cosh|[3 ¢ + | +61id?e?Cosh[4c+ | -14idefCosh[4ac+ | +151 f*Cosh[4 ¢ +
2 2 2 2

7dx 7 dx 9dx 9dx 9dx
14 i df*xCosh[4c+ | +61d*f2x*Cosh[4c+ | -21id?e*Cosh[4c+ | +2idefCosh[4c+ | -if*Cosh|4c+
2 2 2 2 2
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]+

X] +2d2e2Cosh[5c+9dX] —2de-FCosh[5c+9dX

9dx
| +2idf?*xCosh[4c+
2 2 2

9dx
4id*efxCoshldc+

| -21id*f*x?*Cosh[4c+

f2Cosh[5c+9dX} +4d2efxCosh[5c+9dX} —2d-F2xCosh[5c+9dX] +2d2f2x2Cosh[5c+9dx} —Sidzezsinh[d—x] -
2 2 2 2 2

161def51nh[d—x} —16]‘1-FZSinh[d—X] —1611d2eFxSinh[d—X] —161id-F2xSinh[d—X] 7811d21‘2xzsinh[d—x} +4d2e251nh[c+d—x} +
2 2 2 2 2 2

12def51nh[c+d—x] +14f251nh[c+d—x} +8d2efxsinh[c+d—x} +12df2xsinh[c+d—x} +4d2f2x251nh[c+d—x} +
2 2 2 2 2

3dx 3dx 3dx 3dx 3dx
8d?e?Sinh|[c+ | +16defSinh[c+ | +16 f2sinh[c + | +24d*e?xSinh[c+ | +16d*e fxSinh[c +
2 2 2 2 2

]+

16d 2 x Sinh|c + 32)(] +24d%e fx?Sinh[c+ 32)(] +8d2 F2x2Sinh|[c + 32)(] +8d* £253 Sinh[c + 32"} +40i d? e Sinh[2c + BZX] .
16idefsSinh[2c+ Bjx] +161 f2sinh[2c + 32)(} +241d*e?xSinh[2c 3‘;’(} +80id?efxSinh[2c+ 32’(} .
16 d 2 xSinh[2c BZX} 224id®efx?sinh[2c+ 32)(} +40 i d? 2 x2 Sinh[2 c + 32)(] +81df2x3sinh[2¢+ 3:’(} .
401 d?e? sinh[2c+ 22%] v 16 i de fsinh[2c+ 2oX] 165 £ sinh[2c+ 2oX] + 245 d® e xSinh[2 ¢+ 2oX] -
801id’efxSinh[2c+ de} +161df2xSinh[2c+ ij} +24id>efx?Sinh[2c+ ij} -401i d* f2 x? Sinh[2 ¢ + ij} +
8id>f2x*>Sinh[2c+ ij} +8d?e?Sinh[3c+ ij} -16defSinh[3c+ ij] +16 f2Sinh[3 ¢+ ij] -24d*e?*xSinh[3c+ ij} +

dx 5dx

5dx 5dx 5dx 5
16d*efxSinh[3c+ | -16df*xSinh[3c+ | -24d®efx*sinh[3c+ | +8d*f>x?Sinh[3 ¢+

| -8d* 2 x*Sinh[3c+
2 2

,
| +12id*efxSinh[4c+
|-
ifsinh[acs 29%) _aidefxsinh[ac 22X v 2idfxsinh[4cs 2oX] 25 d Fx2sinh[acs 20X ] 2 d? e sinh[5 e 20X
2 2 2 2 2

2de-FSinh[5c+9dX} +-FZSinh[5c+9dX] +4d2efxsinh{5c+9dx] —ZdFZXSinh[5c+9dX] +2d21‘:2xzsinh{5c+9dx}
2 2 2 2 2

|+

7 dx

> 2 es 7dx . 7dx 9 s 7dx N . 7dx
6d?e?Sinh[3c+ | -14defsSinh[3c+ | +15f?sinh[3c+ | +12d?efxSinh[3c+
2

| -14df2xSinh[3c+

7dx 7dx 7dx 7dx 7dx
6 d? f2 x? Sinh[3 ¢ + | +6id*e*sinh[4c+ | -14idefsSinh[4c+ | +151i f2Sinh[4 ¢+
2 2 2 2

] -

7dx 7dx 9dx 9dx
14idf?xSinh[4c+ | +6id*f>x*Sinh[4c+ | -2id*e’Sinh[4c+ | +2idefsSinh[4c+
2 2

} _

Problem 203: Attempted integration timed out after 120 seconds.

Sinh[c+dx]3 dx
J(eﬂcx) (a+iasinh[c+dx])
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Optimal (type 9, 33 leaves, 0steps):

Sinh[c+dx]3

Unintegrable | » X]

(e+fx) (a+iaSinh[c+dx])

Result (type 1, 1leaves):

PP

Problem 204: Attempted integration timed out after 120 seconds.

Sinh[c+dx]3
J dx
(e+-Fx>2 (a+iasinh[c+dx])
Optimal (type 9, 33 leaves, 0steps):
Sinh[c+dx]3

Unintegrable| » X]

(e+-Fx)2 (a+iasinh[c+dx])

Result (type 1, 1leaves):
???

Problem 207: Result more than twice size of optimal antiderivative.

(e+fx) Csch[c+dx]
j dx

a+1iaSinh[c +dx]

Optimal (type 4, 126 leaves, 9 steps):

dx

2 (e +fx) ArcTanh|ec*d%] 21{L0g[¢°5h[§+ %Jf TH fPolylLog|2, -e“*?%] fPolylog|2, ec*dx| 1 (e +fx) Tanh|
- + - +

ad ad? ad? ad? : ad

Result (type 4, 345leaves):
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! Cosh[l(c+dx)]+jsinh[
2

(c+dx”

N |

d? (a+iaSinh[c+dx])
1
=

- ZfArcTan[Tanh[ +
2

Cosh[i <c+dx)] +JiSinh[§ (c+dx)] c+dx)]] Cosh[i (c+dx)] +jSinh[% (c+dx)]

(-F(c+dx)

1
2

+delog|[Tanh|[ = (c+dx)]]

Cosh[% (c+dx)] +jSinh[% (c+dx)]

1 1
ifLog[Cosh[c+dx]] (Cosh[f (c+dx)] +JiSlnh[; (c+dx)]
2

c-FLog[Tanh[% (c+dx)]] Cosh[% (c+dx)] +jSinh[§ (c+dx” +

Cosh[1 (c+dx)] +J'1Sinh[1 (c+dx)]

f((c+dx) (Log[1-e 9] -Log[1+e < ?*]) +PolyLog[2, -e“?*] - PolyLog[2, e “9*])
2 2

2id(e+fx)Sinh[= (c+dx) |

1
2

Problem 208: Result more than twice size of optimal antiderivative.

Cschc +dx]
J dx

a+1aSinh[c+dXx]

Optimal (type 3, 41leaves, 3 steps):
ArcTanh[Cosh[c +d x]] Cosh[c +dx]
- +
ad d(a+iaSinh[c+dx])

Result (type 3, 121 leaves):
1

ad (-i+Sinh[c+dx])

1

Log[Cosh[
2

Cosh[i (c+dx)] +JlSinh[§ (c+dx)] (c+dx)]] —Log[Sinh[% (c+dx)]]|+

iCosh[% <c+dx)]

(—2— Log[Cosh[i (c+dx)]] +Log[Sinh]

N |

A 1
<c+dx)H) Slnh[; (c+dx>]

Problem 211: Result more than twice size of optimal antiderivative.

J(e+-Fx)3Csch[c+dx]2
dx

a+1aSinh[c +dXx]

Optimal (type 4, 419leaves, 24 steps):
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2(e+fx)3 211(e+fx)3Ar‘cTanh[ec*dX] (e+-Fx)3Coth[c+dx} 6‘F<e+fx)2Log[1+jec*dX} 3f(e+-Fx) Log[1 - e?(c+dx) |

- + - + + +
ad ad ad ad? ad?

3if (e+Fx)2PolyLog[2, - ecrdx] . 12 f2 (e + f x) Polylog[2, - i e“*dX] ) 3if <e+-Fx)2PolyLog[2, ec+dx| X
ad? ad? a d?

3f2 (e+fx) PolylLog[2, 2 (4% ] ) 61 f? (e+fx) Polylog[3, -edX| 12 3 PolyLog|[3, - i ec*dX] X 61 f? (e+fx) Polylog|3, e“*?] i
ad? ad? ad* ad?

33 Polylog[3, e? (4% | 61 f3PolyLog[4, -e“*?*] 61 f>Polylog[4, e dX] (e+ fx) Tanh[i Tﬁ + d?x}

2ad? i ad? ) ad* . ad

Result (type 4, 1005 leaves):

-—21if (d2 (—Jldecx (3e2+3efx+f2x2) +3 (1+Ji<ec) <e+'FX)2LOg[1+JleC*dX]) +
ad* (—]'1+<ec>

6d (1+1e) f (e+fx)Polylog|2, -ie“*] -61i (-i+e) f>Polylog|3, -1 e‘*d"]) -

! (12d%e? e fx-12d%e? (-1+e*¢) Fx+12d% e X*+4d? x> -4id>e® (-1+e°°) ArcTanh[e“?*] +6d’e® (-1+e°€)
2ad* (-1+e2°)
f(2dx- Log[l e (9]} +6ide? ( 1+e’¢) f (dx (Log[1-e“®*]| -Log[1+e“?*]) - Polylog[2, -e“**] + Polylog[2, e<***]) +
6de (-1+e*°) f2 (2dx (dx-Log[1-e® (<9 |) - Polylog[2, e* 9 ]) +6ide (-1+e2€) f
(d*x? Log[1-e“?*] - d? x? Log[1+e“?*| -2dx PolyLog[2, -e“"9X] +2deolyLog[2 e“dx] +2PolyLog[3, -e“9*| - 2Polylog[3, 4]} +
(-1+e*¢) 2 (2d*x* (2dx-3Log[1- e (<9 ]) —6deolyLog[2 e? (9] 1+ 3Polylog[3, e (<9 ]) +
2i (-1+e*€) <d3x3 Log[1-e %] - d®x® Log[1+e“"?*] -3d? x> PolyLog[2, -e“*4*]| + 3 d?x? PolyLog[2, 4| +
6 dx PolyLog[3, -e*?*] - 6dx PolyLog[3, e“*?*| - 6 PolylLog[4, -e*9*] +6PolyLog[4, e X)) +

Sech[;] Sech[;+ de] (—e3Sinh[d2X] —3e2fx51nh[7x} —3ef2x251nh[d7] —f3x3sinh[d7x])

2ad
7"] (e351nh[7"] +3e2-FxSinh[d7X] +3ef2x251nh{7x} +-F3x351nh[7x])

Csch[;] Csch[i

2ad
(e Slnh[fx] +3e2fx51nh[fx} +3ef2x251nh[L] +-F3x351nh[fx])
2 2 2 2

ad (Cosh[i +]isinh[;]) (Cosh[i dTX] +]iSinh[§+ %"})

Problem 212: Result more than twice size of optimal antiderivative.

J(ewa)ZCsch[Cerx]zd1
X

a+1aSinh[c+dx]

Optimal (type 4, 296 leaves, 20 steps):
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2(e+fx)2 211(e+fx)2Ar‘cTanh[e°*dX] (e+-Fx)2Coth[c+dx} 4F(e+fx>Log[1+jec*dx]

) ad : ad . ad ' ad? '
2f (e+fx) Log[l-e?(cdx| X 2if (e+fx) Polylog|2, -e“*dX] X 4 f2polylog|2, - i e dX] 2 f (e + fx) Polylog|2, e dX] .
ad? ad? ad? ad?
2 PolylLog [2 @2 (crdx) } 21 f2 PolyLog[ C*dx] 2 i f?Polylog [3, ec*dx} (e +f X) Tanh [§ 114_” + de}
ad? . ad? : ad? . ad

Result (type 4, 659 leaves):

oo bty ot oglaes o)) 2 eroianls, eosr])
-i+e )
ad? ad<—1+zezc)

2e (-1+e2¢) f (2dx-Log[1-e?(cdx])

~4ee® fx+de (-1+e*) fx-2e2 F2x*+2 (-1+e*¢) F2x*+2ie” (-1+¢e? )Ar‘cTanh[ e dx] -

d
2ie(-1+e2¢) f (dx (-Log[1-e“?¥] +Log[1+e“?*]) +Polylog[2, -e“*?*] - PolylLog|2, e“*9])
d
~1+e?¢) 2 (2dx (dx-Log|[1-e? (9% |} - Polylog|2, e*(c*d%
( +e ) ( X( X — Og{ e? ]) oyog[ e? ])+l]-l( 1+e2 )'FZ(dZXZLOg[l—@c+dX]+
d? d?
d’>x* Log[1+e“?*] +2dxPolylog[2, -e““*] -2d x Polylog[2, e“"®*] - 2 PolyLog[3, -e“®*| + 2 Polylog|3, e“***|) | +

Sech[<] sech[$+ 9] (~e?sinh[“X] -2efxsinh[*] - £2x2Sinh[%*])

<
2

+

2ad

Csch[g] Csch]| +dx] (eZSinh[d—x] +2efx51nh[7"] +f2xzsinh[d7"])

2ad
d ]+F2x251nh{—x})

x

2 (ezsinh[%"} +2efxSinh|

2
7"} +1$1nh[§ dTX])

N\“ N|

ad (Cosh[i] +jSinh[§]) (Cosh[

Problem 213: Result more than twice size of optimal antiderivative.

(e+fx) Cschlc+dx]?
J dx

a+1aSinh[c+dx]

Optimal (type 4, 163 leaves, 12 steps):
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21 (e+Fx) Ar‘cTanh[ec*dX} (e+-Fx) Coth[c +dx] 2-FLog[Cosh[§+%+d7xH

- + +

ad ad a d?

(e+fx) Tanh| dx]

fLog[Sinh[c +dx]] i fPolylog|2, -ecdx] ) i fPolylog|2, e“*dx] ) S e SR

ad? a d? a d? ad

Result (type 4, 770leaves):
if (c+dx) (Cosh[i (c+dx)] +jSinh[i (c+dx)])2 ZjFAr‘cTan[Tanh[i (c+dx)H (Cosh[i (c+dx)]+jsinh[i (c+dx>”2

+ +

) d? (a+iaSinh[c+dx]) d? (a+iaSinh[c+dx])
2
(—deCosh[l(c+dx)]+c-FCosh[l(c+dx”—f(c+dx>€osh[l(c+dx” Csch[1<c+dx)] Cosh[l(c+dx)]+jsinh[l(c+dx” J/
2 2 2 2 2 2
flog[Cosh[c+dx]] [Cosh[L (c+dx)]+isinn[L (c+dx)])?
(2d*> (a+iaSinh[c+dx])) + ( [2( )] [2< )]) +
d? (a+iasSinh[c+dx])
fLog[Sinh[c +dx]] (Cosh[% (c+dx)] +iSinh[% (c+dx)])2 jeLog[Tanh[% (c+dx)]] (Cosh[% (C+dX>]+J'lSinh[§ (c+dx>])2
d? (a+iasinh[c+dx]) ) d(a+iasSinhc+dx]) :
jchog[Tanh[% (c+dx)]] (Cosh[i (c+dx)] +1’LSinh[i (c+dx)])2 1
d? (a+iaSinh[c+dx]) 2 (a+iasSinh[c+dx])
2
f(i(c+dx) (Log[1-e %] -Log[1+e“9¥])+i (PolyLog[2, -e < 9*| - PolyLog[2, e < 4])) Cosh[l(c+dx)]+jsinh[1(c+dx)] +
2 2
2
Sech[l(c+dx>] Cosh[l<c+dx)]+jsinh[l(c+dx” —deSinh[l(c+dx)]+cfsinh[1(c+dx)}—1‘(c+dx) Sinh[l(c+dx>] )/
2 2 2 2 2 2

1

d?> (a+iaSinh[c+dx])

(2d* (a+iaSinh[c+dx])) -

deSinh[l (c+dx)] -cfSinh[1 (c+dx)]+f (c+dx) Sinh[1 (c+dx)]

1<c+dx>]+jSinh[l(c+dX)] 5 2 2

2 2

2 |Cosh]|

Problem 214: Result more than twice size of optimal antiderivative.

dx

J Cschc+dx]?

a+1aSinh[c +dXx]

Optimal (type 3, 57 leaves, 5steps):

i ArcTanh[Cosh[c+dx]] 2Coth[c+dx] Coth[c +dx]
- +

ad ad d(a+iaSinh[c+dx])

Result (type 3, 176 leaves):



1
2ad (-i+Sinh[c+dx]) 2

2

2 3+Log[Cosh[§ (c+dx)]] —Log[Sinh[% (c+dx)H] Sinh[% (c+dx”2—

21i Cschlc+dx] Sinh] (c+dx)]] -Log[sinh|

N |

(c+dx)]4+2i1 (1+Log[Cosh[

N |

Problem 215: Attempted integration timed out after 120 seconds.

J Csch[c+dx]? dx
(e+fx) (a+iaSinh[c+dx])
Optimal (type 9, 33 leaves, 0 steps):
Csch[c+dx]?

Unintegrable | » X]

(e+fx) (a+iaSinh[c+dx])

Result (type 1, 1leaves):

PP

Problem 216: Attempted integration timed out after 120 seconds.

J Csch[c+dx]? dx
<e+-Fx>2 (a+iasinh[c+dx])

Optimal (type 9, 33 leaves, 0steps):
Cschic+dx]?

Unintegrable| » X]

(e+-Fx)2 (a+iasinh[c+dx])

Result (type 1, 1leaves):

2P

Problem 217: Result more than twice size of optimal antiderivative.

(e+1“x)3Csch[c+dx]3
J dx
a+1aSinh[c+dXx]

Optimal (type 4, 546 leaves, 40 steps):

N |

cosh[ X (c+dx)]” (72+1‘1Coth[1 (cedx)] +2Log[Cosh[§ (cedx)]] —2Log[Sinh[§ (cedx)]]

(c+dx)]]|sinh[c+dx]
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] .
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21 (e+Fx)3 62 (e+fx) ArcTanh[edx| 3 (e+-Fx)3Ar‘cTanh[ec*dX} i <e+-Fx)3Coth[c+dx] 3f (e+-Fx)2Csch[c+dx}

+ +

ad ad? ad ad 2 ad?
(e+fx)’Coth{c+dx] Cschic+dx] 6if (e+fx)?Log[l+ie %] 3if(e+fx)’Log[1-e?(d¥] 3f3Polylog|2, -e 9]
- - - +
2ad ad? ad? ad*
9f (e+fx)?Polylog|2, -e< %] 1212 (e+fx) Polylog[2, -i e %] 33 Polylog|2, e<"*] 9f (e+fx)*Polylog|2, edX]
_ . _ _
2 ad? ad? ad* 2 ad?
31?2 (e+fx) Polylog[2, e? (<40 | 92 (e+fx) Polylog|[3, -e*9*| 121 f>Polylog[3, -ie“9*| 9f2 (e+fx) Polylog|3, ec*d¥]
- + + +
ad3 ad3 ad* ad3
31 £ Polylog[3, e ¥ 9 Polylog[4, -e***] 9 Polylog[a, e=x] i (e+fx)?Tanh[$ + 224 9X]
2ad* ad* ad* ad
Result (type 4, 2395 leaves):
3e3 Log[Tanh[% (c+dx)]] 3ef? Log[Tanh[% (c+dx)]] 1
) 2ad ' ad3 C2ad?

9e?f [—c Log[Tanh{l (c+dx)]] -1 ((ic+idx) (Log[l-e' e id9] _log[1+e! Feid¥])
2

i (PolylLog|2, —(Ej(jchx) - PolylLog| 2, (Ejl (i cridx) + -clLo Tanh| — (c +dx -
2

ad*

i ((iceidx) (Log[1-e (a0 ] Log[1+el (i<1x]) . (Polylog[2, —e' (< 4x)| polylog[2, et (eidx )] -
m f (dZ (7]'1decx <3e2+3e'FX+-F2x2) +3 (1+1'L<ec> <e+fX>ZLOg[1+jec+dx]) .
1

4 ad*
ie“f Cschic] (2d°x* (2de’“x-3 (-1+e*) Log[1-e® (<9 ]) -6d (-1+e*) xPolylog[2, €*(“¥] +3 (-1+e’“) Polylog[3, e* (<% ]} +

6d (1+1e°) f (e+fx) Polylog|2, -ie“ ] -6i (-i+e) f*Polylog|3, —iec*dx}) +

1
739e~F2 (d*x* ArcTanh[Cosh[c +dx] +Sinh[c+dx]] +dxPolyLog[2, ~Cosh[c+dx] -Sinh[c+dx]] -
ad

d x PolyLog[2, Cosh[c+dx] +Sinh[c +dx]] - PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +d x] +Sinh[c+dx}]) -

43f3 (d>x* Log[1-e“ %] - d® x® Log[1+e“®*| - 3d? x> PolyLog |2, -e“*9*]| + 3d? x> PolyLog[2, e“***| +
2ad

6 dx Polylog|3, -e“"**] - 6d xPolyLog|3, e“***| - 6 Polylog[4, -e“"**] + 6 PolyLog[4, e“™®*]|) +
3ie?fCschc] (-dxCosh[c] +Log[Cosh[dx] Sinh[c] + Cosh[c] Sinh[dx]] Sinh[c])
N

ad? (-Cosh[c]?+Sinh[c]?)
1

Csch[c] Csch[c+dx]?

8 ad? (Cosh[i]uisinh[i” (Cosh[£ TX]+iSinh[§+d7x]
(3e2fCosh[d—X} +6e-F2xCosh[d—} +3f3x2Cosh[d—X] +3e2fCosh[3dX] +6e-F2xCosh[3dX] +3f3x2Cosh[3dX} +dee3Cosh[c7d—X] +
2 2 2 2 2 2 2
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15ide2FxCosh[c—d—X} +15j1de-F2x2Cosh[c—d—X] +5j1df3x3Cosh[c—d—X] —ide3Cosh[c+d—X} —3ide2-FxCosh[c+d—X} -

2 2 2 2 2
31’1def2x2Cosh[c+dﬁX] —]'ld‘F3X3COSh[C+d7X] —3e2-FCosh[2c+dfx} —6ef2xCosh[2c+d—X} —3-F3x2Cosh[2c+d—X] +
2 2 2 2 2
Jide3C05h[c+ de} +31‘Lde2~FxCosh[c+ 3dx} +3Jide-F2x2Cosh[c+ 3dx] +Jid-F3x3Cosh[c+ 3dx] —3e2FCosh[2c+ 3dx] -
2 2 2 2
6ef?xCosh[2c+ BdX] -3f>x?Cosh[2c+ BdX] -3ide®*Cosh[3c+ 3dx] -9ide’fxCosh[3c+ BdX] -9idef?x*Cosh[3c+ SdX} -
2 2
5dx

3idf?x*Cosh[3c+ de] -41ide’Cosh[c+ de] -12ide’fxCosh[c+ de} -12idef?x?Cosh|c+ de} -41idfxCosh|[c+ ]+
2 2 2 2 2
| +6ide*fxCosh[3c+ de] +6idef?x*Cosh[3c+ de} +2idf*x*Cosh[3c+ de] —de3Sinh[d—x} -

2 2 2 2

3de2fxsinh[d—x] —3def2xzsinh[d—x} —df3x3sinh[d—x] —de3Sinh[3diX] —3de2FxSinh[3d7X] —3def2xzsinh[3dx] -
2 2 2 2 2 2

5dx
2ide’Cosh[3c+

df3x3Sinh[3d—X} +3ie2fsinh[cfd—x] +61’1ef2xsinh[C—d—X} +31f3x25inh[cfd—x} +3ie2fsinh[c+d—x] +
2 2 2 2 2

Giefzxsinh[c+d7x} +31f3xzsinh[c+d7x} —3de3Sinh{2c+d7X] —9de2foinh[2c+d7x] —9def2xzsinh[2c+d7x] -
3d-F3x3Sinh[2c+d7X] +3ie?fsSinh[c+ Bjx] +6ief?xSinh[c+ 32)(} +31fx?Sinh[c+ 32)(} ~-de’sinh[2c+ BZX] -
3de? fxSinh[2c+ 32)(] -3def?x?Sinh[2c+ Bjx] -df*x*sinh[2c+ 3(;x] -3ie?fsinh[3c+ 32)(] -6ief?xSinh[3c+ Bjx] -
3jf3x251nh[3c+3:x] +2de?Sinh[2c+ ij] +6de? fxsinh[2c+ ij] +6defx2sinh[2c+ 5:)(] +2d 3 sinh[2c+ 5(2“} -
31ief?Csch[c] Sech[c] |-d? e ArcTanh(Tanh[c]] x2+;i (-dx (-7+21iArcTanh[Tanh[c]]) - wLog[1+e*?*] -
1-Tanh[c]?

2 (idx+iArcTanh[Tanh[c]]) Log[1 - e?* (+dx+iArcTanh[Tanhcl]) |, ;| og[Cosh[d x]] +2 i ArcTanh[Tanh[c]]

Log[i Sinh[dx +ArcTanh[Tanh[c]]]] + i Polylog[2, e?* (+dxriArcTanhiTanhic]]) 1) Tanh[c] / (a d3\/Sech[c]2 (Cosh[c]?-sinh[c]?) )

Problem 218: Result more than twice size of optimal antiderivative.

J(e+fx)2Csch[c+dx]3 5
X

a+1aSinh[c+dx]

Optimal (type 4, 368 leaves, 30 steps):
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2i (e+fx)? 3 (e+fx)?ArcTanh[e?*] f2ArcTanh[Cosh[c+dx]] i (e+fx)*Coth[c+dx]

ad : ad ad3 : ad .
f(e+fx)Cschjc+dx] (e+fx)’Coth{c+dx] Cschlc+dx] 4if (e+fx)Log[l+iesdx]
a d? . 2ad . ad? .
2if (e+fx)Log[1-e2(<d¥] 3f (e+fx)Polylog[2, -e<9*] 41if2Polylog|2, -ie9*] 3f (e+fx)Polylog|2, e<*d*]
ad? ' ad? ) ad? ) ad?
i 2 PolylLog[2, e? (¢*4%) ] ) 3 f2 Polylog|[3, -edX] X 3 f2 Polylog|[3, e“?¥] . i (e+fx>2Tanh[§+ 2_” + dTX}
ad? ad? ad? ad

Result (type 4, 1528 leaves):
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3e?log[Tanh[ (c+dx)]] f2Log[Tanh[2 (c+dx)]] 1 1
- 2 + 2 - ——3ef |-clog[Tanh|[ = (c+dx)]] -
2ad ad3 a d? 2

i((ic+idx) (Log[l—ei@“idx)} -Log[1+e! (““idX)]) +i (PolyLog[z, —et (hetd) ] _polylog|2, eM“*jdX)])) +

2f (d(de“x (2e+fx) -2 (-i+e) (e+fx) Log[l+iedx]) -2 (-i+e)fPolylog|2, -iedx]) 1
.
ad® (-1-ie°) ad?

3 f2 (d*> x* ArcTanh [Cosh[c + d x] + Sinh[c +dx]] +dxPolylLog[2, ~Cosh[c +dx] -Sinh[c+dx]] -
d x PolyLog[2, Cosh[c+dx] +Sinh[c+dx]] - PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +dX] +Sinh[c+dx}]) +
2iefCschlc] (-dxCosh[c] +Log[Cosh[dx] Sinh[c] +Cosh[c] Sinh[dx]] Sinh[c])
+

ad? (-Cosh[c]?+Sinh[c]?)
1

Cschic] Cschc+dx]?
8ad? (Cosh[<] +isSinh[S]) (cosh]

+dx] +1'15inh[§+d?x])

N

3dx 3dx dx d x
| +2f2xCosh]| | +5ide?Cosh[c- —] +10idefxCosh[c- —] +
2 2

d x d x
(ZefCosh{—] +2f*xCosh[——] +2efCosh]|
2 2

SidFZXZCosh{c—d—X] —ideZCosh[c+d—X} —2ide-FxCosh[c+d—X] —JidFZXZCosh{Cer—X] —2e-FCosh[2c+d—X} —Zfszosh{2c+d—X] +
2 2 2 2 2
ide?Cosh|c+ de} +2idefxCosh|c+ de} +1idf2x?Cosh[c+ de} -2efCosh[2c+ 3dx] -2f2xCosh[2¢c+ de} -
2 2 2 2

3dx 3dx 3dx 5dx 5dx
BjdeZCosh[3c+ ]—61’1defxCosh[3c+ ]—Bjd-FZXZCosh[3c+ ]—4]‘1de2Cosh[c+ ]—deewchosh[CJr
2 2 2 2 2

} _

| +4idefxCosh[3c+ de] +2idf>x*Cosh[3c+ SdX} _dezsinh[d_x] _
2 5 )

—de] —2de-FxSinh[—3dx] —dfzxzsinh[3dx} +2jle-f-'sj_nh{c_d_x] .

2 2 2 5

| +2ide*Cosh[3c+ >dx

5dx
41df*x*Cosh|c+

Zdefoinh[d—X] —dfzxzsinh[d—x] -de?sinh]|
2 2

ijzxsinh[C—d—X} +2jef51nh[c+d—x] +zjf2xsinh[c+d—x} —3deZSinh[2c+d—X] —6de-FxSinh[2c+d—X} —3df2xzsinh[2c+d—x} +

2 2 2 2 2 2

3dx 3dx 3dx 3dx 3dx
2iefSinh[c+ | +21f*xsinh[c+ | -de?sinh[2c+ | -2defxSinh[2c+ | -df*x?sinh[2c+ |-

2 2 2 2 2
) X 3dx - . 3dx 9 s 5dx . 5dx 9 2 es 5dx
2iefsSinh[3c+ | -21if*xsinh[3c+ | +2de?sinh[2c+ | +4defxSinh[2c+ | +2df2x?*sinh[2c+ -

2 2 2 2 2
1
i f2Csch[c] Sech[c] |-d? e reranhiTanhic]] 2, — 4 (-dx (-m+2iArcTanh[Tanh[c]]) - Log[1+e®®*| -
1-Tanh[c]?

2 (idx+iArcTanh[Tanh[c]]) Log[1 - e?* (+dx+iArcTanh(Tanhicl]) |, ;| og[Cosh[d x]] +2 i ArcTanh[Tanh[c]]

Log[i Sinh[d x +ArcTanh[Tanh[c]]]] + i Polylog[2, e?* (*dxriArcTanhiTanhic]]) 1) Tanh[c]

]/ (a d3\/Sech[c]2 (Cosh[c]?-sinh[c]?) )
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Problem 219: Result more than twice size of optimal antiderivative.

(e+fx) Csch[c+dx]?
J dx

a+1aSinh[c+dx]

Optimal (type 4, 214 leaves, 19 steps):

3 (e+fx)ArcTanh[e<*?*] i (e+fx) Coth[c+dx] fCsch{c+dx] (e+fx)Coth[c+dx]Cschlc+dx]
. _

ad ad 2 ad? 2ad

ijLog[Cosh[§+{Tﬂ+d7XH

c i dx]
¢, ix  dx
2 4 2

iflog[Sinh[c+dx]] 3fPolylog[2, -e“¢*] 3fPolylLog[2, ecdx| 1 (e +fx) Tanh|
+ - +

a d? a d? 2 a d? 2 ad? ad

Result (type 4, 541 leaves):
1

8d? (a+iaSinh[c+dx])

Cosh]| (c+dx)] +1 Sinh]| (c+dx”

N |
N |

21‘1(1’1F+2d(e+Fx))Cosh[§(c+dx>](j+Coth[§(c+dx)})—d(e+1¢x) 1'1+Coth[§(c+dx”)Csch[§(c+dx)]—
8f (c+dx) Cosh[i(c+dx”+isinh[§(c+dx>] +16-FAr'cTan[Tanh[§(c+dx)]] Cosh[%(c+dx)]+1‘1$inh[%(c+dx” -12de
1 1 . 1 1 1 . 1
Log[Tanh[;(Cerx)H Cosh[g(c+dx)]+j1$1nh[;(c+dx”)+12chog[Tanh[;(c+dx)H Cosh[;(c+dx”+151nh[£(c+dx”)—

12f ((c+dx) (Log[1-e 9] -Log[1+e “9]) +PolyLog|2, -e “9%] - Polylog[2, e “9¥]) Cosh[1 (c+dx)] JrJ'LSinh[1 (c+dx)]

2 2

+

+

161id (e+fx) Sinh[l (c+dx)] +8fLog[Cosh[c+dx]] (4’1Cosh[l (c+dx)] JrSinh[l (c+dx)]
2 2 2

8 f Log[Sinh[c +d x]]

+

7J'lCOSh[§ (c+dx)] +Sinh[% (c+dx)]

2 (f+2id(e+fx)) Cosh| (c+dx”+isinh[ (c+dx>] Tanh| (c+dx)]—1’1d(e+1‘x)5ech[l(c+dx” i+ Tanh|

A (c+dx>]

N |
N |

N |
N |

|

Problem 220: Result more than twice size of optimal antiderivative.

J Cschic+dx]3

a+1aSinh[c+dXx]

dx

Optimal (type 3, 87 leaves, 6 steps):
3ArcTanh[Cosh[c+dx]] 21iCoth[c+dx] 3Coth[c+dx]Csch[c+dx] Coth[c+dx] Csch[c+dXx]
+ - +
2ad ad 2ad d(a+iaSinh[c+dx])

Result (type 3, 422 leaves):



icoth[2 (c+dx)] (Cosh[L (crdx)]+isSinn[L (c+dx)])’

2d (a+iaSinh[c+dx])

Csch[% <c+dx)]2 (Cosh[% (c+dx) ] +iSinh[% (c+dx)])2
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3Log[Cosh[§ (c+dx)]] (Cosh[% (c+dx)] +iSinhE (c+dx)”2

8d (a+iaSinh[c+dx])

3Log[Sinh[§ (c+dx)]] (Cosh[i (c+dx) ] +iSinh[i (c+dx)])2

+

2d (a+iaSinh[c+dx])

Sech[i (c+dx)]2 (Cosh[i (c+dx)] +JiSinh[§ (c+dx)”2

2d (a+iaSinh[c+dx])

1
2

8d (a+iaSinh[c+dx])

21 (Cosh[ <c+dx)] +JiSinh[i (c+dx”) Sinh[i <c+dx)] i (Cosh[i (c+dx)] +JiSinh[§ (c+dx)”2Tanh[i (c+dx”

d (a+iaSinh[c+dx])

+

2d (a+iaSinh[c+dx])

Problem 221: Attempted integration timed out after 120 seconds.

Cschic+dx]3

dx

j(eﬂcx)

Optimal (type 9, 33 leaves, 0steps):

(a+iasinh[c+dx])

Csch[c+dx]3

Unintegrable| » X]

(e+fx) (a+iaSinh[c+dx])

Result (type 1, 1leaves):

2?7

Problem 222: Attempted integration timed out after 120 seconds.

Csch[c+dx]3

dx

J

Optimal (type 9, 33 leaves, 0steps):

(e+-Fx)2 (a+iasinh[c+dx])

Csch[c+dx]3

Unintegrable| » X]

(e+fx)* (a+iaSinh[c+dx])

Result (type 1, 1leaves):

2P

+
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Problem 223: Result more than twice size of optimal antiderivative.

(e+-Fx>3Sinh[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 453 leaves, 14 steps):

a(e+fx)?Log[1+ 2= a(e+fx)?Log[1+ 2
<e+'Fx)4 < i ) g[ i a-+/ a2+b? ] ( " ) g{ " a+/ a%+b? }
_ V N V. _
4bf b+a2+b2 d bvaZ+b? d
3af f 2P 1yL 2. _ b ecrdx 3af f ZP 1vL 2 _& 6 'Fz £ PolvL 3 b ecdx
af (e+fx)*Polylog|2, W ] af (e+fx)?Polylog|2, W ] af? (e+fx) Polylog|3, W ]
+ +
b+a?+b? d2 bva2+b? d? bva?+b? d3
6af? (e+fx) Polylog[3, - 2= 6afPolylog[4, - < 6af> Polylog[4, - o<
? (e+ X> i Og{ ’ a++/ a’+b? ] ° i Og[ ’ a-/a%+b? } Y g{ ’ a++/ a’+b? ]
- +
b+a%+b? d? b+a%+b?2 d* b+a%+b? d*

Result (type 4, 1074 leaves):
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X (4e3+6e2-Fx+4e-F2x2+-F3x3)

4b
+d 2c+d
! a|2d’e’,/ (a®+b?) €€ ArcTan[w]+3xl—a2—b2 d>e? e fx Log[1+ be ™™ |+
b~/-a?-b? d*.[ (a2 +b?) e?€ V-a? - b? aec -,/ (a2+b?) e?c
2c+d 2c+d
34/-a’-b® d®ee f2x?Log[1+ bt | +/-a% -0 d®e 25 Log[1+ ber™ ] -
ae‘ -,/ (a%+b?) e2¢ aet -,/ (a%+b?) e*¢
2c+d 2c+d
34/-a?-b? d®e?e“ fxLog[l+ bt | -3+/-a%-b?* d®ee® 2 x? Log[1+ b et ] -
aec+ (a2+b2) e?¢ aec+ (az+b2) e?¢
2c+d 2c+d
\/-a?-b? d*e 3 x* Log[1+ be? ™™ | +3+/-a%-b? d?e°f (e+fx)*Polylog|2, - be ™ ] -
ae®+./ (a+b?) e2¢ aec— [ (a?+b?) e2¢
beZC+dx
3/-a2-b* d?ef (e+fx)*Polylog|2, - |-
aet+./ (a%+b?) e2¢
2c+d 2c+d
6+ -a’-b? dee® f?Polylog[3, - be” ™ | -6+/-a%-b? de® > xPolylog|3, - be” ™ |+
aet -,/ (a%+b?) e2¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d
6+ -a?-b? dee f2Polylog|[3, - be” ™ | +6+/-a%-b® de f>xPolylog|3, - be” ™ |+
aet+./ (a%+b?) e2¢ ae®+./ (a%+b?) ¢
2 c+d 2 c+d
6+ -a?-b? e f>Polylog|4, - be” ™ | -6+/-a%-b* e f*Polylog|4, - be” ™ ]
aet -,/ (a%+b?) e*° aet+./ (a%+b?) e*¢

Problem 228: Result more than twice size of optimal antiderivative.

J(e+fx)3Sinh[c+dx]2
dx

a+bSinh[c +dx]

Optimal (type 4, 551 leaves, 19 steps):
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a (e+fx)4 6 f2 (e+fx) Cosh[c+dx] (e+-Fx>3Cosh[c+dx]

- + + +

4p2f b d? bd

b emd X b ec~d X

bemdx
a-+/ a%+b? a++/ a2+b? a-+/ a?+b?
_ + _

b a2+ b7 d b2 /a2 b7 d b at s b7

a? (e+fx)’Log[1+ a? (e+fx)’Log[1+ 3a2f (e+fx)?Polylog|2, -

3a2f (e+fx)2PolylLog[2, - —2e=2 6a2f2 (e+fx) PolyLog[3, - —2e=2 6a2f2 (e+fx) PolylLog[3, - —2=2
(e+fx) = (e+fx) 3= (e+fx) 3 -2 ]
- + +

b2 /a2 + b2 d? b2 /a2 + b2 o b2/aZ + b2 o
0 ] 6a2 3 Polylog|4, - 2T , .
a0 s a2i0? 6f3Sinh[c+dx] 3f (e+fx)’Sinh[c+dx]

b2 /aZ s b? d b2 vaZ + b? d b d* b 2
Result (type 4, 1697 leaves):

6 a2 f> PolyLog|4, -
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1

b2+/-aZ - b2 d*./ (a2 + b?) e2¢

+d 2c+d
a’ [2d%e? [ (a® +b?) &€ Ar‘cTan[w]Jﬁd—az—b2 d®e? e fxLlog[l+ be ™™ | +3+/-a%-b? d®ee® 2 x? Log|

A/ - a2 - b2 aet - (a2+b2> e2¢
2c+d 2c+d 2 c+d
1+ b e2c+dx ]+xlfasz2 d3e°F3X3Log[1+ be 7" ]*3*’—a2—b2 dBEZGC'FXLog[lJr b e?c+dx ]7
ae‘ - <a2+b2) e2¢ aef - (a2+b2) e2¢ 2ec s (a2+b2) T
2c+d 2c+d
3md3eecfzle‘°g[l+ e’ ™ ]‘\/ﬂd3ecf3x3Log[l+ bem™™ ]+
ae‘+ <a2+b2) e?¢ aet + (a2+b2) e2c
2cxd 2c+d
BWdzecf(eﬂcx)zPolyLog[z,— be’ ™ }‘3\/ﬂdzecf(E+'FX)2PolyLog{2,_ b e2crdx -
ae‘- <a2+b2> e2¢ aet+ (a2+b2> e2¢
2c+d 2 cnd
6+/-a%-b? deef*Polylog[3, - be ™™ ]—6mdecf3xPolyLog[3,— b e |+
ae‘- (az+b2) e?c ae - (a2+b2> e2c
2c+d 2 cd
6+ -a?-b? dee f2Polylog|3, - be” ™ ]+6mdecf3xPolyLog[3,f b e” ]+
aet s [a%+b?) e aet+./ (a2 +b?) e?c
2 c+d 2 ced
6/ -a?-b? e f>Polylog|4, - be 7" ] -6 [_32 _p2 e £ polylog|4, - b @2 c+dx 1.
ae -,/ (a?+b?) e aef+./ (a%+b?) e*¢

Cosh[c+dx] Sinh[c+dX]
4 b? d* 4 b2 d*
6bd?>f3x>+2bd>f>x>-4ad*e3xCosh[c+dx] -6ad*e?fx?Cosh[c+dx] -4ad*ef?>x?Cosh[c+dx] -ad*f>x*Cosh[c+dx] +
2bd?e®Cosh[2c+2dx] -6bd*>e?fCosh[2c+2dx] +12bdef?Cosh[2c+2dx] -12bf3>Cosh[2c+2dx] +
6bd>e?fxCosh[2c+2dx]-12bd?ef?>xCosh[2c+2dx] +12bdf>xCosh[2c+2dx] +6bd>ef?x?Cosh[2c+2dx] -
6bd?f3x?>Cosh[2c+2dx] +2bd3>f3x3Cosh[2c+2dx] -4ad*e®xSinh[c+dx] -6ad*e?fx?Sinh[c+dx] -
4ad*ef?x3>Sinh[c+dx] -ad*f>x*Sinh[c+dx] +2bd®>e®>Sinh[2c+2dx] -6bd?e?fSinh[2c+2dx] +
12bdef?Sinh[2c+2dx] -12bf3Sinh[2c+2dx] +6bd®e?fxSinh[2c+2dx] -12bd?ef2xSinh[2c+2dXx] +
12bdf*xSinh[2c+2dx] +6bd’>ef?x*Sinh[2c+2dx] -6bd? > x*Sinh[2c+2dx] +2bd> > x*>Sinh[2c+2dX])

(2bd3e3+6bd2e2f+12bdefz+12bf3+6bd3ezfx+12bd2ef2x+12bdf3x+6bd3ef2x2+

Problem 232: Attempted integration timed out after 120 seconds.

Sinh[c+dx]? dx
J(e-%—'FX) (a+bsinh[c+dx])

Optimal (type 9, 30leaves, 0 steps):
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Sinh[c+dx]?2
(e+fx) (a+bSinh[c+dx])

Unintegr‘able[ , x}

Result (type 1, 1leaves):

2?7

Problem 233: Result more than twice size of optimal antiderivative.

J(e+1‘:x)3sinh[c+dx]3 5
X

a+bSinh[c+dx]

Optimal (type 4, 712leaves, 24 steps):

3efix 3fx2 a?(e+fx)? (e+fx)® 6af?(e+fx)Cosh[c+dx] a(e+fx)>Cosh[c+dx]
_ _ N _ _ _

4 b d? 8bd? 4b3f 8bf b2 d? b2 d

a3 (e+fx)3Log[1+&] a3 (e+fx)3Log[1+ﬂ] 3a°f (e+fx)?Polylog|2, _—betlx

a-4/ a%+b? a+/ a?+b? a-+/ a%+b?

+ - +

b3 /a2 + b2 d b* a2+ b2 d b*+/a?+b? d?

323 f (e+fx)?Polylog|2, —ﬁ] 6a’>f2 (e +fx) Polylog|3, - — 6a*f? (e+fx) Polylog|3, —ﬂ]

a+/ a%+b? a-+/ a?+b? ] a+/ a?+b?

+ — —

ectdx

b3 /a2 +b? d? b3 +a2+b? d? b3 +/aZ+ b2 d?
6 a* > Polylog|4, —&] 6 a> > PolylLog|4, o bet® _ , .
afa2ib? anfazbr © 6af3Sinh[c+dx] 3af (e+fx)’Sinh[c+dx]
b T BT @ ) b T b7 T b o2 )
3f2 (e+fx) Cosh[c+dx] Sinh[c+dx] (e+-Fx)3Cosh[c+dx]Sinh[c+dx] 3F3Sinh[c+dx]2 3-F(eJr-Fx)ZSinh[c+dx]2
4bd? i 2bd ) 8 b d* ) 4bd

Result (type 4, 2013 leaves):

(-2a2+b?) e*x 3 (-2a2+b?) e’ fx? (-2a’+b?)ef?x®

2b3 4b3 2b3
_2a24+b2) f3x4 +d
2% 0%) £ - ! a®[2d’e? [ (a® +b?) &€ Ar‘cTan[w] +
8 b3 b3/ _a2_b? d (az+b2> e2c \ -a? - b?
2c+d 2c+d
3ot b7 et Fxlogli — ] .3[ 2 b Pee Pxiloglt — 2 ],
aef - (a%+b?) e*¢ aet - (a%+b?) e*¢

2c+d 2c+d
\/-a?-b? d*e“ 3 %% Log[1+ bet™ | -3+/-a%-b? d®e?e“ fxlog[l+ bet™ | -

aet - (a2+b2) e?¢ ae‘+ (a2+b2> e%¢
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b (EZ c+d X

b 2c+dx
3 -a%-b? d®eef2x?Log[1+ = | -/ -a*-b? d® e x> Log[1+ |+
ae+ <a2+b2) e%¢ aet+ (a2+b2) e?¢
b 2c+d x b 2 c+d x
3/-a%-b? d?ef (e+fx)*Polylog|2, - c | -3+/-a*-b? d?>e°f (e+fx)?Polylog|2, - = | -
ae‘- <a2+b2) e?¢ aec+ (a2+b2> e%¢
b 2c+dx b 2c+dx
6+ -a?-b? dee f2Polylog|3, - c | -6+/-a%-b? de® f>xPolylog|3, - c |+
ae- <a2+b2) e?¢ ae‘- (a2+b2) e?¢
b 2c+dx b 2c+dx
6+ -a?-b? dee f2PolylLog|3, - c | +6+/-a%-b? de® f>xPolylog|3, - c |+
ae+ <a2+b2) elc ae+ (a2+b2) e?¢
b 2c+dx b 2c+dx
6/ -a2- b2 e £ PolyLog[4, - c | -6+/-a-b? e £ Polylog|4, - < e
aef- (a2+b2) e?c ae+ (a2+b2> e2¢
af3x3Cosh|c af3x3Sinh[c aCosh|c aSinh[c
( [ ]+ [ ]+(d3e3+3d2e2f+6def2+6f3) (7 [ ]+ [ ])+
2b2d 2b2d 2b2d* 2 b2 d*
3xCosh|[c 3xSinh[c 3x2Cosh|[c 3x2Sinh|[c
(ad’e*f+2adef?+2af?) (— [ ]+ [ }J+(adefz+af3) [— [ ]+ [ }]](Cosh[de—Sinh[dx])+
2b2d3 2b2d3 2 b2 d2 2 b2d?
af3x3Cosh[c af3x3Sinh[c aCosh|c aSinhJc
- el L (e 3delfisder 6F) (7 <l [])7
2b%d 2b%d 2b%2d* 2 b2 d*
3x? (adef?Cosh[c] -afCosh[c] +adef?Sinh[c] -af?Sinh[c]) 1
2 b2 d? 2b%2d3

3x (ad?e®fCosh[c] -2adef?Cosh[c] +2af’Cosh[c] +ad*e*fSinh[c] -2adef?Sinh[c] +2af>Sinh[c])| (Cosh[dx] +Sinh[dx]) +

( f3x3Cosh[2c] f3x3Sinh[2c]
- +
8bd 8bd
3xCosh[2c] 3xSinh[2c]
- +

Cosh[2c Sinh[2c
+(4d’e®+6d*e® f+6def?+3f) (- LLI : ])+

32bd* 32bd*

3 x% Cosh|[2 3x2Sinh[2
(2d2e? f+2def+ ) ]+(2def2+f3) [ X" Coshi2c]  3x75Inhi q]] (Cosh[2dx] - Sinh[2dx]) +

16 b d3 16 b d3 16 b d? 16 b d?
3 x3 Cosh[2c f3x3Sinh[2c Cosh[2c Sinh[2c
[ J+ [ J+(4d3e3—6d2e2f+6def2—3-F3) [ ]+ [ ]]+
8bd 8bd 32bd* 32bd*
3x? (2def?Cosh[2c] - f>Cosh[2c] +2def?Sinh[2c] - f3Sinh[2c]) 1
.
16 b d? 16 bd3

3x (2d*e*fCosh[2c] -2def’Cosh[2c] +f>Cosh[2c] +2d*e*fSinh[2c] -2def?Sinh[2c] +f>Sinh[2c]) | (Cosh[2dx] +Sinh[2dX])

Problem 234: Result more than twice size of optimal antiderivative.
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J(e+fx>zsinh[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 522 leaves, 21 steps):

f2x a2 (e+fx)® (e+fx)’ 2af2cosh[c+dx] a (e+fx)*Cosh[c+dx]
_ N - _

4 b d? 3b3f 6bf b2 d3 b2 d
a®(e+fx)2Llog[1+ 2" ] a3 (e+fx)2Log[l+ 2] 2a3f (e+fx)PolylLog|2, - —22—
< ) [ a-+/ a%+b? ] ( > [ a+/ a2+b? ] ( ) [ ’ a-+/ a%+b?
+ - +
b*/aZ - b? d b*/aZ + bZ d b%v/aZ + b? d?
2a3f (e+fx) PolylLog|2, o bet? 2 a3 f?Polylog|3, o bet 2 a3 f2polylLog|3 o bettr
( ) [ a+/ a2+b? ] [ a-+/ a2+b? ] [ ’ a+/ a%+b?
+ - +
b* /aZ + b? d? b%aZ + b? d? b*a% + b? d?
2af (e+fx)Sinh[c+dx] f2Cosh[c+dx] Sinh[c+dx] (e+Fx)2Cosh[c+dx]Sinh[c+dx1 f (e+fx) Sinh[c+dx]?
+ + -
b2 d? 4bd? 2bd 2bd?

Result (type 4, 1612leaves):
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1
b
2d2e2Ar‘cTan[M] 2d?ee‘ fxlog|l+ L} d? e f2 x? Log[1 + L] 2d?ee fxLlog[l+ L}
< -a%-b? ae‘-/ (a%+b?) e2¢ aet—+/ (a2+b?) e2¢ aeC+r/ (a2+b?) e2€
23 . (a®+b?) . (a%+b?) ~ (a%+b) ~
v-a2-b? (a2+b2) e2¢ (a2+b2> e2¢ (a2+b2) e2¢
d? e© 2 x2 Log[1+—bewdx | 2def (e+fx) PolylLog|2, e | 2de“f (e+fx) PolylLog|2, L bt ]
ae‘+ (az+b2) e2¢ ae“- (az+bz> e ae‘+ (az+b1) e2¢
N _ _
(a% + b?) e2© (a2 + b?) e2¢ (a%+ b?) e2¢
2 e f2Polylog[3, - — 2" ] 2 f2Polylog[3, - — 2]
ae-/ (a%+b?) e*¢ aet+ (a%+b?) €€
+ +
(a2+b2) e%¢ (a2+b2) e?¢

Cosh[2c+2dx] Sinh[2c+2dX]

48 b3 d3 48 b3 d3
48 abdefCosh[c+dx] -48abf?Cosh[c+dx] -48abd’efxCosh[c+dx]-48abdf?xCosh[c+dx]-24abd?f?x?Cosh[c+dx] +
48 a®>d3e? xCosh[2c+2dx] -24b2d*>e?xCosh[2c+2dx] +48a’d>efx?®Cosh[2c+2dx] -24b%>d?>efx?Cosh[2c+2dx] +
16a2d>f2x3>Cosh[2c+2dx] -8b%2d>f>x3Cosh[2c+2dx] -24abd?e?Cosh[3c+3dx] +48abdefCosh[3c+3dx] -
48 abf?Cosh[3c+3dx] -48abd?’efxCosh[3c+3dx] +48abdf?xCosh[3c+3dx]-24abd?>f2x?Cosh[3c+3dx] +
6b%>d?e?Cosh[4c+4dx] -6b>defCosh[4c+4dx] +3b>f?>Cosh[dc+4dx] +12b%d*>efxCosh[dc+4dx] -6b2df2xCosh[4c+4dx] +
6b2d2f2x?Cosh[4c+4dx] -24abd?e?Sinh[c+dx] -48abdefSinh[c+dx] -48abf2Sinh[c+dx] -48abd?efxSinh[c+dx] -
48abdf?xSinh[c+dx] -24abd?>f>x?Sinh[c+dx] +48a%d>e?xSinh[2c+2dx] -24b?>d3>e?xSinh[2c+2dx] +
48 a2 d>efx?Sinh[2c+2dx] -24b2d>efx?Sinh[2c+2dx] +16a2d>f2x3Sinh[2c+2dx] -8b?d®>f2x3Sinh[2c+2dx] -
24abd?e?Sinh[3c+3dx] +48abdefSinh[3c+3dx]-48abf2Sinh[3c+3dx]-48abd?efxSinh[3c+3dx] +
48abdf?xSinh[3c+3dx] -24abd?f?x*Sinh[3c+3dx] +6b%>d?’e?Sinh[4c+4dx] -6b>defSinh[4c+4dx] +
3b?f?Sinh[4c+4dx] +12b*d*efxSinh[4c+4dx] -6b>df>xSinh[4c+4dx] +6b*>d® £ x> Sinh[4c+4dx])

(-6b*d*e’-6b°def-3b*f*-12b°d’efx-6b*df’x-6b*d*f*x*-24abd?e®Cosh[c+dx] -

Problem 237: Attempted integration timed out after 120 seconds.
Sinh[c+dx]3
dx
J(eﬂcx) (a+bsSinh[c+dx])
Optimal (type 9, 30leaves, 0 steps):

Sinh[c+dx]3

(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?7
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Problem 238: Result more than twice size of optimal antiderivative.

(e+-Fx>3Csch[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 605 leaves, 22 steps):

b(e+-Fx)3Log{1+7beH“ ] b<e+1"x)3Log[1+7be“dx ]

2 (e+fx)>ArcTanh[ecdx] a/a?b? aifa?b?
_ _ N -
ad ava2+b% d avaZ+b? d
3bf (e+fx)?Polylog[2, - 22—
3f (e+fx)*Polylog[2, -e“*?*] 3f (e+fx)®Polylog|2, e dX] (e + )" PolyLog[2, a,m}
+ - +
ad? ad? aVva?+b? d?

3bf (e+fx)?Polylog[2, - 2<%
(e Fx)"PolyLog|2, anfateb? 6 f2 (e + fx) PolyLog[3, -e“*?%] 6f2 (e+fx) PolylLog|3, ec*d¥|

+

+

a+a?+b? d? ad? a2 d?
6bf2 (e+fx) Polylog[3, - 2= | 6bf2 (e+fx) Polylog[3, - 2o
( + ) y g{ H a /az+b2-] ( + ) y g[ ) 2 a?ib 6 3 POlyLOg[4, _ec+dx}
B - +
ava?+b? d? avaZib? d? adt
6bf3Polylog|4, - 2| 6bf3PolyLog|4s, - 2=
6 Polylog 4, e=¢x] yLosls, - yLoBlh -
- +
ad* a~/a?+b? d* aa2+b? d*

Result (type 4, 1336 leaves):
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1 (—Zd3 e* ArcTanh[e® "] +3d*e? fx Log[1- e 4| +3d*> e f2x? Log[1-e“?*] + d® 3 x® Log[1 - e“"¥¥] -
ad*
3d*e? fxlog[l+e“ ] -3d®ef?x?Log[1+e“9] - d® > x? Log[1+e“*] -3d?f (e +fx)?Polylog[2, -e*] +
3d*f (e+fx)?Polylog[2, e=?*] +6def?Polylog[3, -e“*?*| +6d > x PolyLog[3, -e4*] -
6def2PolyLog[3, e“**| - 6d f*>xPolyLog[3, e“*?*| - 6 f> PolyLog[4, -e“*?*] + 6 f> PolyLog|4, e‘*d"]) -

+d 2c+d
! b|2d3e? (a2+b2) e?¢ APCTan[M]+3\/ﬂd3ezecfXLog[1+ b e2crdX ]+
av_-az_b2 g (a2+b2> e2c v-aZ-b? aec (a2+b2> JeT:
2c+d 2csd
3vfa27b2 d3ee°F2x2Log[1+ be” ]+Al7a27b2 d3@c'F3X3LOg[1+ b g*c+dX ]7
aet -/ (a%+b?) e2¢ aec - [ (a2 +b?) e3¢
2c+d 2c+d
34/-a%-b? d®e?e fxLog[l+ be” ™™ | -3/ a? b? d®eec £2x2 Log[1 + b e2crdx ] -
aec + (a2+b2) e?¢ ae+ (a2+b2) e2c
2c+d 2c+d
oo e prioglts 28T 5 0 dect (e fx)?polytogz, 2O T
aet+ (a2+b2) e?e ae - <az+b2) e?¢
b62c+dx
3\/ﬁd2ecf(e+fx>2PolyLog[2,— ] -
aec+ <a2+b2> e2c
2c-d 2c+d
6+/-a’-b? de e Polylog3, - et | ~6~/-a%-b? det £ xPolylog|3, - b ]+
ae‘- (az+b2) e?¢ aec - (a2+b2) e2c
2cxd 2c+d
6+ -a?-b? dee f2PolylLog|3, - be 7" ]+6~/7a27b2 d e £ x Polylog[3, - b e2crdx 1.
ae‘+ <a2+b2) e2¢ aec 4+ (a2+b2) e2c
2c+d 2c+d
6/ -a?-b? e f>Polylog|4, - be 7" ] -6 [_32 _p2 e £ polylog|4, - b e2crdx ]
ae® -,/ (a%+b?) e2¢ aec /(a2 +b?] e2¢

Problem 243: Result more than twice size of optimal antiderivative.

J(e+fx)3Csch[c+dx]2
dx

a+bSinh[c+dx]

Optimal (type 4, 745leaves, 29 steps):

| 55
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b (e+’cx>3'-°g[1+&} b2 (e+FX)3Log[1+&

a-+/ a2+b? a+/ a?+b? }

(e+-Fx)3 2b (e+fx>3Ar‘cTanh[e“dX] (e+fx)3Coth[c+dx]

Cad a2 d ) ad ) 227 b7 d ) 227 b7 d )
3b2f (e+fx)?Polylog[2, - 2
3f (e+fx)?Log[1-e2(¢d¥ ]| 3bf (e+Ffx)?Polylog|2, -e<dX] 3bf (e+fx)?Polylog[2, e*d¥] (e x]*PolyLog|2, A /az+bz]
+ - +

a d? a?d? a2 d? a2/aZ+ b2 d2

3b2f (e+fx)?Polylog[2, - 2
e+ Fx)"Poly og[2, anfatib? +3-F2 (e+fx) Polylog|2, e? (¢+dx) | 76b1‘:2 (e+fx) PolyLog|3, -e*d%] X
a2 aZ:b? d? ad? a2 d?

262 __betdx 202 _ _betdx
66 (e - £x) Polylog|3, e<¢x] 6b%f2 (e +fx) PolylLog|3, a—m] 6 b2 f2 (e +fx) PolylLog|3, WS

— + —

a*d? a?va?+b? d* a?+va?+b? d?
6 b2 f3 polylLog|4, - —2e= 6 b2 f3 polylog|4, - —2==
33 Polylog|3, e? C*d")] 6 b 3 Polylog|4, -e*9%]  6bf>Polylog|4, edx] [4, 22202 45 aefat0?
_ + _
2ad* a? d* a2 d* a2/aZ+ b2 d* a2/aZ b2 d*
Result (type 4, 2216 leaves):

1
2a%d* (—1+ezc)

(12ad3 e?e?“fx+12ad’ee’ 2 x*+4ad>e® 2 x> +4bd® e ArcTanh [e“**]| -4 b d?e® e ArcTanh [e“?*] -6 b d*> e’ fx Log[1 - e*9*] +
6bd*e?e’“fxlog[l-e“?| -6bd>ef’x?Log[l-e“*| +6bd>ee’ 2 x*Log[1-e*| -2bd® > x®Log[1-e“"9*] +
2bd*e* 3 x% Log[1-e“9*| +6bd’ e fxLog[1+e“?*] -6bd*e’e*  fxLlog[l+e?*| +6bd’e fzszog[1+ec+dX]-
6bd3ee2szx2Log[1+eC*dX}+2bd3f3x3Log[1+e°+dX} 2bd? 2‘31c3x3Log[1+<e“dX]+6adze2ﬂog[1 e? (rdx) ] _
6ad’e’ e’ flog[l-e? (9] +12ad’ef’xLog[1-e? (9] 12ad?ee’ f2xLlog[l-e? (90 ] 4
6ad’f>x?Log[1-¢e? C*dx] 6ad?e?  f>x?Log[1-e? (9] —6bd? (-1+e*) f (e+fx)*PolyLog|2, C*dx]+
6bd® (-1+ e )F(e+fx) Polylog|2, ec*dx}+6adef2PolyLog[2 e? (9] —6adee?® f2Polylog|2, e ("% | +
6adf>xPolylog[2, e® (¥ | -6ade?“ > xPolylLog[2, e (<**) | ~12bde f2PolylLog[3, -e“%*| +12bd e e’ f2 PolyLog[3, -e*4*| -
12bd > x Polylog[3, -e“?*| +12bde*“ f> x PolylLog[3, -e“"?*] +12bd e f? PolyLog[B 9% ~12bdee? £ PolyLog[B ecrdx] 4
12bd > x Polylog[3, e“"?*| ~12bd e?“ f>x Polylog|3, e“"**] - 3af?PolylLog[3, e* ("% ] +3ae?“ > PolylLog|3, e (<4¥ | +

12b 3 PolyLog[4, -e“*%*| -12b e > Polylog |4, -e“"9*] - 12b > PolylLog[4, e“"?*| +12b e’ 3 PolyLog |4, e“dx]) +
+d 2c+d
! b? [2d®e?/ (a® +b?) €€ Ar‘cTan[w}+3«/—a2—b2 d*e?e fxLog[l+ be” ™ |+
a2+/-a2-b? d* (a2 +b?) e2€ V-a?-b? ae‘ -,/ (a%+b?) ¢

2c+d 2c+d
3md3ee°f2x2Log[l+ be ™" ]+md3ecf3x3Log[l+ be™ ™™ ] -

ae‘- (a2+b2) e?c aec- (a2+b2) e?¢
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2c+d 2c+d
34 -a’-b? d®*e?e“ fxlog[l+ be ™" | -3+/-a%-b% d*ee > x? Log[1+ be™ ™™ ] -
aec+ (a2+b2) e?¢ aet+ (a2+b2) e?¢
2c+d 2c+d
a2 -b? d® e 2 x? Log[1+ bet™ | +3+/-a%-b? dzeC-F(e+'Fx)2PolyLog[2,— be” ™ ] -
aet+./ (a%+b?) e*° ae‘ -,/ (a%+b?) e¢
be2c+dx
3/ -a2-b? d?e“f (e+fx)*Polylog|2, - | -
ae+ <a2+b2) e?¢
2c+d 2c+d
61/ -a%-b* deec f?Polylog|3, - bt ™ ] -6+/-a2-b? dec £ xPolylog[3, - e ™ ]+
ae- <a2+b2) elc ae‘- (a2+b2) e?¢
2 c+d x 2 c+d x
6+ -a?-b? dee f2PolylLog[3, - be | +6+/-a%-b? de® f>xPolylog|3, - be ]+
ae+ <a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2c+d 2c+d
6/ -a%-b? e £ Polylog[4, - be | -6+/-a%-b? e f>PolyLog|4, - be” ™™ 1+
ae‘ - (a2+b2) e?¢ ae‘+ (a2+b2) e?¢

+9%] [~e*sinh[9*] -3e? fxSinh[9*] - 3e f2x2 sinh[ <] - £33 Sinh[9*])

2ad

+9%] [e*sinh[X] +3e2 fxSinh[ ] + 3 f2xSinh[9*] + £ 3 sinh[ <]

2ad

Problem 245: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Csch[c+dx]?
J dx

a+bSinh[c+dx]

Optimal (type 4, 306 leaves, 17 steps):

b2 e+ fx) Log[1+ —2e= b2 (e+fx) Log[1+ —2===
( ' ) { ' a-+/ a%+b? } ( : ) [ ' a+y/ a%+b? ]
- + - +

a’d ad a?+/a?+b? d a?+/a?+b% d

b2 f PolyLog|2, - —2e=* b2 f PolyLog[2, - 2=
flog[Sinh[c+dx]] bfPolylog[2, -e“?%| bfPolylog|2, ec*?X] 2, afa2:b2 ] 2, 2o/ 2202 ]
+ - + -

ad? a2 d? a? d? a2+/a? 1 b? d2 a2/a? + b2 g2
Result (type 4, 617 leaves):

2b (e+fx) ArcTanh[e*d*|  (e+fx) Coth[c+dx]
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(—deCosh[% (c+dx) ] +c-FCosh{§ (c+dx)]-f(c+dx) Cosh[% (c+dx>]) Csch[% (c+dx)]

+

2ad?
£ Log[Sinh[c+dx]] beLog[Tanh[%(c+dx)H bchog[Tanh[%(Cerx)H
- + +
ad? a2d a2 42
ibf (i (c+dx) (Log[1-e ]| -Log[1+e <]} +1i (PolyLog|2, -e “9%] - Polylog[2, e “9x]))
a? d? ’
1 b2 [ ﬁa2+b2 deAr-cTan[aerCOSh[chdx}+bSinh[c+dX}]7ZWCFAr‘cTan[aerCOSh[CerX]+bSinh[c+dX]]+
a?.[- (a?+b?)? d? Va2 Joar b
b (Cosh d Sinh d b (Cosh d Sinh d
JZa2 b7 £ (cvdx) Log[1. DlCOSNIErAxX] P SInNIE 1A ) ) T e L d) Log 1 D COSNICTAX] ssinhlcdx]) )
a-VaZ+b? a+aZ+b?
b (Cosh d Sinh d b (Cosh d Sinh d
[Za _b? fPolyLog|2, (Cosh(c+dx] +sinh[c+ x])]f "2 7 polyLog[2, - (Cosh[c+dx] +Sinh[c+ x])} )
~a+ Va4 b? aiValib?

Sech[% (c+dx) ] (—deSinh{% (c+dx) ] +cFSinh[§ (c+dx)]|-f (c+dx) Sinh[% (c+dx)])

2ad?
Problem 247: Attempted integration timed out after 120 seconds.
Csch[c+dx]?
dx
J(eﬂcx) (a+bsinh[c+dx])

Optimal (type 9, 30leaves, 0 steps):

Cschic+dx]?

(e+fx) (a+bsSinh[c+dx])

Unintegrable [ » X]

Result (type 1, 1leaves):

e

Problem 248: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx>3Csch[c+dx]3 5
X

a+bSinh[c+dx]

Optimal (type 4, 1053 leaves, 45 steps):
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b (e+fx 6 2 (e + fx) ArcTanh |ec*9x e +f x)° ArcTanh | e¢*dX 2b?% (e+ fx)° ArcTanh|ec+dX b (e+fx)’Coth[c+dx]
3 d 3 d 3 d 3

+ - + -

ad ) ad? ad ald atd
R s b* (e+fx)*Log[1+ — b* (e+fx)’Log[1+ —
3f (e+fx)“Csch[c+dx] (e+fx)’Coth[c+dx]Csch[c+dx] afateb? anfatib?
2202 ) 2ad ) 2707 d + 227 b7 d _
3bf (e+Fx) Log[1 - e? C*dx)} 33 PolyLog[2, -ecd*| 3 f (e+-Fx)2PolyLog[2, —e¢dx]  3p%f (e+-Fx) PolyLog[2, -e*dX]
a? d? ad* ' 2ad? ) a3 d? :

3b*f (e+fx)2Polylog[2, - 2
33 PolyLog[2, ec*dX| 3 f (e+-Fx)2PolyLog[2, ecdx]  3p2f (e+-Fx)2PolyLog[2, ecrdx] e+ Fx)7Poly og[2, N ey ]

+ - +

ad* 2ad? a3 d? a3V/aZsb? d?
c+dx

3b%f (e+fx)?Polylog[2, - 2>
anfaor 3bf? (e+fx) PolyLog[2, e2 (c+dX) | 3 f2 (e+Fx) PolyLog|[3, -e*dX]

- +

a3/aZ+ b2 ¢2 a2 d3 ad?
6 b2 f2 (e+fx) Polylog[3, -e<*9*| 3f2 (e+fx) Polylog[3, e<"?*] 6b%f2 (e+fx) PolylLog|3, e=*¢*|
+ - +
a’d3 ad? a’d?
6b3f2 (e+ fx) Polylog|3, - 2] 6b3f2 (e+fx) Polylog|3, - —2=2
( ) yLog(3, afatib? ( ) yLog|3, anfatib? 3b-F3 PolylLog|3, €2 (¢*99) ] 3 f3PolylLog|4, -e<*dX]
_ . _
a?aZib? d a*aZ:b? d 2a%d* ad*
6 b3 3 Polylog[4, - 2=~ —] 6b*f3PolyLog[4, - 2=
6 b2 3 PolylLog[4, -e“**| 3 f>Polylog|4, e*?%]| 6b2 > PolyLog[4, e“*?¥] yLog[4, a2t J yLog[4, aefa21b2
- + - +
a3 d* ad* a3 d4 a3V/aZsb? d* a3V/aZ.b? gt

Result (type 4, 2727 leaves):

e’ Log[Tanh[? (c+dx)]] b2e’Log[Tanh[? (c+dx)]] 3ef?Log[Tanh[ (c+dx)]] 1 1
- 2 + 2 + 2 - 3e?f |-clog|[Tanh[ = (c+dX)|] -
2ad atd ad? 2 ad? 2
i((ic+idx) (Log[l-e' e idX] _log[1+e! 219X ]) 1 (Polylog[2, -e* < 19% | —Ppolylog|2, €' “‘C“'ld")]))J +

3b2e?f|-c Log{Tanh[l (c+dx)]] -1 ((ic+idx) (Log[l-e' e idX] _log[1+e! Feridx])
2

(rax]]] -

i((ic+idx) (Log[1-e! icid¥ ] _log[1+et (““idx)]) +1 (PolyLog[Z, —et heid) ] _polylog|2, ej(“*jd’”]))

a3 d?

i (PolylLog[2, -e' (1<#4X) ] _polylog|2, e ““idx)”)] + (—c Log[Tanh|

N |-

ad*
1

43%d*
befCschic] (2d?°x? (2de?“x-3 (-1+e’¢) Log[1-e? (]} -6d (-1+e’°) xPolyLog[2, e ("9 | +3 (-1+e2) PolyLog|3, e* (9 ]) +

+

1
—33ef2 (d*x* ArcTanh[Cosh[c +dx] +Sinh[c+dx]] +dxPolyLog[2, ~Cosh[c+dx] -Sinh[c+dx]] -
ad
d x PolyLog[2, Cosh[c +dx] +Sinh[c +dx]] - PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +dx] +Sinh[c +dXx] ]) -
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6 b®> e f2 (d* x> ArcTanh [Cosh[c + d x] + Sinh[c +dx]] +dxPolylLog[2, ~Cosh[c +dx] -Sinh[c+dx]] -

a3 d3
d x PolyLog[2, Cosh[c +dx] +Sinh[c +dx]] - PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +d x] +Sinh[c+dx}]) -
! 41:3 (d®x® Log[1-e“9*] - d®x® Log[1+e“"?*] - 3d? x* Polylog[2, -e“*9*] + 3 d”>x* PolyLog[2, e“"9*] +
2ad
6deolyLog[ -e“"9%] -6 dxPolyLog[3, e“"*| - 6 Polylog |4, -e“"?*] + 6 Polylog |4, e ?*]) +
——b? £ (d®x® Log[1- e *] - d® X’ Log[1+e“"?¥] - 3d®x? PolyLog[2, -e“"?*| +3d? x? PolyLog|[2, e“"9*] +
3d4
6 dxPolylog|3, -e“"®*] - 6dxPolyLog|3, e“*?*| -6 Polylog[4, -e“"?*| + 6 PolyLog|[4, e“"9*]|) -
+d 2c+d
= b |2d*>e® [ (a®+ b?) &€ Ar‘cTan[w}Jr3\/—az—bZ d>e? e fxLog[l+ be” ™ ]+
a’+/-a%-b? d* (a2+b2) e%¢ V -a? - b? ae‘ - (a2+b2) e%¢
2c+d 2c+d
34/ - 2 dPee 2 x?Log[l+ be” ™ | ++/-a%-b? d® e £33 Log |1 + be ™ | -3+/-a’-b? d®e? e fxlog|
ae‘- <a2+b2) e?¢ aec - (a2+b2) e?¢

2c+d 2c+d 2 c+d
1+ be ™™ ]—Bx/—az—b2 d3eeC'F2X2Log[1+ be” ™™ }7x/—a2—b2 d3ecf3x3Log[1+ be 7"
aet+./ (a%+b?) e2¢ aet+./ (a%+b?) ¢ aet+./ (a%+b?) e2¢

2c+d 2ced
34/ - 2 d?e“f (e+fx)?Polylog|2, - b e | -3+ a% b2 d?eF (e+ Fx)%Polylog|2, - b g2crdx ]

ae‘ - (a2+b2) e?¢ aec+ (a2+b2> e%¢
2c+d 2c+d
6+ -a’-b? dee f?Polylog|3, be” ™" | -6+/-a?-b* de® > xPolylog|3, - be” ™" |+
aet -,/ (a%+b?) e2¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d
6/ - de e 2 Polylog|3, be” ™ | +6+/-a?-b? de® > xPolylog|3, - be” ™ |+
ae‘+ <32+b2) e?¢ aec+ (a2+b2) e?¢
beZC+dx beZC+dx
6/ -a’-b? e > PolylLog|[4, | -6+/-a%-b? e > PolyLog|4, - 1|+

aet - (az+b2> e?¢ aet+ (az+b2> e?¢
3be?fCsch[c] (-dxCosh[c] +Log[Cosh[dx] Sinh[c] +Cosh[c] Sinh[dx]] Sinh[c])
a?d? (-Cosh[c]?+Sinh[c]?)

+

Cschic] Cschc+dx]?
4 a2 d?

(2bde’Cosh[c] +6bde*fxCosh[c] +6bdef*x*Cosh[c] +2bdf®x>Cosh[c] +3ae?fCosh[dx] +6aef’xCosh[dx] +3af®x*Cosh[dx] -
3ae?fCosh[2c+dx] -6aef?xCosh[2c+dx] -3af3x?Cosh[2c+dx]-2bde3Cosh[c+2dx] -6bde?fxCosh[c+2dx] -
6bdef?x?Cosh[c+2dx] -2bdf®x3Cosh[c+2dx] +ade®*Sinh[dx] +3ade?fxSinh[dx] +3adef?x?Sinh[dx] +
adf>x*Sinh[dx] -ade’Sinh[2c+dx] -3ade’fxSinh[2c+dx] -3adef’x*Sinh[2c+dx] -adf’x*Sinh[2c+dx]) -
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1
3bef?Cschic] Sech[c] |-d*eAreTanhiTanhicl) y2, — = —j (—dx (-7+2iArcTanh[Tanh[c]]) - wLog[1+e*?¥] -
1-Tanh[c]?
2 (idx+iArcTanh[Tanh[c]]) Log[1-e?* (*dx+iArcTanhiTanh[cl]) | , ;1 | og[Cosh([dX]] +2 i ArcTanh[Tanh[c]]

Log[i Sinh[dx +ArcTanh[Tanh[c]]]] + i Polylog[2, e?* (tdx+iArcTanhiTanhic]]) 1) Tanh[c] / (a2 d3 \/Sech[c}z (Cosh[c]?-sinh[c]?) )

Problem 249: Result more than twice size of optimal antiderivative.

j(e+fx)2C5ch[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 725leaves, 34 steps):

b (eJr-I:x)2 <e+-Fx)2Ar‘cTanh[<ec*dX} 2 b? (e+-Fx)2Ar‘cTanh[ec*dX} f2 ArcTanh[Cosh[c +d x] ]
N _ _

azd ad a3d ad?

+

, X b3 (e+-Fx)2Log[1+7beGdx ]
b (e+fx)*Coth[c+dx] f (e+fx)Cschfc+dx] (e+fx)“Coth[c+dx]Csch[c+dx] aap?

- - - +

a%d a d? 2ad a3VaZ+b2 d
b3 <e+fx)2Log[1+M
2/ 222 2bf (e+-Fx) Log[lf‘e2 <C*dx>] f (e+-Fx) PolyLog[Z, —ec*dx} 2b2f (e+~Fx) PolyLog[ZJ fec*dx}
_ . _ _
a3/a2+b? d a2 d? ad? ad?

b ec+d X

a-+/ a?+b? }

2b3 f f x) PolylLog|2, -
f (e+fx) Polylog[2, %] 2b2f (e+fx) PolylLog[2, e“*dX] (e +fx) PolyLog|

+ - +
ad? a3 d? a3+ a?2+b? d?
2b%f (e+fx) Polylog[2, - bt
ai/a2ib? b f2 PolyLog[2, e?(¢*¢X)|  f2polyLog[3, -e*4*| 2b?f2Polylog|3, -e¢]
- - + +
a*VaZ:b? g2 a2 d? ad? a’d?

2b% 2 Polylog|3, - M} 2b*f2 PolyLog|3, - _be™?* ]
f2 polylog [3, ec*d"] 2 b? 2 PolylLog [3, ec*dx] a—/a2:b? ar/a2+b?

— + —

ad? a’d? a3+/a2 1 b? d3 a*/a2 s b? d?
Result (type 4, 1798 leaves):
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1
2a3d? (—1+e2c>
4b?d? e? e ArcTanh[e® %] + 4 2% f2 ArcTanh [e“"9¥| -4 a2 €2 f2 ArcTanh[e“* "] + 22’ d? e fx Log[1 - e“"9*] -4 b2 d? e fx Log[1 - 4] -
2a2d?ee’“ fxLlog[l-e™*]| +4b’d?ee?  fxLog[l-e?*]| +a’d?f2x? Log[1- e | -2b%d? 2 x? Log[1 - e4*] -
a?d?e?“ f2x? Log[1-e“ ]| +2b2d? e f2x? Log[1-e“ | -2a%d?’efxLog[1l+e“?%] +4b*d*efxLog[l+e® ] +
]
)

(8abd’ee’“fx+4abd® e’ f2 x> -2a%d? eZAr‘cTanh[ec+dX} + 4 b? d? ezAr‘cTanh[e“dx] +2a%d?e? echr‘cTanh[e“dX] -

2a2d?ee’“ fxlog[l+e*]| -4b’d?ee®  fxLlog[l+e | -a?d? f2x? Log[1+e® | +2b%d? f2 x? Log[1 +e9*| +
a’d?e?“ f2x? Log[1+e“ ] -2b?d? e?“ f2x? Log[1+e“%*| +4abdeflog[l-e? (9] -d4abdee?  flog[l-e? (9]
4abdf’xlog[l1-e* 9] -4abde® fxlog[l1-e* (9] +2 (a>-2b%)d (-1+e*) f (e+fx) Polylog|2, -e“*] -

2 (a®-2b%)d (-1+e”) f (e+fx) Polylog[2, e“*"*| + 2abf*Polylog|2, e* (<9¥ | —2abe’“ > Polylog[2, e (<"9* ] +
2a? f2Polylog[3, -e“9*| -4 b? 2 Polylog|3, -e“?*] - 2a? e?“ f2 PolyLog[3, -e“*%*| + 4b% €2 2 Polylog|3, -e“"9¥] -
2% f2 Polylog[3, e“*®*] + 4b” f2 Polylog[3, e“*?*| + 2a” e*“ f> Polylog|3, e“"9*| -4 b% e 2 Polylog|3, e“"?*]) -

2d2e2Ar‘cTan[M] 2d2eeCFxLog[1+%} d? e 2 x2 Log[l+$]
1 3 _a2_p? aes- (a2+b2>e“ aec- (a2+b2) e2c

a’d3 ~—a? - p2 (a2 + b2 e2¢ (a? + b2) 2

2d2eecfoog[1+L] dzecfzszog[lJr&} 2decf (e+fx) PolyLog[Z,fﬁ}
ae‘+ (az+b2) e?¢ ae‘+ (a2+b2) e?¢ ae‘- (az+b2) e?¢
_ + _
(a2+b2) e?¢ (a2+b2) e?¢ (az+b2) e?¢
2def (e+fx) Polylog|2, —L] 2 e“ f2 Polylog|3, —L] 2 e“ f2 Polylog|3, _— befoir ]
ae+ (a2+b2) e?¢ ae‘- (a2+b2) e%¢ ae+ (a2+b2) e%¢
- + +
(a2+b2) e?¢ (a2+b2) e3¢ (a2+b2> e?¢

5 2Csch[c] Csch[c+dx]? (2bde®Cosh[c] +4bdefxCosh[c] +2bdf?x*Cosh[c] +2aefCosh[dx] +2af>xCosh[dx] -
4acd

2aefCosh[2c+dx] -2af?xCosh[2c+dx]-2bde?Cosh[c+2dx] -4bdefxCosh[c+2dx]-2bdf%x?Cosh[c+2dx] +
ade’Sinh[dx] +2adefxSinh[dx] +adf>x*Sinh[dx] -~ade’Sinh[2c+dx] -2adefxSinh[2c+dx] -adf>x*Sinh[2c+dx])

Problem 250: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Cschlc+dx]3
J dx

a+bSinh[c+dx]

Optimal (type 4, 420 leaves, 24 steps):
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(e+fx) ArcTanh[ed*]  2b% (e+fx) ArcTanh|[e“?*] b (e+fx) Coth[c+dx] fCsch{c+dx] (e+fx) Coth[c+dx] Csch[c+dx]

— + —

ad atd a’d 2ad? 2ad
b* (e+fx) Log[1+ L] b* (e +fx) Log[1+ b et e
a-+/ aib? a+/ aZ+b? b fLog[Sinh[c+dx]] fPolyLog [2, —ec*dx}
+ - + -

a3vVaZ:b? d a3vVaZ:ib? d a2 d? 2ad?

b3fPolyLog[2, —&} b3fPolyLog[2, -
b2 f PolylLog [2, - ec*dx} f PolylLog [2, ec*dx} b2 f PolylLog [2, ec+d x] a—+/a2ib? ar/a2ib?
_ + _

+

a3 d? 2ad? a3 d? a3+/a2+ b2 d2 a3vVaZ 1 b2 ¢2

bemdx

Result (type 4, 869 leaves):
(c+dx)] Csch[1 (c+dx)]+

N |

2bdeCosh[l (c+dx)] —afCosh[l (c+dx)] —ZbCFCosh[l (c+dx)] +2bf (c+dx) Cosh|

4 a2 d? 2 2 2 2
(-de+cf-f (c+dx)) Csch[% (c+dx)]2 _bflogSinh[c+dx]] eLog[Tanh[i (c+dx)]] )
8ad? a? d? 2ad
bZeLog[Tanh[i (c+dx)]] ) chog[Tanh[i (c+dx)]] ) bchLog[TanhE (c+dx)]] )
a’d 2 ad? add?
if(i(c+dx) (Log[1-e %] -Log[1+e“9%])+i (PolyLog[2, e 9*| -PolyLog[2, e < 4]))
2ad?
ib2f (i (c+dx) (Log[1-e < ¢*] -Log[1+e“9*])+i (PolyLog[2, -e < *| - PolyLog[2, e < 4*]))
add? )
1 b3 [2\/mdeAr‘cTan[aerCOSh[CerX} +bSinh[c+dx] ] —2\/HC‘FAPCTan[a+bCOSh[C+dX] +bSinh[c+dx] } .
Joa b Nerarss

a3/ - (a2+b2)2 d?

b (Cosh[c +dx] +Sinh[c +d b (Coshic + dxl v Sinhic o d
-a?-b? f(c+dx) Log[1+ (Coshic +dx] » Stoh[c » XH}—\/—aszZ f(c+dx) Log[1+ (Coshic+dx) +Sinh[c+ X])]+

b (Cosh d Sinh d b (Cosh d Sinh d
[Z2 b frolyLog|2, (Cosh[c+dx] +Sinh[c+ x])]_ "2 7 polyLog[2, - (Cosh[c+dx] «Sinh[c+ x])}J+
—a+Va%+b? a+VaZ+b?

(—de+cf—f(c+dx))Sech[i(c+dx)]2 1

8ad? 4 a2 d? 2
(c+dx)] +2bf (c+dx) Sinh[l (c+dx)}
2

N |

(c+dx)] +a'FSinh[1 (c+dx) ] -2bcfsinh|

[Zbdes:'mh[
2

N |
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Problem 252: Attempted integration timed out after 120 seconds.

J Cschic+dx]3 dx
(e+fx) (a+bsSinh[c+dx])
Optimal (type 9, 30leaves, 0 steps):

Cschic+dx]3

Unintegrable
& [(e+1‘x) (a+bsinh[c+dx])

, X|

Result (type 1, 1leaves):

PP

Problem 255: Result more than twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]
J dx
a+1aSinh[c+dx]

Optimal (type 4, 73 leaves, 4 steps):
i(e+fx)? 2i (e+fx)Log[l+iedX| 2ifPolylog|2, -i e d¥]
2af ad a d?

Result (type 4, 252 leaves):
1
2ad? (-i+Sinh[c+dx])

Africfrnr2cdfx+idfax+d?fx?+2f (2c-in+2dx) Log[l-ie 9% -4ifrLog|[l+e ] +4]'uc7rLog[cOsh[1 (c+dx)]]+
2

ijnLog[Sin[i (r+2i (c+dx))]] +4deLog[Cosh[§ (c+dx)] +jSinh[§ (c+dx)]]-

Cosh[1 (c+dx)] +Jisinh[l (c+dx) ] ’

2 2

4c-FLog[Cosh[1 (c+dx)] +Jisinh[1 (c+dx)]] -4fpPolyLog[2, ie_c_dx])
2 2

Problem 271: Result more than twice size of optimal antiderivative.

(e+fx)3Sech[c+dx]
J dx

a+1aSinh[c+dXx]

Optimal (type 4, 463 leaves, 22 steps):
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3if (e+-Fx)2 62 (e+fx) ArcTan|ec*d%| (e+-Fx)3Ar‘cTan[eC*dX] 3if2 (e+fx) Log[1+e? (<@ |  3i f3polyLog[2, -1 e dX]
- - + + + -

2ad? ad? ad ad? ad*
3if (e+fx)?Polylog[2, -ied%] 31if3Polylog[2, ie“d*| 3if (e+fx)?Polylog[2, i e %] 3if>Polylog[2, -e? (4 ]
2ad? ) ad* ' 2ad? ' 2ad? '
3if? (e+fx) Polylog[3, -ie“?*] 31if?(e+fx)Polylog|3, ie?*] 31if®Polylog|4, -ie?*] 31ifPolylog|4, ie“ ]
ad? ) ad? ) ad* i ad* :
3f (e+fx)*Sech[c+dx] i (e+fx)’Sech[c+dx]? 3if (e+fx)?Tanh[c+dx] (e+fx)>Sech[c+dx] Tanh[c+dx]
2ad? : 2ad ) 2ad? : 2ad

Result (type 4, 1022 leaves):
. r
8ad* (-i+ef)

4d*e® e ArcTan|[e'9*| -48idef2ArcTan|e“?*| +48dee® f2 ArcTan[e'?*| +12d° e? fx Log[1+1ie“?*] +12i d*e? e fxLog[l+i e 4] -
48df>xLog[l+ie®] -48ide P xlog[l+ie | +12def>x?Log[l+ie”?*|+12id>ee > x?Log[l+ie” ]+
4d® 53 Log[1+ie ] +4id® e P Log[l+ie” | +2d° e Log[1+e? (9] 121 d>e? e Log[l+e? (<90 ] -

24def?log[l+e® (<] -24idee f2 Llog[l+e® (9] +12 (1+ie) f (—4-F2+d2 (e+fx)2) Polylog[2, -1ie® %] -

(—41‘1d4e3ecx+48j1d2ee°1‘2x—611d4e2ec-sz+24J’1dzecf3x2—4]’1d4eec-F2x3—1'1d4e°f3x4+4J'1d3e3Ar‘cTan[ec*dX] -

o
8ad* (i+e
(—Jid3 (de‘x (4e®+6e®fx+4ef x>+ x%) -4 (i+e) (e+fx)3Log{1—iec*dX]) +121d? (i+ef) f (e+fx)?Polylog[2, i e ¥ +

24id (-i+e) £ (e+x) Polylog[3, - i e“?*] + 24 £ Polylog[4, - i e“'®*] + 24 i e £ Polylog[4, - i e“d*]) +

24d (1-1ief) f? (e+fx) Polylog|3, i e ] +241 (i+e°) £ Polylog|4, i e“dX]) +

X (4e3+6e2fx+4ef2x2+f3x3)

8a (Cosh[i] ~isinh[<]] (cOsh[g} +j$inh[§]) )

i (e+-Fx)3

2ad (Cosh[

§+7x] +jSinh[§+dx])2
[

2
31 (e?fsinh[9*] 4 2ef2xSinh

ad? (Cosh[i] +iSinh[§” (Cosh[i

Problem 272: Result more than twice size of optimal antiderivative.

(e + fx)?Sech[c+dx]
J dx

a+1aSinh[c+dx]

Optimal (type 4, 268 leaves, 13 steps):
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(e+-Fx)2ArcTan[eC*dX] f2ArcTan[Sinh[c+dx]] i f?Log[Cosh[c+dXx]] Ji-F(e+Fx) POlyLOg[Z,fJ'le“dX]

+ - +

ad ad3 ad? ad?
if (e+fx)Polylog|2, ie“dx] X i f2 PolylLog[3, -i e“*dX] ) i 2 Polylog(3, i e dX| X f (e+fx) Sech[c+dx] X
ad? ad? ad? ad?
1'1(e+1"x)25ech[c+dx]2 i f (e+fx) Tanh[c+dx] (e+fx)25ech[c+dx] Tanh[c +dXx]
2ad . ad? : 2ad

Result (type 4, 623 leaves):

1 [6e2e‘x 241ecf2x 6ef x> 2F2x3  6e?ArcTan|ecdX]
- + -6iefx?+ —21F2x3+ - +
12a| 1+1ie® d2 (—j+e°) —i+eC -1+ e d
24 f2 ArcTan[ed%] 12iefxlog[l+ie®d*] 61if2x?Log[l+ied%] 3ie?log[l+e?(€dX]
+ + + -
d3 d d d

+

12i f2Log[1+e?(<d¥ | 121 f (e+fx) Polylog|2, -i e ] 121 f2Polylog[3, -ie4X] J
d d? d

— d? [i 2 2,2 . ) e
6ad3(j+e6) (d (]ld(eCX<3e +3e'FX+'FX)+3(171®c> <e+'Fx) Log[l—lec X])+
6d (1-1ie°)f (e+fx)Polylog|2, i %] +61i (i+e) f2PolyLog|3, ]-lec+dx]) .

x(3e2+3efx+f2x2) J'L(e+1cx>2

.
6a (Cosh[£] ~isinh[£]) (Cosh[£]+isinh[<]) 2ad (cosh[S+€x] . isinn[S+ 2x])?

2i (efsinh[%"] +f2xsinh[d7X])

ad? (Cosh[i] +JiSinh[§H (COSh[§+dX} +1'LSinh[§ dTX])

Problem 273: Result more than twice size of optimal antiderivative.

(e+fx) Sech[c+dx]
J dx

a+1iaSinh[c +dx]

Optimal (type 4, 161 leaves, 10 steps):

(e+fx) ArcTan[e<d*]| i fPolylog[2, -ie*d*| i fPolylLog[2, ie®dX]
- + +

ad 2 ad? 2ad?
fSech[c+dx] J‘L(e+fx) Sech[c+dx]? ifTanh[c+dx] (e+fx) Sech[c+dx] Tanh[c +d x]
+ - +
2 ad? 2ad 2 a d? 2ad

Result (type 4, 731 leaves):
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2

1
16d? (a+iaSinh[c+dx])

Cosh[l (c+dx)] +J'LSinh[1 (c+dx)]

8id(e+fx)-4(c+dx) (cf-d(2e+fx)) A A

2
+

4de|c+dx-21ilog[Cosh|[= (c+dx)] —JiSinh[l (c+dx)]] Cosh[l (c+dx)] +JiSinh[l (c+dx)]

2

N
N

2

=

<c+dx)] —jSinh[l (c+dx)]]

4cf (c+dx72]1Log[Cosh[
2

N
N

2
+

=

4de

|
(Cosh[f (c+dx)]+isSinh[= (c+dx)]
c+dx+21Log[Cosh| (

Cosh|[= (c+dx) | +iSinh[= (c+dx)]

2

N
N

2

<C+dx)]

|
|
(c+dx)] +JiSinh[l (c+dx)]]]
|

NIR NP N[RN[R

4cf [c+dx+21‘1Log[Cosh[

N |

(1-1)f (2c2+ (3+3i)cm+dcdx+ (3+3d)drx+2d>x*+ (2+24) (-2ic+mr-21idx) Log[l+ie |- (4+41i)nLog[l+e ]+
4 (-1)1/“\/77TLog[cOsh[l (c+dx)]]-2 (—1)1/4\/77TL0g[—Sin[1 (r-21i (c+dx))]] - (4-41) PolyLog|2, -je*‘*‘“])
2 4

Cosh[1 (c+dx)] +J'1$inh[l (c+dx)]

2
V2 f (-2 (-1)Y* (c+dx)?+/2 (-2 (2ic+m+2idx) Log[l-ie <]+
2 2

s (c+dx—4Log[1+ec*dX} +4Log[Cosh[1 (c+dx)]] +2Log[sin[1 (r+21i (c+dx))H] +4 1 Polylog|2, J‘le’c’dx})]
2 4

|

Cosh[% (c+dx)] +J'1$inh[§ (c+dx”)2+16fsinh{i (c+dx)] [—jCosh[% (c+dx)] +Sinh[% (c+dx)]

Problem 276: Attempted integration timed out after 120 seconds.

J Sech[c +dx] dx
(e+fx)* (a+iaSinh[c+dx])
Optimal (type 9, 31leaves, 0steps):
Sech[c +dx]

Unintegrable| » X]

(e+fx)* (a+iaSinh[c+dx])

Result (type 1, 1leaves):

???

Problem 277: Result more than twice size of optimal antiderivative.

(e +fx)?Sech[c+dx]?
J dx
a+1aSinh[c+dx]

Optimal (type 4, 450 leaves, 20 steps):
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2 (e+-Fx)3 if (e+-Fx)2Ar‘cTan[ec*dX] if3ArcTan[Sinh[c+dx]] 2f (e+fx>2 Log[1+e? (<@ | 3 |og[Cosh[c+dx]]
3ad . ad? ' ad* ) ad? : ad* )
f2 (e + fx) Polylog[2, - i e“*dX] . f2 (e + fx) Polylog[2, i e“dx] ) 22 (e+fx) Polylog[2, -e? (<4 | X 3 Polylog|[3, - i ec*dx]
ad? ad? ad? ad*
3 Polylog|3, i e“*dX] X f3Polylog(3, -2 (<40 | if2 (e+fx)Sech[c+dx] f (e+-l:x)25ech[c+dx12 i (e+1‘:x)35ech[c+dx]3

+ + -

ad* ad* ad? 2ad? 3ad
f2 (e+fx) Tanh[c+dx] 2 (e+fx)’Tanh[c+dx] if (e+fx)?Sech[c+dx]Tanh[c+dx] (e+fx)’>Sech[c+dx]2Tanh[c+dX]

+ - +

ad? 3ad 2ad? 3ad

Result (type 4, 1162 leaves):
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;ie‘f -i (5d*e*-4%) x+e € (1+ie) (5d°e® -4+ x+5d2ee’cfx2+5d2e’cf2x3—
3
2 (-i+e) 2 (2idx+2ArcTan|e %] i Log[1+e? (14X |)
d

% idete (-i+e) (2dx-2iArcTan[e“9]| - Log[1+e? (90 ) +

2

Siee’c(—Ji+<ec)f(dx(dx—ZLog[1+je“dx])—2PolyLog[2,—ie“dx])—id
3

S5ie (-i+e) f2 (d°x* (dx-3Log[l+ie“?*])-6dxPolylog[2, -ie“**| +6Polylog|3, -ie“®*])

mif (dz (jdecx (3e2+36'FX+'F2x2) +3 (1—i(ec) (e+'FX)2LOg[1—]'l®c+dX]) N
6d (1-ie°) f (e+fx)PolyLog|2, i e *] +61 (i+e®) f?PolyLog|3, jec+dx]) )

+

e3 Sinh[d—x} +3e2-FxSinh[d—x} +3ef2x? Sinh[d—] + 33 Slnh[d—}
2 2 2 2
Cosh —151nh )

(Cosh —X —JiSlnh <4 TX

£
2 2 2

J—

g
z
e Slnh[d }+3e2fx51nh[d dTX}

+

} +3ef2x251nh[fx] +f3x3Sinh
2

3ad(Cosh[ | +1iSinh| (Cosh [€+ —X +iSinh[§+d7x])3

£
2 2 2

(ide3Cosh[£} +3e? fCosh[E] +3ide? fxCosh[E} +6ef2xCosh[£} +31’1def2x2Cosh[£] +3f3x2Cosh{£] +idf3x3Cosh{£} +
2 2 2 2 2 2 2

de351nh[5] +3je2f51nh[5] +3de2fxsinh[5] +6jef2xsinh[5] +3def2x251nh[5} +3J'1-F3x25inh[£] +df3x3Sinh[£])/

2 2 2 2 2 2 2
[sadZ[cosh[Epismh[i]](cosh[—ﬂ—xpmnh[hd—x} .
2 2 2 2 2 2
) 3 es dx . dx . dx . dx ] d x ) d x
(Sd e Slnh[f] —12ef251nh[f} +15d2e2fx51nh[f} —12f3x51nh[f] +15d2ef2x251nh[f]+5d2f3x351nh[f] /
2 2 2 2 2 2
(6ad3 [Cosh[g}ﬂismh[i]] Cosh[ <+ LX) 4 i sinn| S+ &%)
2 2 2 2 2 2

Problem 280: Result more than twice size of optimal antiderivative.

dx

J Sech[c+dx]?

a+1aSinh[c+dXx]

Optimal (type 3, 47 leaves, 3 steps):
i Sech[c +dX] 2Tanh[c +d X]
+
3d (a+iaSinh[c+dx]) 3ad

Result (type 3, 103 leaves):
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~2iCosh[c+dx] +4iCosh[2 (c+dx)]|+8Sinh[c+dx] +Sinh[2 (c+dx)]

12ad (Cosh[% (c+dx) ] —iSinh[% (c+dx”) (Cosh[% (c+dx) ] +iSinh[% (c+dx)])3

Problem 281: Attempted integration timed out after 120 seconds.

J Sech[c+dx]? dx
(e+fx) (a+iaSinh[c+dx])
Optimal (type 9, 33 leaves, 0steps):

Sech[c+dx]?

Unintegrable| » X]

(e+fx) (a+iaSinh[c+dx])

Result (type 1, 1leaves):

???

Problem 282: Attempted integration timed out after 120 seconds.

J Sech[c+dx]? dx
(e+-Fx>2 (a+iasinh[c+dx])

Optimal (type 9, 33 leaves, 0steps):
Sech[c+dx]?

Unintegrable| » X]

(e+-Fx)2 (a+iasSinh[c+dx])

Result (type 1, 1leaves):
22?

Problem 283: Result more than twice size of optimal antiderivative.

J(e+fx>35ech[c+dx]3 5
X

a+1iaSinh[c+dx]

Optimal (type 4, 667 leaves, 32 steps):
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if (e+-Fx)2 5 2 (e+-Fx) Ar‘cTan[ec*dx] 3 (e+-Fx)3Ar‘cTan[eC*dX] i f2 (e+-Fx) Log[1+e2 <C*dx>]

+ + +
2 ad? ad3 4ad ad3
51 f3Polylog[2, -ie“d%] 91if (e+fx)?Polylog[2, -ied*] 5if3Polylog[2, ie“d*| 9if (e+fx)?Polylog[2, i e*dX]
2ad* ) 8ad? : 2ad* : 8ad? :
i3 Polylog[2, -2 (<*9¥ | 91 f2 (e+fx) Polylog|3, -ie ] 91if? (e+fx)Polylog|3, i e d*] 91ifPolylog|4, -i e?¥]
2ad : 4ad3 ) 4ad3 ) 4ad* :
91 f3Polylog[4, i e“®*] f3sech[c+dx] O9f (e+fx)?Sech[c+dx] if?(e+fx)Sech[c+dx]?2 f (e+fx)?Sech[c+dx]?
4ad* ) 4ad* : 8ad? . 4ad? : 4 a d? :
j(e+fx)35ech[c+dx]4 i3 Tanh[c +dx] jF<e+fx)2Tanh[c+dx] £2 (e+-Fx)Sech[c+dx]Tanh[c+dx]
4ad : 4 ad* } 2 ad? ) 4 ad3 :

3 (e+fx)35ech[c+dx] Tanh[c+dx] 1f (e+Fx)ZSech[c+dx}2Tanh[c+dx] (e+-Fx)3Sech[c+dx]3Tanh[c+dx]
- +

8ad 4 ad? 4ad

Result (type 4, 2208 leaves):
1
32ad* (- +e)
(—121'1d4e3ecx+11211d2e<ec-F2x—18Jid4e2<e°-Fx2+56]’1d2<ec-F3x2—12]’1d4eec-F2x3—3J'Ld4e°F3x4+12jd3e3ArcTan[ec*dX] -12d% e’ e
ArcTan[e“9*] -112 i de f* ArcTan[e“'?*] +112d e e f2 ArcTan[e“"?*] +36 d® e fx Log[1+ i e“?*| +36id’ e’ e fxLog[l+i e 9¥] -
112d 3 x Log[1+1ie“9*] -112ide > xLog[1+1 e ?*] +36d>e f2x? Log[1+1ie“?*] +361id>ee® f2x* Log[1+1e“?*] +
12d* 2 x° Log[1+i e 9| +12i d® e 2 x3 Log[1+1 e ] +6d>e®Log[1+e? (9] +61id>e? e Log[l+e? (<190 ] -

56def’Llog[l+e? (9% ]| _56idee f2Llog[l+e® M| +4 (1+ie)f (—28F2+9d2 (e+fx)2) Polylog[2, —i e“4*] -

72id (-i+e°) 2 (e+fx) Polylog|3, -ie“9%] +72 > Polylog|[4, -i e ?*| +72i e f> Polylog|4, - i e“dX]) -
1

— 3 (41‘1d4e3ecx—16jd2eec~F2x+611d4e2ecfx2—81'1d2ec-F3x2+411d4eecf2x3+Jid4ec-F3x4—41'1d3e3Ar‘cTan[e“dx] -
32ad* (i+e)

| 71

4d*e® e ArcTan|[e*?*| +16 i de f2 ArcTan[e“?*| + 16 de e f2 ArcTan[e*?*| +12d° e? fx Log[1 -1 e“?*] 121 d*e? e fx Log[1-i 4] -

16df xLlog[l-ie™ ] +16ide f xLlog[l-1ie 9| +12d>ef x?Log[1-ie“ | -12id’ee’ > x? Log[1-ie"*] +
4d® £ x3 Log[1-ie*] -4id® e X Log[1-1ie”*| +2d° e Log[1+e? (9] -2id*e? e Log[l+e? (<90 ] -
8def’log[l1+e* ] +8idee fLog[l+e® 9] +4 (1-ie)f (—41C2+3d2 (e+-Fx)2) PolylLog|2, i e*9X] +
24id (i+e) f* (e+fx) Polylog|3, ie“®*]| +24 > Polylog[4, i e“*] - 24 i e f> Polylog|4, i ec*dx}) +

3e3 xCosh[c] + 3e3 xSinh[c] 9 e? f x2Cosh[c] + 9e?fx?Sinh[c] 3ef2x3 Coshlc] + 3ef2x3Sinh[c]
4a 4a 8a 8a 4a 4a
+ + +
1+ Cosh[2c] +Sinh[2c] 1+ Cosh[2c] +Sinh[2c] 1+ Cosh[2c] +Sinh[2cc]
3 3 x* Cosh[c] 33 x4 Sinh[c]
16 a 16 a

1+Cosh[2c] +Sinh[2C]
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i (93+3e21‘:x+3ef2x2+f3x3)
X

d

- 4]

3i (e2 fsinh[ ] +2ef2xSinh[2*] + £2x2sinh [ ]|
d

8ad (Cosh[i

4 ad? (Cosh[;] —151nh[;” (Cosh[

i(e*+3e?fx+3efix?+ 3

8ad (Cosh[i —X] +151nh[§ %"])4

2
i (eZFSinh[T"] +2e-F2x51nh[7X} +.F3Xzsinh[d7x”
d

4 ad? (Cosh[i] +JiSinh[§” (Cosh[§+ dx] +1 Sinh|

1

gad® (Cosh[<] +isinn[<]) (Cosh[€+ %] +isinh[ <+ 2] )

[21d2e3Cosh[£} +de2-FCosh{E] —ZieFZCosh[f] +61’1d2e2fxCosh[E} +2def2xCosh[£] —21f3xCosh[£] +
2 2 2 2 2
sjdzefzxchsh[E] +df3x2cOsh[5} +211d2-F3x3Cosh[£] -2d2e351nh[5] -jdezfsmh[i] +2ef251nh[5]
2 2 2 2 2 2
6d%e? FxSinh[ | -2idefxsinh[ ] +2 xSinh[ "] -6d?e 2 x?Sinh| | - i dFx?Sinh| | - 2d? £ x* Sinh[ |
2 2 2 2 2

2
(7d2e21°$1nh[7x] -2f3sinh| 2"] +14d2ef2xsinh[d7"] +7d2f3xzsinh[dz—x]

)

4ad* (cOsh[ﬂ +1$1nh[§]) (COSh[§+ 4x ] +1$1nh[§ dTX”

Problem 284: Result more than twice size of optimal antiderivative.

J(e+1‘:x)25ech[c+dx]3 5
X

a+1aSinh[c+dx]

Optimal (type 4, 423 leaves, 17 steps):

) .
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3(e+fX)2Ar‘CTan[ec*dx] 5f2ArcTan[Sinh[c+dx]] 1 f?Log[Cosh[c+dx]] 311F(e+fx) POlyLOg[Z, fiec*dx]
4ad . 6 ad3 : 3ad? ) 4 ad? '
3if (e+fx) Polylog[2, i e“ ] X 3i f2Polylog[3, -i e“dx] i 3i f2Polylog|[3, i e“*?| . 3f (e+fx) Sech[c+dx]
4 ad? 4ad? 4ad? 4 ad?
if2Sech[c+dx]? +1° (e+fx) Sech[c+dx]3 X i (e+-Fx)ZSech[c+dx147 if (e+fx) Tanh[c+dx] 7f25ech[c+dx] Tanh[c +d x] N
12 ad? 6ad? 4ad 3ad? 12 ad?
3 (e+fx)?Sech[c+dx] Tanh[c+dx] if (e+fx)Sech[c+dx]?Tanh[c+dx] (e+fx)?Sech[c+dx]Tanh[c+dx]

- +

8ad 6ad? 4ad

Result (type 4, 1437 leaves):
1
24ad? (-1i+e)

e |-1 (9d*e®-28F%) x+e© (1+ie) (9d°e?-28F) x+9d’ee “fx?+3d> e x>~

14 ¢ € (-1 )2 (24d 2 ArcT c+d x ~ilL 1 2 (c+d x)
2 idetec (-i+e) (2dx-2iArcTan[e® "] - Log[1+e? (9% ]) + e (tivef) F(21dx- rcdan[e | -itog[1-e ”7

9iee (-i+e) f(dx (dx-2Log[1+1ie“"]|)-2PolyLog|2, -i e“"4*]) —i

3ie  (-i+ef) f2 (d*x* (dx-3Llog[l+ie“?*])-6dxPolylog[2, -ie“"*]| +6Polylog|3, -ie“])

1

————— e |1 (3d’e®-4Ff) x+e  (1-1ie) (3d?°e®-4Ff) x+3d’ee“Ffx*+d?e x>+
8ad? (i+e

2eC (j c .FZ _2id 2 ArcT c+d X i L 1 2 (c+d x)
i]‘ldeze’c (i+e°) (2dx+21’1Ar‘cTan[ec*dX}7Log[1+e2(c*dx>})+ et (ive) 2 (-2idxs r‘cdan[e | +itog|1-e ]>+
2

3iee (i+e) f(dx (dx-2Log[1-1ie“?]|)-2PolyLog[2, ie“?¥]) +3

ie € (i+ef) f2 (d*x* (dx-3Log[1-ie“?])-6dxPolylog[2, i e ?*] +6PolyLog[3, ie“®*]|)| +

3e?xCosh[c] + 3e?xSinh[c] 3efx?Coshlc] N 3efx%Sinh[c] f2 x3 Cosh[c] + 2 x3Sinh[c]
4a 4a 4a 4a 4a 4a

+

.
1+Cosh[2c] +Sinh[2CC] 1+ Cosh[2c] +Sinh[2C] 1+Cosh[2c] +Sinh[2 ]

1 (e2+2efx+f2x2)

8ad (Cosh[

4] isinh[€ oy 4x])?
)
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i (e2+2e-Fx+-F2x2)

+

8ad (Cosh[

<
2

i (efsinh[9*] 2 xsinh[2*])

6ad? (Cosh[<] +isinn[<]) (Cosh[ €+ %] +isinh[ <+ 2X])

(BjdzeZCosh[E] +defCosh[5} -jfZCosh[E] +6jd2efxcosh[5} +df2xcosh[5] +31’1d2-F2x2Cosh[£] -
2 2 2 2 2 2
3d?e?sinh|[ | -idefSinh[ ]+ f2Sinh[ ] -6d?efxsSinh[ "] -idf2xsinh|"] —BdZFZXZSinh[E])/
2 2 2 2 2 2
3 c e c c dx o c dx,\2
[12ad [cosn[ ]+ sinn[ ]| [cosh[ - ©X ]+ isinn[ S O] ]
2 2 2 2 2 2
7i [efsinh[ 2]+ £2 xsinh[ <]
6 a d? (Cosh[i] +jSinh[§” (Cosh[iJr de] +jSinh[§+d7"])
Problem 285: Result more than twice size of optimal antiderivative.
(e+fx) Sech[c+dx]3
J dx
a+1aSinh[c+dXx]
Optimal (type 4, 233 leaves, 11 steps):
3 (e+fx) ArcTan[ec*d*| 31 fPolylLog[2, -ie“¢*] 3ifPolylog|2, ie“?*| 3fSech[c+dx] fSech[c+dx]3 1 (e+fx)sech[c+dx]*
- + + + +
4ad 8 ad?

8ad? 8 ad? 12 ad? 4ad
ifTanh[c+dx] 3 (e+fx)Sech[c+dx]Tanh[c+dx] (e+fx)Sech[c+dx]*Tanh[c+dx] ifTanh[c+dx]3
.

+ +
4 ad? 8ad 4ad 12 ad?

Result (type 4, 1290 leaves):
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i(6de-if-6cf+6f (c+dx)) i(de-cf+f(c+dx))
+ +
24d® (a+iaSinh[c+dx]) 8 d2 (Cosh[i(c+dx)]+jsinh[i(c+dx)”2(a+1‘1aSinh[c+dx])
3(c+dx) (2de-2cf+f (crdx)) (Cosh[L (cedx)]+isin[L(crdx)])® 1
16d* (a+iaSinh[c+dx]) +8d(a+iasinh[c+dx})
) 1 1 . 1 1 L. 1 2
3ie —11(c+dx>+Log[Cosh[—(c+dx”—151nh[—(c+dx>H] Cosh|[= (c+dx) | +isSinh[= (c+dx)]|| -
2 2 2 2 2
. 1 1 L. 1 1 L. 1 2 . X
(BLCF(1(c+dx)+Log[Cosh[2<c+dx)]151nh[2(c+dx)H] Cosh[g(c+dx)]+151nh[g(c+dx)] ]/(Sd2 (a+iasinhc+dx])) -
2
1

-—1i(c+dx) +Log[Cosh[§ <c+dx)] +jSinh[§ (c+dx)]]] (Cosh[i (c+dx” +jSinh[§ <c+dx)] 2+

/

i7T<C+dx> —ﬂLog[1+ec*dX] -2 (—£+—i <C+dx)) Log[l—e
4 2

1
8d (a+iaSinh[c+dx])

3ie

N

1 (c+dx)] +j1$inh[l (c+dx)] ’

(3icf(—li(c+dx)+Log[Cosh[l(c+dx”+isinh[l(c+dx)H A A

) Cosh|
2 2 2

(ef% <C+dX>2—L 21 —%+§1‘L(c+dx))}+

(8 d? (a+1’1aSinh[c+dx]))+(3f : (
4 NFRY

7TLog[Cosh[l (c+dx)]] —lnLog[—Sin[z—li (c+dx)]] +1iPolyLog|2, ezj(’%%j(c*dx))]]
2 2 4 2

Cosh[1 (c+dx)] +Jisinh[l (c+dx)]

2]/ (4\/?d2 (a+1’1aSinh[c+dx})) +

2 2
(31‘ —lejT” (crdx)?+ ! [ln(c+dx>—ﬂLog[1+ec*dX}—2[£+lj(c+dx) Log[l—e“(:{’*;“c*dx))}+nLog[c05h[l<c+dx>H+
4 J2 \a 4 2 2
N 2
17TLog{Sin[£+lJi(c+dx)H+J'1PolyLog[2,<ezjl(f?]”c+dx)>]] Cosh[l(c+dx”+isinh[1(c+dx)] J/
2 4 2 2 2

2

i(de-cf+f(c+dx)) (Cosh[ (c+dx) ] +iSinh[% (c+dx)])

(4\/7d2 (a+iaSinh[c+dx])| -

N RN R

8 d? (Cosh[i <c+dx)] - i Sinh| (c+dx”)2 (a+iasSinh[c+dx])

ifsinh[> (c+dx)]

1
2

12 d? (Cosh[% (c+dx)] +jSinh[§ (c+dx)]) (a+iasinh[c+dx])
1

71'1-F(Cosh[i (c+dx) | +JiSinh[2 (c+dx)” Sinh[i (c+dx) |

+

12d? (a+iaSinh[c+dx])

jf(Cosh[i (c+dx)] +JiSinh[i (c+dx”)zsinh[% (c+dxH

4 d2 (Cosh[i (c+dx)] —jSinh[i (c+dx)” (a+iasSinh[c+dx])
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Problem 287: Attempted integration timed out after 120 seconds.

J Sech[c+dx]3 dx
(e+fx) (a+iasSinh[c+dx])
Optimal (type 9, 33 leaves, 0 steps):

Sech[c+dx]3

Unintegrable| » X]

(e+fx) (a+iaSinh[c+dx])

Result (type 1, 1leaves):

PP

Problem 288: Attempted integration timed out after 120 seconds.

Sech[c+dx]3
J dx

<e+fx)2 (a+iasinh[c+dx])

Optimal (type 9, 33 leaves, 0 steps):
Sech[c+dx]3

Unintegrable [ » X]

(e+fx)* (a+iaSinh[c+dx])

Result (type 1, 1leaves):

?P?

Problem 289: Result more than twice size of optimal antiderivative.

(e+fx)?Coshlc+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 356 leaves, 11 steps):
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(e+fx)3Log[1+&} (e+fx)3Log[1+&}

(e+'FX>4 a-/a+b? a+/ a2+b?

- + + +

4bf bd bd

3f (e+fx)?Polylog|2, - —betr | 3f (e+fx)?Polylog|2, B | 6f%(e+fx) PolyLog|3, o bet ]

a-+/ a2+b? a+/ a2+b? a—\/m

+ — —

b d? b d? bd3

67 (e £x) Polylog[3, - <] 6 polylog[4, - <] 6 polylog[4, - <]

a++/ a2+b? a-+/ a%+b? a++/ a%+b?

+ +

b d3 b d* b d4

Result (type 4, 778 leaves):

! " ~4dtePx-6dt e’ fxP-4dtef P -d* P x*+4d’ e Llog[2ae“ X+ b -1+ (90 ] 4
4bd
2c+d 2c+d 2c+d
12d*e? fx Log[1+ be” ™ | +12d*e f2x? Log[1 + be” ™ | +4d®f x° Log[1+ be” ™ |+
ae- (a2+b2) e?¢ ae - <a2+b2) e2¢ aet- (a2+b2) e?¢
2c+d 2c+d 2c+d
12d*e? fx Log|[1+ bt | +12d°e f2 x* Log |1 + b | +4d® x> Log[1+ bt |+
ae+ (a2+b2> e%¢ ae+ <a2+b2) e?¢ ae+ (az+b2) e%¢
be2c+dx be2c+dx
12d*f (e +fx)*Polylog|2, - | +12d2f (e + fx)*PolyLog|2, - ] -
ae‘- (az+b2) e?¢ ae+ (az+b2) e?¢
be2c+dx be25+dx beZC+dx
24def?Polylog|3, - | -24df*xPolyLog|3, - | -24def?PolyLog|3, - |-
ae - (a2+b2) e?¢ aec- (a2+b2> e?c aec+ (a2+b2> e?c
be2c+dx be2c+dx be2c+dx
24d > x Polylog|3, - | +24 3 PolyLog[4, - | +24 £ PolyLog[4, - ]
aec + (a2+b2) e?¢ aec- <a2+b2) e?c aec+ (a2+b2) e?¢

Problem 291: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 170leaves, 7 steps):

(e+Fx) Log[1+ —r—— (e+fx) Log[1+ —0< ] fpolylog[2, - 2] fPolylog[2, - 2]

(e +f X) 2 a-+/ a’+b? a++/ a?+b? a-+/ a’+b? auﬁ

- + + + +

2bf bd bd b d? b d?

Result (type 4, 341 leaves):
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1 1oy (a+ib)cot[t (2ic+n+2idx)]
—F(2c+iﬂ+2dx>2—32fAr‘cSin[—]Ar‘cTan[ 4 |+
8 b d? V2 JVal+b?

Je -2+ VaZeb? | ecrdx
4f|2c+in+2dx+41iArcSin[————]| Log[1+

V2 b

1442
=]

V2

] +

(a7 b7 ) ecrox
b

4f |2c+1m+2dx-41ArcSin

Log[1 - | -4ifrlogla+bSinh[c+dx]] +

bSinh[c+dx] bSinh[c+dx] (a— a2+b2)eC+dx
SdeLog[lJr —} 78c-FLog[1+ —} +8f PolyLog[Z,

a a b

Problem 294: Result more than twice size of optimal antiderivative.

J(ewa)BCosh[Cerx]zd1
X

a+bSinh[c+dx]

Optimal (type 4, 527 leaves, 18 steps):

] + PolyLog[Z,

(a+ a2+ b? ) ecrdx

b

]
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%2 bz -F 3L 1 bec+dx
ale+fx)* 6f (e+fx Cosh[c +dx] e+fx 3Cosh[c+dx] o (e+ X> og[ +a_1/az+bz]
- + + + -

4p%f bd3 bd b%d

VaZ+b? (e+fx) Llog[1+ 2] 3+aZ:b? f (e+fx)2Polylog[2, - 2] 3+/a2+b? f (e+fx)2Polylog|2, - 2
: ( : > g{ +a+xla2+b2} : ( : ) Y g{ a—x/a2+b2] ' ( : ) Y g[ a+\/m}

+ - -
b2d b2 d2 b2 42
6a2+b? f2 (e+fx) Polylog[3, - 2] 6+/a2+b? f2 (e+fx) Polylog[3, - 2~
( ) > JT] | ) > JT]
+ +

b2 d3 b2 d3

6+/aZ+b? f3PolylLog|a, - 2= 6/a’+b? f3PolylLog|s, - 2=
[ ? afa?b? ] { ? aira2rb? ] 6 f3 Sinh[c +d x] 3f <e+fx)ZSinh[c+dX]

b2 d* b2 d* b d* b d?

Result (type 4, 1135leaves):
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1
4 b2 d*

—ad*x (4e*+6e*fx+4ef?x*+fx%) +4bd (e+fXx) (6-F2+d2 (e+-Fx)2) Cosh[c+dx] +

+d 2c+d
- \-a?-b? |-2d%e? ./ (a%+b?) &€ ArcTan[M]—3xl—a2—b2 d>e? e fx Log[1+ be?™?”

I

(a2+b2) e2c \ -a?-b? ae-

2c+d 2c+d
3./-a?-b? d®ee 2 x? Log|1+ be ™ | -/ -a?-b? d® e 3 x° Log |1 + be” ™ ]+
aec- (az+b2) e?¢ aec- (a2+b2) e?¢
2c+d 2c+d
34/-a%-b? d®e?e" fxLog|l+ be” ™™ | +3+/-a%-b* d®ee® 2 x? Log[1+ be ™™ |+
ae+ (a2+b2) e?¢ ae+ (a2+b2) e?¢
2c+d 2c+d
A/ -a®-b? d® e 2 % Log[1 + be” ™™ | -3+/-a%-b? d?e“f (e+fx)*Polylog|2, - be” ™™ |+
aec+ (a2+b2) e?¢ aet - (a2+b2) e?¢
2c+d 2c+d
34/-a2-b% d?ef (e+fx)?Polylog|2, - be” ™" | +6+/-a%-b? dee f?PolyLog|[3, - be” ™"
aet+ <a2+b2) e%¢ ae- (a2+b2> e?¢
2c+d 2c+d
6+ -a’-b? de® > xPolylog[3, - be” ™ | -6+/-a?-b* dee®f?Polylog|3, - be” ™ |-
aet - (az+b2) e?¢ aec+ (a2+b2) e?¢
2c+d 2c+d
6/ -a’-b* de > xPolylog|3, - bt ™ ] -6+/-a>-b? e 3 Polylog[4, - be ™" ] +
ae+ <a2+b2) e%¢ ae‘- (a2+b2) e%¢
2 c+d
6+/-a2-b* e £ PolyLog[4, - be”™" ] -1zbf(2f2+d2 (e+fx)2)Sinh[c+dx]

ae+ (az+b2) e?¢

Problem 299: Result more than twice size of optimal antiderivative.

J(e+fx)3Cosh[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 642 leaves, 21 steps):
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33 x (e+-Fx)3 (a2+b2) (e+Fx)4 6 af3 Cosh[c+dx] 3af(e+-Fx)2Cosh[c+dx]
+ - + +
8bd3 4bd 4b3f b2 d* b2 d2

+

2 2 3 _becdx 2 2 3 b etdx 2 2 2 _ b ecdx
(a2 +b?) (e+fx) Log[1+aim] (a2 +b?) (e+fx) Log[1+a+m] 3 (a?+b?) f (e+fx)?PolyLog[2, 737\/ﬂ}
+ + +

b3 d b3d b3 d?
3 (a2 +b?) f (e+fx)?Polylog|2, —&] 6 (a®+b?) f2 (e + fx) PolyLog|3, —&] 6 (a®+b?) f2 (e + fx) PolyLog|3, o bett

a++/ a?+b? a-+/ a?+b? a++/ a2+b? ]

- - +

b3 d2 b3 d3 b3 d3
6 (a2 + b?) f3 Polylog |4, - 2“2 | & (a?+b2) f3PolyLog|4, - 2=
( ) Y g[ ’ a-/ a2+b? ] ( ) Y g[ S ey 6af2 (e+fx) Sinh[c+dx] a (e+fx)3sinh[c+dx]
N _ _ _
b3 g4 b3 d4 b2 d3 b2d
33 Cosh[c+dx] Sinh[c+dx] 3F(e+-Fx)2Cosh[c+dx1 Sinh[c+dx] 3f2 (e+fx)Sinh[c+dx]? (e+-l:x)3Sinh[c+dx]2
- + +
8 b d* 4bd? 4bd? 2bd

Result (type 4, 2558 leaves):

1
2b3d* (—1+e2°)

(a2+b2) 4d*e3 e x+6d*e?elfx2rad*ee? 2 x3 1 d*e? f3x*2d3e3 Log[Zaec*dXer (—1+e2 (c*d”ﬂ -

be2c+dx be2c+dx
2d*e* e’ Log[2ae”®* +b (-1+e? (99| +6d> e’ fxLog[1+ | -6d*e?e*“ fxlog[l+ |+
ae- <a2+b2) e?c aef- (a2+b2) e?c
2c+d 2c+d 2c+d
6d°ef’x?Log[l+ be” ™™ | -6d>ee® 2 x?Log[1+ be” ™™ | +2d® £ x> Log[1+ be” 7" |-
ae‘ - (a2+b2) e2¢ ae‘ - (a2+b2) e?¢ ae‘ - (a2+b2) e2¢
2c+d 2c+d 2c+d
2d% e 3 x° Log[1+ be” ™™ | +6d>e? fxLlog[1l+ be ™™ | -6d®e? e’ fxlog[l+ be ™™ |+
aec- (a2+b2) e?¢ aet+ (a2+b2) e?¢ aet+ (a2+b2) e?¢
2c+d 2c+d 2c+d
6d>ef2x?Log[1+ be” ™ | -6d®ee® 2 x* Log[1+ be” ™ | +2d® £ x° Log[1+ be """ ] -
ae‘+ (a2+b2) elc ae‘+ (a2+b2) e?c ae‘+ (a2+b2) e?c
2c+d 2c+d
2d%> e 2 x% Log[1 + be” ™ ] -6d* (-1+e2¢) f (e+fx)*PolyLog|2, - be” ™ ] -
ae‘+ (a2+b2) e?¢ ae‘- (a2+b2) e?¢
be2c+dx beZC+dx
6d? (-1+e2°) f (e+fx)?Polylog|2, - | -12def?PolyLog[3, - ]+
ae+ (a2+b2) e?¢ ae- <a2+b2) e?¢
2 c+d x 2 c+d x
12de e’ f2 Polylog|[3, - be | -12df* xPolyLog|3, - be |+
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12de* 3 x Polylog|3, -

12dee?“ f2 Polylog|3, -

12d e?“ f* x Polylog|3, -

b eZde

| -12def?PolyLog(3, -
aet- (a2+b2) e?¢

b ez<:+dx

| -12dfxPolyLog|3, -

ae‘+ (a2+b2) e?¢

b ez c+d X

|+

ae+ (a2+b2> e%¢

b (ez c+d X

|+

ae‘+ (a2+b2> e?¢

12 e f3 Polylog|4, -

beto® | +12 £ PolyLog[4, - be? ' ] -
ae+ (a2+b2) e2¢ aec- <a2+b2) e?c
2c+d 2c+d
be 7" | +12 3 PolyLog[4, - be” ™ | -12e2¢ f* Polylog|4,
ae -/ (a2+b?) e*c ae+./ (a2+b?) e*°

(a?+b?) e*x (1+Cosh[2c] +Sinh[2c])
N

3 (a?+b?) e fx? (1+Cosh[2c] +Sinh[2c])

b (-1+Cosh[2c] +Sinh[2
(a2 +b?) ef2x? (1+Cosh[2c] +Sinh[2c])

cl) 2b® (-1+Cosh[2c] +Sinh[2

+

b* (-1 +Cosh[2c] +Sinh[2c])

(a2 +b?) £3x* (1+Cosh[2c] +Sinh[2c])

+

4b* (-1+Cosh[2c] +Sinh[2c])

+

cl)

af3x3Cosh|c af3x3Sinh[c aCosh|c aSinh[c
( <l L (e 3delfisder 6P el ”)+
2b2d 2b2d 2b2d* 2 b2 d*
3 x Cosh|[c 3xSinh[c 3x2Cosh|[c 3x?Sinh|[c
(ad2e2f+2adefz+2af3) [e] : ])+(adefz+af3) [e] [ }J
2b2d3 2b2d3 2 b2 d? 2 b2 d?
af3x3Cosh[c af3x3Sinh[c aCosh|c aSinhJc
- el L e 3delfisder 6 (_ el []J_
2b%d 2b%d 2b%2d* 2 b2 d*
3 x2 (adefZCosh[c]—aF3Cosh[c1+ade1°2$inh[c1—a-F3Sinh[c]) 1
2 b2 d? 2b2d3

3x (ad?e®fCosh[c] -2adef?Cosh[c] +2af’Cosh[c] +ad*e*fSinh[c] -2adef?Sinh[c] +2af>Sinh[c])

3 x3Cosh[2c] f3x3Sinh[2c]

Cosh[2

c] Sinh[2c]

8bd 8bd

3xCosh[2c] 3xSinh[2C]

+ (4d3e3+6d2e2f+6def2+3f3)

32bd*
3x%Cosh[2c] 3x%Sinh[2c]

] ;

32bd*

(2d2e*f+2def?+f3)

)+ (2def )

16 b d? ]

16 b d3 16 b d3 16 b d?
3 x3 Cosh[2c f3x3sSinh[2c Cosh[2c Sinh[2c
[ J+ [ J+(4d3e3—6d2e2f+6def2—3f3) [ ]+ [ ]]+
8bd 8bd 32bd* 32bd*
3x? (2def?Cosh[2c] - f>Cosh[2c] +2def?Sinh[2c] - f3Sinh[2c]) 1
+
16 b d? 16 bd3

b ez c+d x

ae

C

+

(a2 + b2) e2¢

(Cosh[dx] -Sinh[dx]) +

(Cosh[2dx] - Sinh[2dx]) +

I

(Cosh[dx] +Sinh[dx]) +
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3x (2d*e®fCosh[2c] -2def?Cosh[2c] +f>Cosh[2c] +2d®e® fSinh[2c] -2def?Sinh[2c] +f>Sinh[2c])| (Cosh[2dx] +Sinh[2dX])

Problem 300: Result more than twice size of optimal antiderivative.

J(e+fx>2Cosh[c+dx]3 .
X

a+bSinh[c+dx]

Optimal (type 4, 477 leaves, 16 steps):

2, p2 £x)2L 1 b erdx
efx f2x2 (a2+b?) (e+fx)® 2af (e+fx) Cosh[c+dx] (a2 +b?) (e+fx)?Log[1+ ]

a-+/ a?+b?
+ - + + +
2bd 4bd 3b3f b2 d2 b3d
a2+ b?) (e+fx)2Llog[1+ 2] 2 (a2+b2) f (e+fx) Polylog|2, - 2= ] 2 (a?+b?)f (e+fx) Polylog|2, - 22—
(a?+b?) (e+Fx] [+a+W]+(+><+ ) [’am}+<+) (&) [’aﬁ/aubz]_
b? d b d? b* d?
2 (a? + b2) f2Polylog(3, - 2] 2 (a?+b2) f2Polylog[3, - b=~
( + ) y g{ 5 e ] ( + ) y g{ > e 2af2sinh[c+dx]
b3 d3 - b3 d3 ) b2 d? )

a(e+fx)*sinh[c+dx] f (e+fx)Cosh[c+dx]Sinh[c+dx] f2Sinh[c+dx]2 (e+fx)*Sinh[c+dx]2
+ +

b2 d 2 b d? 4bd3 2bd
Result (type 4, 1844 leaves):
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1
48 b3 d3

e |-48a2d*e?e®“x-48b%d3e? e x-48a’dPee? fx?-48b2dPee? fx?-16a’d3e?f2x3-16b%>d> e > x>+ 24abd?e? e Cosh[dx] -

24abd?e?e3“Cosh[dx] +48abdee’fCosh[dx] +48abdee3 fCosh[dx] +48abe®f2Cosh[dx] -48abe*¢f2Cosh[dx] +

48 abd?ee‘fxCosh[dx] -48abd?ee® fxCosh[dx] +48abde’f?xCosh[dx] +48abde>°f>xCosh[dx] +

24abd? e f2x?Cosh[dx] -24abd? e3¢ f2x%Cosh[dx] +6b%d?>e?Cosh[2dx] + 6b?>d?e?e*  Cosh[2dXx] +

6b2defCosh[2dx] -6b>dee*fCosh[2dx] +3b?>f2Cosh[2dx] +3b%2e* f2Cosh[2dx] +12b%>d?efxCosh[2dx] +

12b%d?ee*“fxCosh[2dx] +6b2df?xCosh[2dx] -6b%>de*°f>xCosh[2dx] +6b%d?>f2x?Cosh[2dx] +

6b>d”> e f2x? Cosh[2dx] +48a*d’e® e®“ Log[2ae“ ¥ +b (-1+e” (9% )| +48b*d’ e® e®“ Log[2a e +b (-1+e? (“9¥) ] +
be2c+dx be2c+dx

96a*d’ee?“ fxLlog[l+ | +96b2d?e e’ fxLog[l+ |+
ae‘- (a2+b2> e%¢ aec- (a2+b2) e?¢
2c+d 2c+d
48 a% d* €2 2 x? Log|[1 + be” ™™ | +48b2d* e 2 x? Log |1 + be” ™™ |+
ae® - (a2+b2) e?¢ ae‘ - (a2+b2) e%¢
2c+d 2c+d
96a’d’ee’“ fxLog|l+ be” ™ | +96b?>d*e e’ fxLog[l+ be’ ™7 |+
ae®+./ (a%+b?) e2¢ aet+. (a%+b?) e*¢
2c+d 2c+d
48 a? d? e 2 x? Log[1 + be” ™ | +48b%d? e £ x? Log |1 + be” ™ |+
ae+ <a2+b2) e?¢ ae+ (a2+b2> e%¢
be2c+dx beZC+dx
96 (a?+b?) de?“ f (e+fx) PolylLog|2, - | +96 (a®+b?) de®“ f (e+fx) Polylog[2, - ] -
ae- (a2+b2) e?¢ ae+ <a2+b2) e%¢
2c+d 2c+d
96 a’ e’ £ Polylog|3, - bt | -96b? e’ £ Polylog|3, - b |-
ae‘ - (a2+b2) e?¢ ae‘- (a2+b2> e%¢
b(eZc+dx b62c+dx
96 a% €2 2 Polylog|3, - | -96 b2 e2° f2 Polylog|3, - | -24abd*e? e Sinh[dx] -
ae®+ (a2+b2) e?¢ aec+ (a2+b2) e%¢

24abd?e?e3°Sinh[dx] -48abdee fSinh[dx] +48abde e fSinh[dx] -48abe®f2Sinh[dx] -48ab e3¢ f2Sinh[d x] -
48 abd’ee®fxSinh[dx] -48abd’ee®“fxSinh[dx] -48abde®f2xSinh[dx] +48abde3°f2xSinh[dx] -

24abd?e® f2x?Sinh[dx] -24abd? e3> f2x?Sinh[dx] -6b2d?e?Sinh[2dx] + 6b?>d?e?e*“Sinh[2dx] -6b%>de fSinh[2dX] -
6b’dee* fSinh[2dx] -3b%2f2Sinh[2dx] +3b%2e*f2Sinh[2dx] -12b%>d?efxSinh[2dx] +12b%d?ee*  fxSinh[2dx] -

6b>df2xSinh[2dx] -6b%>de* f2xSinh[2dx] -6b%d? f2x2Sinh[2dx] +6b?d? €*° 2 x%2Sinh[2d x]
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Problem 301: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Cosh[c+dx]?
J dx

a+bSinh[c+dx]

Optimal (type 4, 298 leaves, 13 steps):

(a2 +b?) (e+fx) Log[1+ b g+

fx (a?+b?) (e+fx)? afCosh[c+dx] afa2eb?
4bd 20% f : b2 g2 i b% d '
(a?+b?) (e+fx) Log[1+ ai/‘%] (a%+ b?) fPolylog|2, - aibj;%] (a% + b?) f Polylog|2, 7—3:;;2'%}
b3 d : b3 d2 : b3 d? i
a(e+fx)Sinh[c+dx] fcCosh[c+dx]Sinh[c+dx] (e+fx)Sinh[c+dx]?
b2 d ) 4bd? ' 2bd

Result (type 4, 755 leaves):
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. 8abfCosh[c+dx] +2b’d (e+fx) Cosh[2 (c+dXx) | +8a2deLog[1+w
8b>d a

|+

b Sinh[c +d x] bSinh[c +d x] bSinh[c +dx]

8b%>delog|1+ | -8a’cflog[1l+ | -8b%cflog|1l+

] +

a a a
1+12 1
1 b (a+ib)Cot[+ (2ic+m+2idx)]
8a’f —f(2c+jﬂ+2dx)2—4Ar‘cSin[7]Ar‘cTan[ 4 ]+
3 V2 a%+b?
. NEE e TR ) e JE
~|2c+in+2dx+4iArcSin| Log[1 | +=|2c+in+2dx-41iArcSin[——]
2 T b 2 Ne
(a+m) ecrdx (a— a2+b2)e“d" (a+ a2+b2)ec*dX
Log[l— o ]—fjnLog[a+bSinh[c+dx}]+PolyLog[2, b }+PolyLog[2, o ] +
2
1 1oy (a+ib)Cot[: (2ic+m+2idx)] 4 Loy
8b*f |-~ (2c+in+2dx)*-4ArcSin[ ————] ArcTan| . |+ = |2c+in+2dx+4iArcSin[——]
s V7 N 2 5
(—a+m) ecrdx \/ +\/a2+7b2) ecrdx
Log[1+ | +=|2c+in+2dx-4iArcSin| Log|[1 | - ~inlogla+bSinh[c+dx]] +
b 2 7 b 2
(a—W) ecrdx (a+m) ecrdx
PolyLog|2, | +Polylog|2, || -8abd (e+fx)Sinh[c+dx] -b?>fSinh[2 (c+dx)]

b b
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Problem 303: Attempted integration timed out after 120 seconds.

J Cosh[c+dx]3 dx
(e+fx) (a+bsSinh[c+dx])
Optimal (type 9, 30leaves, 0 steps):

Cosh[c+dx]3

(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

222

Problem 306: Result more than twice size of optimal antiderivative.

(e+fx) Sech[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 334 leaves, 19 steps):

b(e+fx)Log[l+ —2<“—] b (e+fx) Log[l+ 2=
23 (e £x) arcran[ecox] O (@7 X toslLe TEE ] b lefx) tog[te HT ] ) Log[1e 2 0]

+ + - -

(a2 +b?) d (a?+b?) d (a2 +b2) d (a2 +b?) d

b f PolyLog|2, 7&] b f PolyLog[2, - becdx
iafPolylog[2, -ie*d*| iafPolylLog[2, i ec*dX] afateb? N ey b f PolyLog[2, - e? (c+dx) |

+ + + -

(a% + b?) d? (a% + b?) @2 (a% + b?) d? (a% + b?) d? 2 (a%+b?) d2

Result (type 4, 732leaves):
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o
8 (a%+ b2) &2

1oy (a+ib)cot[t (2icen+2idx)]
8bcde-8bc*f-4ibcfr+bfr’+8bd’ex-8bcdfx-4ibdfrx-32bfArcSin| ———] ArcTan]| 4 |+
2 \aZib?

(7a+m) ecrdx

16 adeArcTan[Cosh[c+dx] +Sinh[c+dx]] +16adf xArcTan[Cosh[c+dXx] +Sinh[c+dXx]] +8bc-FLog[1+

b
(7a+m) ecrdx (7a+m) ecrdx 1+ 33 (7a+m) ecrdx
4ibfrlogl+ | +8bdfxLog[l+ | +16 i bfArcSin[ ————] Log[1+ |+
b b Jz b
(a+m) ecrdx (a+m) ecrdx (a+m) ecrdx
8bcflog[l- " | +4ibfrlog[l- " | +8bdfxLlog[l- ] -
b
1+ 12 /32 . p2 c+d
b (a+ a“+b )e * bSinh[c +dx]
16 i b f ArcSin[ ————] Log|1- | -4ibfrlogla+bSinh[c+dx]] +8bdelog[l+ — ] -

\/7 b a

bSinh[c +dx]

8bcflog|l+ | -8bdelog[1+Cosh[2 (c+dx)]|+Sinh[2 (c+dx)]|]-8bdfxLog|[l+Cosh[2 (c+dx)]+Sinh[2 (c+dx)]]+
a

(a—m) ecrdx (a+m) ecrdx
" | +8bfPolylog|2, "

8b fPolyLog|2, | -8iafPolylog[2, -i (Cosh[c+dx] +Sinh[c+dx])] +

8iafPolylog[2, i (Cosh[c+dx] +Sinh[c+dx])]|-4bfPolyLog|2, -Cosh[2 (c+dx)]-Sinh[2 (c+dX)]]

Problem 309: Result more than twice size of optimal antiderivative.

J(e+fx)35ech[c+dx]2
dx

a+bSinh[c+dx]

Optimal (type 4, 780 leaves, 29 steps):
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b? (e+ £x)’Log[1+ 2] b2 e+ Fx)’Log[1s 2=

a/a b2 an[#or | 3af (esfx)?Log[1se?(©d¥]

a (e+1‘:x)3 6bf (e+-Fx)2Ar'cTan[<ec*dX}
_ + _
(az+b2> d <a2+b2> d2 <a2+b2>3/2d <a2+b2)3/2d <a2+b2) d2

+

3b2f (e+fx)2Polylog[2, - 2
61bf2 (e+-Fx) PolyLog[z, -1 e“dx] 61bf? (e+-Fx) PolyLog[Z, iec*dx] (e+ X> oY og[ N pegye ]
_ . _

<a2+b2) d3 <a2+b2> d3 (a2+b2)3/2 d2

3b2f (e+fx)?Polylog|2, - b e?
ar/a?eb? 3af2 (e+fx) Polylog[2, -e?(©4¥ | 6ibf>Polylog|3, -ie“9%| 6ibf?Polylog|3, i ed¥]
_ _ . _

(a2 + b2) %% g2 (a% + b?) d? (a% + b?) d* (a% + b?) d*

ectdx

6b2f2 (e +fx) Polylog[3, - 2] 6b22 (e+fx) Polylog[3, - 2~
(e + fx) PolylLog|3, e (e +fx) PolyLog 3, oo | 3afPolylog[3, - ©dx]
.

+

+

<a2+b2>3/2 d3 <a2+b2)3/2 d3 2 <a2+b2> d4
6 b2 £2 Polylog[4, - 2] 6b2 3 Polylog[4, - —2=
i Og[ R ey ] o og[ R ey b (e+fx)3Sech[c+dx1 a (e+-Fx)3Tanh[c+dx1
- + +
<a2+b2>3/2 d4 <a2+b2)3/2 d4 (a2+b2> d (a2+b2> d

Result (type 4, 1610leaves):
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- ! f(-12ad’e?e®“x+12ad’e® (1+e’) x+12ad’efx?+4ad® 2 x> +12bd*e? (1+e”) ArcTan[e“"*] -6ad?e? (1+e€)
2 (a2 +b?) d* (1+e?)
(2dx-Log[1+e? ("9 ]) +12ibde (1+e*°) f (dx (Log[1-1ie“ 9| -Log[1+1ie“?]|)-PolyLog|2, -ie“"®*] +PolyLog[2, i e“"4*]) -
6ade (1+e’¢) f (2dx (dx-Log[1+e? <9 ]) —Polylog[2, -e* @) ]) +6ib (1+e®°) f2 (d*x* Log[1- i e"9*] -
d>x®Log[1+1e“®*| -2dxPolylog|2, -i e“*] +2d xPolylog|2, i e“®*] + 2 PolyLog|3, -i e“"%*]| - 2 PolyLog[3, i e“®*]) -
a(1+e’c) f? (2d2x* (2dx-3Log[1+e® (<) -6dxPolylog[2, -e*(<9¥ | +3Polylog|3, - (<9 ])) -

+d 2c+d
1 b |2d* e’/ (a®+ b?) &€ Ar‘cTan[M]+3xl—a2—b2 d>e? e fx Log[1+ be” ™™ |+
(—az—bz)z’/zd4 (a? + b?) e?¢ V-a?-b? ae -,/ (a%+b?) e*c
2c+d 2c+d
34/-a’-b® d®ee f2x?Log[1+ Pt | +/-a% -0 d®e 25’ Log[1+ bt ] -
aec- <a2+b2) e?¢ ae‘- (a2+b2) e?¢
2c+d 2 c+d
34/-a%-b? d®e?e fxLog[l+ be? ™™ | -3+/-a%-b* d®ee® f2x? Log[1+ be ™ ] -
aet+ (a2+b2) e?¢ ae+ (az+b2) e?¢
2c+d 2c+d
\/-a?-b? d*e 3 x* Log[1+ be” ™™ | +34/-a%-b? d?e°f (e+fx)*Polylog|2, - be 7" ] -
ae‘+ (a2+b2) e?¢ aef - <a2+b2) e2¢
be2c+dx
34/-a2-b* d?ef (e+fx)?Polylog|2, - |-
aet+./ (a%+b?) e2¢
2c+d 2c+d
6+ -a’>-b? dee® f?Polylog[3, - be” ™" | -6+/-a?-b? de® > xPolylog|3, - be” ™" |+
aet -,/ (a%+b?) ¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d
6+ -a?-b? dee f2Polylog|3, - be” ™" | +6+/-a%-b® de® f>xPolylog|3, - be” ™" |+
ae+ <a2+b2) e%¢ ae+ (a2+b2) e%¢
2c+d 2c+d
6/ -a?-b? e f>Polylog|4, - bet ™ | -6~/-a?-b? e £ Polylog|4, - b e2c+dx 1]
ae- (a2+b2) e’¢ aet+ (a2+b2) e?¢

ﬁSech[c] Sech[c+dx] (be®Cosh[c] +3be?fxCosh[c] +3bef?x*Cosh[c] +bf>x>Cosh[c] +
ac+b°)d

ae’sinh[dx] +3ae’fxSinh[dx] +3aef’x*Sinh[dx] +af®x>Sinh[dx])

Problem 310: Result more than twice size of optimal antiderivative.

J(ewa)ZSech[Cerx]2
dx

a+bSinh[c+dx]

Optimal (type 4, 548 leaves, 24 steps):
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b (e“cX)zLOg[l*&] b2 (e+fx)%Log[1+ b e

a-+/a?+b? ai/a2ib? 2af (e+fx) Log[1+e?(cdx ]

a (e+1‘:x)2 4bf (e+fx) ArcTan e d%|

(a2+b2) d (a2+b2) d2 * (az+b2)3/2d N (a2+b2)3/2d <az+b2) d2 +
202 f (e+fx) Polylog[2, - 2= 202 f (e+fx) Polylog|[2, - 2~
21ibf2Polylog(2, -ie 9% 2ibf2PolylLog|2, iedX] (e +Fx] PolyLog[2, Ry pearey ] (e x) PolyLog] aefa2ib?
_ N _ _
<a2+b2) d3 <a2+b2> d3 <a2+b2>3/2 dz (a2+b2>3/2 dz

2 b2 f2 Polylog|3, —&] 2 b2 f2 Polylog|3, - b et %

af? PolyLog[Z, —ez“*‘”)} as/a2ib? ar/ a24b2 b (e+-Fx)2Sech[c+dx] a (e+-Fx)2Tanh[c+dx}
- + + +

(a2+b2> d3 <a2+b2)3/2d3 (a2+b2)3/2d3 <a2+b2)d (a2+b2>d

Result (type 4, 1180 leaves):

1
(a%+b?) d?
2d2e? ArcTan[ 22" ] 2 d2eecfxlog[l+ — 2| e f2x2log[l+ —2<" ] 2d’eefxlog[l+ —2 ]
b2 m ae-/ (a%+b?) e*¢ ae‘-/ (a%+b?) e*¢ aef+/ (a%+b?) ¢
+ + - -
A/ —a2 - b? (a2+b2) e2¢ <a2+b2) e2¢ (a2+b2> e2¢
d2 e 2 x? Log[1 + L] 2decf (e+fx) Polylog[2, - L] 2de“f (e+fx) Polylog|2, - L}
ae+/ (a%+b?) ¢ aet-/ (a’+b?) e*¢ aet+ (a%+b?) €€
. _ _
(a2+b2) e2¢ (a2+b2) e?¢ (a2+b2) e¢
2ec f2Polylog[3, - — 2] 2e° f2Polylog|3, - — 2= ]
ae‘-/ (a%+b?) e2© ae+/ (a%+b?) e*©
N _
(a2+b2) e%¢ (az+b2) e?¢

2aefSech[c] (Cosh[c] Log[Cosh[c] Cosh[dx] +Sinh[c] Sinh[dx]] -dxSinh[c])
(a2 +b?) d? (Cosh[c]?-Sinh[c]?)

4befArcTan [ sinh(c] +Coshic] Tanh[ ] ]

Cosh[c]?-Sinh[c]?

+

(a2 + b?) d? \/Cosh[c]2 -Sinh[c]?

_d2 e—Ar‘cTanh[Coth[c]] 2 1

af?Cschic] X2 +

1-Coth[c]?
iCothlc] (-dx (-r+2iArcTanh[Coth[c]]) - Log[1+e??*] -2 (idx+iArcTanh[Coth[c]]) Log[1-e?* (*dx+ArcTanhiCothic)]) |,
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srLog[Cosh[dx]] +2iArcTanh[Coth[c]] Log[i Sinh[d X + ArcTanh[Coth[c]]]] + 1 PolyLog[z, @21 (idx+iArcTanh[Cothlc]]) ] )

1
Sech|[c /( a? +b?) d®>+/Csch[c]? (-Cosh[c]?+Sinh[c]? )—7
] (a2 +b?) d®+/Cschc]? [c]2+Sinh[c]?) ERT
2bf? o i Csch[c] (1'1 (dx+ArcTanh[Coth[c]]) (Log[l—e‘dX‘A"Ta”h[c"th[‘”] fLog[l+e‘dX‘Ar°Ta”h[c°th[°”]) +
1-Coth[c]?

Sinh[c]+Cosh([c] Tanh[d—ﬂ
2 ArcTan]| >] ArcTanh[Coth[c]]
Cosh[c]?-Sinh[c]?

7 (PolyLog [2, 7e7d x-ArcTanh [Coth[c] ] ] _ PolyLog [2, e—d x-ArcTanh[Coth[c]] ] ) ) _ "
\/Cosh[c]2 -Sinh[c]?

R Sech[c] Sech[c+dx] (be”Cosh[c] +2befxCosh[c] +bf*x*Cosh[c] +ae’Sinh[dx] +2aefxSinh[dx] +af*x*Sinh[dx])
a’+b?%) d

Problem 311: Result unnecessarily involves imaginary or complex numbers.

(e+fx) Sech[c+dx]?
J dx

a+bSinh[c+dx]

Optimal (type 4, 295 leaves, 15 steps):

b? (e +fx) Log[1+&} b? (e +f x) Log[1+&
b f ArcTan[Sinh[c +d x]] a-+/a%+b? a+y/ a?+b? afLog[Cosh[c+dx]]
- +

- - +

<a2+b2>d2 <a2+b2)3/2d (a2+b2)3/2d (az+b2) dz

bZ-FPolyLog[Z, —&] bZ-FPolyLog[Z, __bedx
ar/a2-b? as[ 2202 b (e+fx)Sech[c+dx] a (e+fx) Tanh[c+dx]

- +

<az+b2)3/2 d2 (a2+b2>3/2 d2 <a2+b2) d * (a2+b2) d

Result (type 4, 485 leaves):
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ifAr‘cTan[Tanh[% (crdx)]] ifAr‘cTan[Tanh[i (crdx)]] flog[Cosh[c+dx]] fLog[Cosh[c+dx]] 1
(a-1ib) d? (a+1ib) d? 2 (a-ib) d? 2 (a+ib)d? (7(az+b2>2>3/2d2
bec+dx a+bec+dx b(ec+dx
b% (a*+ b?) (2«/a2+b2 deAr‘cTan[L} -2+/a?+b? cfArcTan|—————] ++/-a?-b? f (c+dx) Log[l+ ————] -
N N 2 VB
b ec+dx b ec+dx b ec+dx
~a?-b? f (c+dx) Log[1l+ ————] ++/-a’-b? fPolyLog[2, —————] -+/-a*-b? fPolylog|2 ]] +
” (e dx) N RN " aaew?

BN 2Sech[c+dx] (bde-bcf+bf (c+dx)+adeSinh[c+dx] -acfSinh[c+dx]+af (c+dx)Sinh[c+dx])
a‘+b?%) d

Problem 314: Result more than twice size of optimal antiderivative.

j(e+fx)25ech[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 928 leaves, 39 steps):

2ab? (e+fx)?ArcTan[ed*| a (e+fx)?ArcTan[e“?*| af2ArcTan[Sinh[c+dx]]
+ - +

(a?+b?)%d (a®+b?) d (a? +b2) d?

b (e+fx)?Log[l+ 2] b (e+fx)?Log[l+ 2 5
Ny anfaebr ~ bP(e+Ffx)?Log[1+e? (<% ]| p£2Log[Coshlc+dx]]
+

+ —

(a% +b%)* d (a2+b?)%d (a?+b?)%d (a% + b?) d?
2iab*f (e+fx) Polylog[2, -ie“?*| iaf (e+fx)Polylog[2, -ie“®*] 2iab?f (e+fx)Polylog|2, i e~ x|
(a2 + b2) 2 o2 _ (a®+b?) d? ) (a2 + b2)? d? ’
2b*f (e+fx) Polylog[2, - 2~ —] 2b*f (e+fx) Polylog[2, - 2~
iaf (e+fx) Polylog|2, ie®d] (e x] PolyLog| R g (e ) PolyLog] N e
+ + -
(a2 +b?) d? (a2 +b2) % d? (a2 + b2) % o2
b*f (e+fx) PolyLog[2, -e? ("9 ] 2iab?f?Polylog|[3, -ie“?%| iaf?Polylog[3, -ie“¥*] 2iab?f?Polylog|3, i e ?¥]
(a2 + b?)? d? ) (a2 +b?)* d? ' (a? +b2) d 7 (a2 +b?)% d? 7
2b% 2 polylog[3, - —2<“—] 2b*f2Polylog[3, - 2=~
iaf? POlyLOg{3, ]-lem-dx} ) oly Og[ > a,\/m] ) Ooly Og{ > a+m . b3 f2 POlyLOg[3, _e2 (c+dX)] .
(a® +b?) d? (a2 + b2)% @ (a2 + b2)% 2 (a?+b2)? 3

af (e+fx) Sech[c+dx] b(e+1:x)25ech[c+dx]2 bf (e+fx) Tanh[c+dx] a(e+-Fx)ZSech[c+dx]Tanh[c+dx}

(a% + b?) d? ’ 2 (a2+b?) d (a% + b?) d? ' 2 (a2+b?) d

Result (type 4, 3102 leaves):
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1
6 <a2+b2)2d3 <1+<ezc)
(-12p°d*e? e’ x+12a’bd e’ P x+12b°d e’ f2 x-12b° P ee? x> -4b> d> e?“ 2 x* - 6 2> d’ e? ArcTan e %] - 18 ab® d? e? ArcTan[e®"?*] -
6a>d?e? e?“ ArcTan|[e*?*| - 18 ab?d?e? e?“ ArcTan|[e®?*] + 12 2% f2 ArcTan[e“*?*] + 12 ab? f2 ArcTan[e*?*| + 12 a° e f2 ArcTan [e“?¥] +
12ab? e f2ArcTan e | -6ia’d’efxLlog[l-1ie?*]| -18iab’d’efxlog[l-ie“?*]-6ia’d*ee’ fxlog[l-1ie" |-
18iab*d’ee®“fxlog[l-ie?*| -3ia®d* > x?Log[1-ie"9*|-9iab?d*f*x?Log[l-ie"9]-
3ia*d?e® f2x?Llog[1-1e”| -9iab?d®e® 2 x?Log[1-ie™]| +6ia’d’efxlogl+ie ] +18iab’d?efxlog|l+ie~ ]|+
6ia’d’ee’“fxlog[l+ie?*]+18iab’d’ee’ fxlog[l+ie“ | +3ia’d?f2x?Log[l+ie” | +9iab’®d®f>x?Log[l+ie"?¥]+
31a%d?e?cf2x? Log[1+iec*dx] +91ab?d?e?¢ 2 x? Log[1+1i<ec+dx} +6b3d%e? Log[1+ez(c*dx)] +6b3d%e? ¢ Log[1+ez<c*dx)} -
6a’bf2Log[l+e® (9] -6b’f2 Log[1+e? (9% | -6a’be?  f2Log[1+e? (<9¥ | _6b% e’ 2 Log[l+e? (<] ¢
12b3d’efxlog[l+e? (9] +12b*d’ee?“ fxlog[l+e? 9] +6b>d> f2x? Log[1+e? (¥ ] +6b%d? e 2 x? Log[1+e® (9% | +
6ia(a®+3b%*) d (1+e’c) f (e+fx)Polylog|2, -ie“ ] -6ia (a®+3b?)d(1+e’‘)f (e+fx) Polylog|2, ie“ ]+
6b>defPolylog[2, -2 (“9¥ | +6b>de e’ fPolyLog[2, -e” (9% | + 6 b*d > x PolyLog|[2, - (<9 | +
6b>d e’ f2x Polylog|2, -e? (¥ | -6 1ia®f?Polylog|3, -i e“*?*] -18 i ab? f? Polylog|3, -i e“9¥] -
61ia’ e’ 2 Polylog[3, -ie“?*]| -181iab?e?“f2Polylog|3, -1 e“'?*] +6i a’ f* PolylLog[3, i e“®*| + 18 i ab? f? PolyLog|[3, i e“"?*] +
61ia’e’ f2Polylog|3, i e“*] +18iab? e’“ £ Polylog[3, i e“"**| -3b® 2 PolylLog|3, -’ (<*9% | -3b® e’ f? Polylog|3, -e2 (<% ]) -

1
3 (a2+b2)2d3 <71+e2c>

b>l6d’e®e®“ x+6d’ee® fx*+2d>e® 2 x> +3d’e’Log[2ae“ ™ +b (-1+e® (9 )] -

b e2crdx b @2c+dx
3d*e’e’“log[2ae”®+b (-1+e* ()] +6d’efxlog|l+ | -6d?ee®“ fxLog(l+ |+
aec- (a2+b2) e2¢ aec- (a2+b2) e?¢
2c+d 2c+d
3d2'F2x2Log[1+ be” T ]—3dzechzx2Log[1+ b e }+
ae‘- (a2+b2) e?¢ ae‘- (a2+b2> e?¢
2c+d 2c4d 2 cad
6d”efxLog[l+ S | -6d*ee’ fxLog[l+ e | +3d2 %2 Log[1+ e ] -
aet+ (a2+b2> e2c¢ aet+ (a2+b2> e2¢ ae 4+ (a2+b2> e2c
2c+d 2 cd
3d2e2C-F2x2|_og[1+ S }*6d<71+e2C)F<e+Fx) PolyLog[Z,f be 7" ],
ae+ (a2+b2> e?¢ ae- (a2+b2) e?c
2 c+d x 2c4d
6d (-1+e’¢) f (e+fx) Polylog[2, - be | -6f*PolyLog|3, - b e ]+
ae‘+ (a2+b2) e?¢ ae‘ - (a2+b2) e?¢
2 c+d x 2cad 2 cad
6 e > Polylog|3, - be ] - 62 PolyLog[3, - ber™™ ] +6e2° 2 PolyLog[3, - be” 1]+
ae‘ - (a2+b2> e2c aec+ (a2+b2> e2c ae 4 <a2+b2) e2c

.
24 (a2 + b?)? d?
6a’befCosh[2c] +6b3efCosh[2c] +6a’bf2xCosh[2c] +6b3>f2xCosh[2c] +6a’befCosh[2dx] +6b%>efCosh[2dx] +

Cschlc] Sech[c] Sech[c+dx]? (-6a*bef-6b’ef+12b’°d’e®?x-6a’bf’x-6b>f2x+12b°d’efx*+4b>d* 253+
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6a’bf2xCosh[2dx] +6b3f2xCosh[2dx] -3a*de?Cosh[c-dx] -3ab?>de?Cosh[c-dx]-6a*defxCosh[c-dx] -
6ab’defxCosh[c-dx]-3a*df?>x?Cosh[c-dx] -3ab?df?x?>Cosh[c-dx] +3a*de?Cosh[3c+dx]+3ab?®de?Cosh[3c+dx] +
6aldefxCosh[3c+dx] +6ab’defxCosh[3c+dx] +3a’df®x?Cosh[3c+dx]+3ab’>df®x?Cosh[3c+dx] -

6a’befCosh[2c+2dx] -6b3efCosh[2c+2dx] +12b3d?e?xCosh[2c+2dx] -6a2bf?xCosh[2c+2dx] -6b3>f2xCosh[2c+2dx] +
12b>d?efx?Cosh[2c+2dx] +4b3>d?f2x3Cosh[2c+2dx] +6a’bde?Sinh[2c] +6b>de?Sinh[2c] +12a’bdefxSinh[2c] +
12b3defxSinh[2c] +6a’bdf2x?Sinh[2c] +6b3df?>x?Sinh[2c] +6a’efSinh[c-dx] +6ab’efSinh[c-dx] +6a%f’>xSinh[c-dx] +
6ab’f>xSinh[c-dx] +6a’efSinh[3c+dx] +6ab’efSinh[3c+dx] +6a’f>xSinh[3c+dx] +6ab’f>xSinh[3c+dx])

Problem 317: Attempted integration timed out after 120 seconds.
Sech[c+dx]3
dx
J(ewa) (a+bsinh[c+dx])

Optimal (type 9, 30leaves, 0steps):

Sech[c+dx]3

(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?0

Problem 328: Result more than twice size of optimal antiderivative.

(e +fx)?Cosh[c+dx]
J dx

(a+bSinh[c+dx})3

Optimal (type 4, 306 leaves, 12 steps):

af (e+fx) Log[1+ﬁ} af (e+fx) Log[1+M
a—/a?sb? a+/ a2+b? f2 Log[a+bSinh[c+dx]]
- + +
b (a? + b2)>/? @2 b (a2 + b?)>/? g2 b (a%+b?) d?
f2Polylog[2, - 2= f2Polylog[2, - 2
a f? PolyLog|2, afla2+b2]7a olyLog[2, a+«/az+b2]7 (e+Fx)? i f (e+fx) Cosh[c+dx]
b (a2 +b2)>/? @ b (a2 + b2)>/? d? 2bd (a+bSinh[c+dx])> (a*+b?) d*> (a+bsSinh[c+dx])

Result (type 4, 770leaves):
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f2 x Coth[c]
b (a2 + b?) d?

+

c+dx

c+dx a+be

2aee “ArcTan [ arbetth 2aeefArcTan [

! e“f|-2e“Ffx- m . \/—azi—b2 7®7c'FLOg[2a(ec+dX+b(_1+62(C+dx)>] )

b (a?+b?) d* (-1 +e?€) V_aZ_b? J_aZ_ b2 d

-F L 1 be2c+dx 2C.F L 1 be2c+dx -F L 1 b62c+dx
et f Log[Za ec*dx +b <—1+ @2 (crdx) )} arx Og[ " ae‘- (a2+bz) e?c ] ae * Og[ " ae‘- (a2+bz) e?c ] arx og{ " ae+ (a2+b2) e?¢ }
_ + + _
d (a2 + b?) e2¢ (a2 + b?) e2¢ (a2 + b?) e2¢
ae?cfxLlog(l+ L} a(-1+e2c) fPolylog|2, —L] a(-1+e2¢) fPolylog|2, —L]
ae+ (a%+b?) e’¢ aet-/ (a’+b?) ¢ ae+/ (a’+b?) e*¢
+ _ _
(a2+b2> e%¢ d (a2+b2) e%¢ d (a2+b2) e?¢
fszosh[c]Csch[i]Sech[i] ) (e+-Fx)2 +Csch[i]Sech[i} (aefCosh[c] +af2xCosh[c] +befsSinh[dx] +bf>xSinh[dx])
2b<a2+b2)d2 2bd(a+bSinh[c+dx])2 2b(a2+b2)d2<a+bSinh[c+dx])
Problem 329: Result more than twice size of optimal antiderivative.
(e+fx)3Cosh[c+dx]
J dx
(a+bsSinh[c+dx])?
Optimal (type 4, 631 leaves, 19 steps):
312 (e+fx) Log[1+ 2 3af (e+fx)?Llog[ls e
3f(e+fx)2 (e+fx) Log| +a7 — ] af (e+fx)®Log| +a7 — ]
- + + +
2b (a%+b?) d? b (a% + b?) d? 2b (a%+b2) %% ¢2
3f2 (e+fx) Log|1l —bet?r 3af (e+fx)?Logl1 —bet?X 3 f3 Polylog 2,—&
( ' ) [ ' a+/ a2+b? ] ( " > [ ' a++/ a%+b? ] [ a-/ a%+b? ]
- + +
b (a? + b?) d? 2b (a2 +b2)%2 b (a% +b?) d*
3af? (e+fx) PolylLog|2, o bet? 3 f3 Polylog|2, o bet? 3af? (e+fx) PolylLog|2, o bet®
( : ) [ a-+/ a?+b? ] [ a+/ a%+b? } ( : ) [ a+/ a2+b? ]
. _ _
b (a2+b2)3/2 d3 b (a2 +b2) d* b (a2+b2)3/2 d3
3af3Polylog[3, - 2=~ 3af?Polylog[3, - 2=~
@ Oyog{ a/a2:p? ] @ oyog[ air/a?ib? <e+'FX>3 3f(e+Fx)2Cosh[c+dx}

+ —

b (a2 +b2)>?d* b (a2 +b2)>?d* 2bd (a+bSinh[c+dx])®> 2 (a*+b?) d* (a+bSinh[c+dx])
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Result (type 4, 5785 leaves):
1
b (a2 + b2> d? (—1 + ezc>

c+dx c+dx
ae?e“ArcTan| abeth ae? e ArcTan| abe™
/) -a?-b? ~/ —a2-b?
3e‘f|-2ee‘fx+2ee© (—1+<e2c)-Fx—eCF2x2+e’° (71+e2‘)f2x2— n +

A/ —a2 -b? V -a% - b?

2aee’CfArcTan[M] ZaeeC'FAr‘cTan[M 2aAr‘cTan[M ) s
Ve T —a2-p2 e £ |axs a2 . Log[2aec*dX+b (-1 +e?(c+dX)) ] .
V-az-b? d V-aZ-p? d vV-aZ-b? d d
2 aArcTan| 2™
T [ b +Log[Zaeudx_‘_b(_:I__*_(EZ(Cerx))] .

v -az-b2 d d

, xLog{1+ bt } PolyLog{Z,fihcum } R x Log{1+ bt } PolyLog[Z,— beterdx
X B e/ (a24b2) &2° aecn/ (a2:b2) e2¢ X B aec/ (a24b2) e2¢ aecn/ (a2:b2) e2€
2 |aef-q/ (a2+b?) €€ d |aec-/ (a®+b?) e*© d? |aet-/ (a%+b?) €€ 2 |aef+q (a2+b?) €€ d |ae+ (a%+b?) e*¢ d? [ae+/ (a%+b?) €€
2be ¢ f? + +
—ae ‘-e?°¢ \/m —ae “+e 2/ a%e?C+b? e3¢ —ae “-e2¢ \/m —ae “+e?°¢ \/m
b b b b
b e2crdx be2crdx b o2crdx b o2crdx
- x Log {1+ oy } PolyLog {2,77”:7 T } g x Log{1+ o } PolyLog {2,7 T }
2 [a e‘- (az+b2) e?¢ ] d (a [ (az+b2) e?¢ ] d? (a [ (az+b2) e?¢ ] 2 [a e+ (a2+bz) e?¢ ] d|ae+ (az+b2> e?¢ J d? |aet+ (az+b2> e?¢ J
2beff? |- + -
—ae “-e2°¢ \/m —ae “+e2° \/m —ae ‘-g2°¢ \/m —ae “+e 2 \/m
b - b b - b
xLlog[1+ —LB< ] polylog[2, - — 2]
2adef |- (—a e ¢ +e'2c aZ (EZC +b2 (EZC X2 - ¢ <32+b2) < - e (az+b2) e /
2 lae- <a2+b2) e?¢ dlae- (a2+b2> e¢ d? [a e - <a2+b2) e?¢
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_ae—c_e—ZC aZ‘EZC_'_bZQEZC _ae—c+e—2c a2e2c+b262c
b - +
b b
beZC+dx beZC+dx
R xLog[1+ - — C] PolyLog[Z,— - — zc}
( “c 2c 2 2c b2 2c X ae‘+ (a+b)e ae‘+ <a+b)e /
-ae - € a“ e + e - -
2 ae+ <a2+b2) e%¢ dlae®+ (a2+b2> e%¢ d? |ae®+ <a2+b2) e%¢
_ae—c_e—ZC a2<92c+b2(92c _ae—c+e—2c azezc+bzezc
b - +
b b
xLog[1+%] PolyLog[Z —%}
9 a2 ( c 2¢ [32 02¢ 1 p2 o2 x? aet-/ (a2+b?) e2° T aes (a%+b?) e2¢ /
a - -ae " +e a‘ e’ + e - -
2 |aec - <a2+b2) e%¢ dlae- (a2+b2> e%¢ d? |aec - <a2+b2) e?¢
_aefc_(efzc aze2c+b262c _aefc_'_ech a262c+bzezc
b - +
b b
2c+dx 2c+dx
5 xLog[1+b@+] PolyLog[Z, —Mé}
X ae‘+ (az+-b2)ezC aec+ <az+b2)ezc
-C -2c 2 2c 2 2c
(—ae -e a‘e““+b e - - /
2 ae+ <a2+b2) e%¢ dlae+ (a2+b2> e%¢ d? |aet+ <a2+b2) e?¢
_ae—c_e—ZC a2<EZC_'_b2(EZ:: _aefc_*_ech a262c+b262c
b - +
b b
b 2c+dx beZC+dx
, xLog[1+—E — ZC} Polylog|2, e 2(]
Jadef 2c _c 2c 2 2c b2 5c X ae‘- (a+b)e ae‘- (a+b)e /
ade - e -ae "+ e a” e + e - -
2 (ae® - (a2+b2) ezc) dlae®- (a2+b2) e?c d? ae - (a2+b2) ezc)
—ae c_e—2c a2 eZc+b2(EZC _ae—c+e—2c a262c+b2@2c
b - +
b b
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2c+dx 2c+dx
5 xLog[1+ %} PolyLog[z, —%]
X aet+q/ (a2+b?) e2¢ aef+q/ (a%+b?) e2¢
e2c _ae—c_e—ZC a2(e2c_*_b2‘EZc _ _ /
2 aet+ (a2+b2) ezc) dlae+ <a2+b2) e%¢ d? (aef+ (a2+b2) ezc)
b 7ae—c7e—2c a262c+b2e2c 7ae—c+e—2c a2e2c+b2e2c
b b
2c+dx 2c+dx
5 xLog[1+ be+} PolyLog[Z, 7be+]
X ae‘-+/ (a?+b?) e2¢ ae‘-4/ (a%+b?) e2¢
2af |- |le2c [_aecse2c/a2e2C b2 e2€ B ( ) ~ ( ) /
2 laec - (a2+b2> e?¢ d|aec- <a2+b2) e%¢ d? (aef - (a2+b2> e?¢
7ae—c7e—2c a262c+b2e2c 7ae—c+e—2c aze2c+b2e2c
b - +
b b
2c+dx 2c+dx
5 XLOg[l‘F ﬁ} POlyLOg[Z, 7%]
X ae‘+ a%+b?) e*€ aet+q/ (a%+b?) e*€
(EZC _ae© e—Zc a2 62c+b2 eZC _ _ /
2 (aet+ (az+b2) ezc) dlae+ <az+b2) e%¢ d? (ae+ (a2+b2) ezc)
b 7ae—c7e—2c aZ(EZchbZeZc 7ae—c+e—2c a2e2c+b2e2c
b b
2c+dx 2c+dx
X2 Log[1+ be%] 2xPolyLog[2, —b°+]
3 c 2. h2) @2C c 2, p2) @2€
X ae“- a‘+b®) e ae‘- a‘+b®) e
adf? |- (—a<e°+e’zc a?e?¢+b?e?¢ - ( ) - ( ) +
3 (aec - <a2+b2) e?¢ dlae‘- <az+b2) e?¢ d? (aef - (a2+b2> e%¢
2cidx
2Polylog|[3, - — bL ]
aet-/ (a2+b?) €2¢ /(b —ae“-e?2¢/a%e?c +b?e2c —ae“+e?¢/a?e?c +b?elc J
- +
d® aef - <a2+b2) e?¢ b b
2cidx 2cidx
; x? Log[1+ be%] 2xPolyLog[2, —be+]
X ae+q/ (a%+b?) e2¢ a e+ (a2+b?) e2¢
(7ae7c7672c aZ(EZCerZ(EZc _ ( ) _ ( ) +
3 lae+ <a2+b2) e%¢ dlae+ <a2+b2) e%¢ d? (ae+ (a2+b2> e%¢

| 99
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2PolyLog[3, —%]
aet+ (a2+b?) e2¢ /[b —ae“-e?¢a%e?c+b?e2c —ae“+e?¢/a%e?c +b?e?c ]
- +

d® ae®+ <a2+b2) e?¢ b b

x? Log[1+ L} 2xPolyLog[2, - be??
X3 ae‘- (az+b2)eZC ae‘- (az+b2)ezc
adf? |- ezc[—ae’cwe’zc a2e25+b2e2c) - -
3 (aef- (a2+b2> e?¢ dlaec- (a2+b2) ezc) d? |aec - <a2+b2) e?¢
beZ&de
2Polylog[3, - — <= ]
aec-[ (a2+b?) e2° /(b —ae“-e?°vVa?e?c+b?e?c —ae C+e?2¢/a?e?c+b?elc J
- +
d? (aec - (a2+b2) e?c b b
, x? Log[1 + be? |  2xPolyLog[2, - b e2® ]
e2¢ [_aec_ o2c a2e2C+b2e2c) X - ae+/ (a%+b?) €€ - ae+/ (a’+b?) €€ .
3 (ae‘+ (a2+b2) ezc) dlae+ (a2+b2) ezc) d? |aec+ (a2+b2) e?c
2Polylog|3, - — Lo ]
ae+/ (a2+b?) €2¢ /(b —ae“-e?¢a%e?c+b?e2c —ae“+e?°Va?e?c +b2e2c )
d® |ae+ (az+b2) e?¢ b b
<e+fx)3

- < 2 2 32 2 .
+ (3Csch[—] Sech|—] (ae’fCosh[c] +2aef?xCosh[c] +af®x?Cosh[c] +be’fSinh[dx] +

2bd (a+bSinh[c+dx])? 2 2

2bef?xSinh[dx] +bf’>x*>Sinh[dx]) /(4b (a*+b*) d*> (a+bSinh[c+dx]))

Problem 331: Result more than twice size of optimal antiderivative.

(e+fx)2Cosh[c+dx]
J dx

(a+bSinh[c+dx})3

Optimal (type 4, 306 leaves, 12 steps):

+
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af (e+fx) Log[1+ bet? | af(e+fx)Log[1l+ b ec?

a-+/a2+b? a/ a2+b? f2Log[a+bSinh[c+dx]]
+ +

b <a2+b2>3/2 d2 b (a2+b2>3/2 d2 b (az+b2) d3
2 Polylog[2, - 2= 2 polylog[2, - —2=—
@ oyog[ S peye ] @ oyog[ ai/a2:b2 (e+-Fx)2 'F(e+'FX> Cosh[c +dx]
b (a2 +b?)*? d? b (a2 + b?) %2 d? 2bd (a+bsSinh[c+dx])*> (a*+b?)d* (a+bSinh[c+dx])

Result (type 4, 770 leaves):
f2x Coth[c]

-+

b (a?+b?) d?

a+b eS*dX

2aee “ArcTan| M] 2aeeArcTan|
1 N N e’C'FLog[Zaec*dX+b (—1+e2 “*dx))]

e“f|-2e“Ffx- + - +
b(a2+b2) d2 (—1+<e2°) V_—aZ b2 J_aZ_p? d
-F L 1 beZC+dX ZC.F L 1 beZC+dX -F L 1 b62c+dx
e"FLog[ZaeC*dx+b <—1+@2 (c+dx)>} arx Og[ " ae‘- (a2+b2) e?¢ ] ae X Og[ " ae‘- (a2+b2) e2¢ ] arx Og{ " ae‘+ (az+b2) e2¢ }
- + + -
d (a2 + b?) 2 (a2 + b2) 2 (a2 + b2) €2
ae?“fxlog[l+ —2<=——] a(-1+e¥) fPolylog[2, -—2=———] a(-1+e*) fPolylog[2, - — =]
ae+ (a%+b?) e*¢ ae‘-/ (a%+b?) e2© ae+/ (a%+b?) e*©
+ _ _
(a2+b2) e%¢ d (a2+b2) e?¢ d (a2+b2) e?¢
FZXCosh[c]Csch[i]Sech[i] i (e+'Fx)2 +Csch[i]Sech[ﬂ (aefCosh[c] +af?xCosh[c] +befSinh[dx] +bf>xSinh[dx])
2b (a%+b?) d? 2bd (a+bSinh[c+dx])? 2b (a2 +b?) d? (a+bSinh[c+dx])

Problem 332: Result more than twice size of optimal antiderivative.

(e+-Fx)3Cosh[c+dx]
J dx

(a+bSinh[c+dx})3

Optimal (type 4, 631 leaves, 19 steps):
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3 2 (e+-Fx> Log[1+ —betdx } 3af (e+-Fx)2Log[1+ _bet?x

3f (e +f X) 2 a-~/ a2+b? a-+/ a2+b? }

- + + +

2b (a%+b?) d? b (a% +b2) d? 2b (a% +b2) %% g2

3F (e+fx)Log[l+ 2] 3af (e+fx)’Llog[l+ 2<"—] 3polylog[2, - ><"—

a+/ a2+b? a+/ a2+b? a-+/ a%+b? ]

- + +

b (a% + b2) o 2b (a2 +b2)32 @2 b (a% + b2) d*

3af? (e+fx) Polylog|2, _ —bemdx | 3fPolylog|2, _ —bemix | 3af?(e+fx) PolyLog|2, _ —bet*

a-/ a%+b? a++/ a%+b? a++/ a2+b? ]

+ — —

b (a2+b2)3/2 d3 b (a2+b2) d4 b <a2+b2>3/2 a3

3af?Polylog[3, - 2= 3af3 Polylog[3, - 2=
y g[ ? ai/aerbz] y g[ ’ air/a?ib? <e+'Fx>3 3'F(e+'FX)2COSh[C+dX]

+ —

b (a2 + b2)>/? g b (a2 +b2)>/? g 2bd (a+bSinh[c+dx])? 2 (a?+b?) d® (a+bSinh[c+dx])

Result (type 4, 5785leaves):
1
b (az + b2> d? (—1+ e2C>

[ a+b etdx [ a+b etdx

aeZe €ArcTan ae?efArcTan

-a2-b? -a?-b?

e f —2e<ec'Fx+2e<e’c<—1+092C)‘Fx—cec'FZXZJre’c (—1+e2°)'F2x2— + +

A/ -a? - b? V -a% - b?

c+dx

2a Ar‘cTan[w

c+d x

2ae<e’°'FAr‘cTan[M] 2aeeCfArcTan[M

J-a?_b? \/ —a2_b? J/-a?_b? Log [2 ae“dxip (—1 + @2 (crdx) ) ]
+

- —ee “f|-2x+ +
V-aZz-b? d V-a2-p?2 d V-aZz-p? d d
c+dx
2aArcTan| 22—
J—a?_p2 Log[Zaec*dXer (—1+e2<c*dx))]
ee“f |-2x+ + -
V-az-b? d d
be2(¢dx be2(¢dx b@Z(*dx beZ(*dx
xLog|lé ———— PolylLog|2,-—F——— xLog|l4 ————— PolylLog|2,-
x2 _ { accy/ (a2:b2) e2¢ } _ { acty/ (a2:b2) e2¢ } x2 _ { aeti/ (a24b?) e2¢ } [ acciy/ (a2:b2) e2¢ }
2 (a e~ (az+b2) e ) d [a e~ (az+bz) e ) d? [a e~ (az+bz) e ) 2 |ae‘+ (a2+b2) e?¢ ] d (a e+ (a2+b2) e ] d? (a e+ (a2+b2) e?¢ ]
2be ¢ f? |- +

“a e*C,e*ZC az eZc+b2 EZC —a e’CHE’ZC aZ e2c+b2 ‘EZc 73@*7@’2‘: /az eZc+b2 e2c “a efc+efzc az eZc+b2 EZC

b b b b
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x Log {1+ L } PolyLog {2, L } x Log [1+ beredx } PolylLog {2, L }
x2 B et/ (a2ib?) e2¢ et/ (a2ib?) e2¢ x2 _ aeti (a2ib?) 2 e/ (a2+b?) e2€
2 |ae‘- (az+b2) e%¢ ] d (a [ (az+b2) e?¢ ] d? (a [ (az+b2) e?¢ ] 2 [a e+ (az+bz) e?¢ ] d|ae+ (az+b2) e?¢ J d? |aec+ (az+b2) e?¢ J
2beff? |- + -
—a efc_e—ZC az e2c_*_b2 ez: _aefc_*_e—Zc /az eZc_*_bz eZC —a e—c_e—ZC aZ €2c+b2 eZc —a e7c+e—2c az EZC+bZ ez:
b b b b
2cidx 2cidx
xLog[1+b“’+] Polylog|2, —b“+}
2adef |- (—a e“+re?ate?c+b’ e’ X - i A 2y o) & /
2 lae‘ - <a2+b2) e%¢ d|ae‘- (a2+b2) e%¢ d? |aec - <a2+b2) e%¢
_ae—c_e—2c aze2C+b2(EZC _ae—c+e—2c a2(62c+b2@2c
b - +
b b
2c+dx 2c+dx
x Log[1+ b | Polylog[2, - —2=———]
( ¢ 2¢ 2020 p2 g2¢ x? ae+/ (a?+b?) €€ aecrf (a2ib?) 2 /
-ae -e a“ e + (] - -
2 lae‘+ <a2+b2) e?¢ dlae®+ (a2+b2> e%¢ d? |aec+ (a2+b2) e?¢
_ae—c_e—ZC a262c+b262c _ae—c+e—2c aZ 2c+b262c
b - +
b b
2c+dx 2c+dx
xLog[1+b“+] PolyLog|2, —b‘°+}
2af? |- (—a@ Cy+e2¢+/a?e?C +b? e2¢ X - e e /
2 (ae- <a2+b2) e?¢ d|ae- (a2+b2> e?¢ d? [aec- <a2+b2) e?¢
7ae—cie—2c a2(82c+b2(e2c 7ae—c+e—2c a2(e2c+|:)2(92c
b - +
b b
2c+dx 2c+dx
x Log[1+ be+] PolyLog[2, - be+}
( c 2c 2 g2¢, p2 @2¢ x2 ac+/ (a%+b?) €€ act+ (a%+b?) €€ /
-ae -e a“ e + e - -
2 lae+ <a2+b2) e?¢ dlaec+ (a2+b2> e?¢ d? |aec+ <a2+b2) e%¢
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_ae—c_e—ZC a2e2c+b262c _ae—c+e—2c a2e2c+b2e2c
b - ;
b b
2c+dx 2c+dx
, x Log[1+ be | PolyLog[2, - be ]
2¢ -c -2c¢ 2 2c 2 2c X ae‘-/ (a%+b?) e*¢ aec-yf (a2+b?) €€
2adef |-||e -—ae “+e a‘e “+b°e - -
2 laeC (a2+b2)e2c) d|ae- <a2+b2) e?¢ d? (a e - (a2+b2)e2c)
_ae—c_e—ZC a2<82c+bz(ezc _ae—c+e—2c azezc+b2e2c
b - +
b b
2cidx 2cidx
, xLog[1+ “%} PolyLog[Z, —be%]
X ae+ (az+b2)«eZc ae“+ (az-ﬁ-bZ e?c
(e2c _ae € e—Zc a2e25+b2(e2c _ _ ) /
2 (aet+ (a2+b2) ezc) dlae+ <a2+b2) e?¢ d? (ae+ (a2+b2) ezc)
b _aefc_efzc a2e2c+b262c _aefc_*_ech a262c+b2(ezc
b b
2c+dx 2c+dx
, xLog[1+ l’“%} PolyLog[Z, —b"+]
X ae‘-+/ (a?+b?) e2¢ aet-+/ (a%+b?) e2¢
2af |- |le2c [—aec+e2/a2e2 b2 2c) B ( ) ~ ( ) /
2 lae- (a2+b2> e?¢ d|ae- (a2+b2) e?¢ d? (aef - (a2+b2) ezc)
_ae—c_e—Zc aze2c+b262c _aefc_'_ech a262c+b262c
b - +
b b
2cidx 2cidx
, x Log[1 + b—} Polylog|2, —“+]
X ae+ (a%+b?) e’¢ ae+/ (a%+b?) €€
<e2c 7ae7c efzc a2e25+b2e2c _ _ /
2 ae+ (a2+b2) ezc) dlae®+ <a2+b2) e%¢ d? (a e+ (a2+b2) ezc)
b _aec_e—2c azezc+b2<e2“ _aec+e—2c a262c+b2@2c
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x?Log[1+ —2<=" ] 2xPpolylog[2, - — 2]
x3 ae‘-/ (a%+b?) e*© ae‘-/ (a%+b?) e2©
adf? |- (—ace’c+<e’2c a?e?¢+b?e?c - - +
3 (aec- <a2+b2) e%¢ d|ae- <a2+b2) e%¢ d? (ae€- (a2+b2> e?¢
2Polylog|[3, - — 2= ]
aet_ (a2+b2)e“ /(b _ae - e2¢+/32 g2¢ 4 p2 g2¢ _ae S 4+e204/32 2C 4 p2 p2€ J
- +
d® |ae - (az+b2) e?¢ b b
; X2 Log[1+ L] 2xPolyLog[2, —%]
(_ae*C_@*ZC a2 ezc+b2 (EZC X ~ ae‘+ (a2+b2) e?¢ - ae‘+ (az+b2) e?¢ .
3 laec+ (az+b2) e?¢ d|aec+ <a2+b2) e?¢ d? aef+ (a2+b2> e?¢
2 Polylog|3, - — bE ]
ae+/ (a2+b?) €2¢ /(b —aef-e?cVatelc+b2e?t -—ae“+e?¢Vatelt+ble’c J
- +
d® |ae+ <a2+b2) e?¢ b b
, x2 Log[1+%} 2 x Polylog|2, —L]
adf?|-||e?¢|-ae+e?/a%e?+b%e3" ) X - G G 2 (ohb) € +
3 (aef- (a2+b2) ezc) dlaec- (a2+b2)<ezc) d? |aec - <a2+b2) e?c
belcﬂjx
2PolyLog[3, ——]
aec[ (a+b?) e2° / (b _ae € _e2c+/a2 g2c p2 g2¢ _aeCie2¢+/a2 e2¢ 1 p2 @2¢€ J
- +
d? |ae - (a2+b2) elc b b
x2 Log[l+L] 2 x Polylog|2, —L]
2 2 2 2 2 2 x3 act+ (a%+b?) €€ aeci/ (a2+b?) €€
e |l-ae“-e““4Ja‘e““+b C) - - +
3 (ae+ (a2+b2> ezc) dlae+ (a2+b2> ezc) d? [aec+ <a2+b2) e?¢
2 Polylog|3, - — bE ]
ae+/ (a2+b?) €€ /(b —ae “-e?2¢+a?e?C +b?elc —ae“+e?°Va?e?c +b2e2c J
d® |ae+ <a2+b2) e?¢ b b
<e+-Fx)3 c c .
+ (3 Csch|—] sech|[—] (ae®fCosh[c] +2aef?xCosh[c] +af®x*Cosh[c] +be”*fSinh[dx] +
2 2

2bd (a+b$inh[c+dx])2
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2bef*xSinh[dx] +bf>x*Sinh[dx])

/ (4b (a?+b?) ¢ (a+bSinh[c-dx]))

Problem 333: Result more than twice size of optimal antiderivative.

(e+-Fx>3Cosh[c+dx] Sinh[c +dx]

J

a+bSinh[c+dx]

dx

Optimal (type 4, 448 leaves, 16 steps):

£x)? Log[1+ 2
a(e+fx)4 6 3 Cosh[c +dx] 3F(e+fx>2Cosh[c+dx} a(exfx)” Log| +37W]
4b%f b d* b d? b2d
ale+fx)?logll1+ 221 3af(e+fx)2PolyLog[2, - 2] 3af(e+fx)?PolyLog|2, - -2
e [+a+m]_ e | JT} e+ > e
b%d b2 d2 b2 d2
6af? (e+fx)Polylog[3, - 2= ] 6af?(e+fx)Polylog(3, - 2] 6afiPolylLog|s, - 2=
( + ) [ 4 a_m < + ) [ ) a+\/ﬂ} [ 4 a—m

b? d3

b ec+d x

6af>PolylLog|4, -

+

Y e 6 f2 (e+fx) Sinh[c+dx]
+

b%d3

b2 d*

(e+Fx)3Sinh[c+dx}

b? d*

Result (type 4, 1518 leaves):

+

bd3

bd

+
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1
4 b2 d*

e ld4ad*ee‘x+6ad*e?efx?+dadieef2x3+rad* e x*-2bd?e3Cosh[dx] +2bd?e®e?C Cosh[dx] -

6bd?e?fCosh[dx] -6bd?e?e?cfCosh[dx] -12bdef?Cosh[dx] +12bdee?°f2Cosh[dx] -12bf3Cosh[dx] -
12be?¢ f3 Cosh[dx] -6bd®>e?fxCosh[dx] +6bd>e?e?®fxCosh[dx] -12bd?e f?xCosh[dx] -12bd?e e?¢ f2x Cosh[d x] -
12bdf3xCosh[dx] +12bd e?¢ 3 xCosh[dx] -6bd3>e f>x?>Cosh[dx] +6bd>ee?® 2 x?>Cosh[dx] - 6bd?f3x?Cosh[dx] -
6bd? e’ > x* Cosh[dx] -2bd’® > x? Cosh[dx] +2bd® e’ > x’ Cosh[dx] -4ad’e® e Log[2ae ™ +b (-1+e> (<) ] -

be2c+dx be2c+dx b(e2c+dx
12ad®e’ e fxLog(1l+ | -12ad*ee® 2 x? Log[1 + | -4ad®e 2 %% Log |1+ | -
aec- (a2+b2> e?c ae‘ - (a2+b2) e?¢ aec- (a2+b2> elc
2c+d 2c+d 2c+d
12ad®e? e fxLog(1l+ be” ™™ | -12ad*ee® 2 x? Log[1 + be ™ | -4ad®e 2 x% Log |1+ be” ™™ | -
ae+ (a2+b2> e%¢ ae+ (a2+b2) e?¢ aet+ (a2+b2> e%¢
b e2crdx b @2 c+dx
12ad2ecf(e+-Fx)2PolyLog[2,— ]—12ad2<e°-F(e+-Fx)2PolyLog[2,— |+
ae‘- <a2+b2) e%¢ ae+ (az+b2> e?¢
2c+d 2c+d
24adee f?Polylog|3, - be” ™ | +24ade® > xPolylog[3, - be” ™ |+
aet - (a%+b?) e*¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d
24adec f*Polylog|3, - be” T | +24ade® > xPolylLog[3, - be” 7" ] -
aet+. (a%+b?) e*° ae®+./ (a%+b?) ¢
b(eZc+dx beZC+dx
24 ae® f? Polylog |4, - | -24ae° f PolyLog|4, - | +2bd?®e?*sinh[dx] +
ae- (a2+b2> e%¢ aet+ (a2+b2) e?¢

2bd?e®e?¢Sinh[dx] +6bd2e?fSinh[dx] -6bd?e? e fSinh[dx] +12bdef2Sinh[dx] +12bde e?¢ f2Sinh[d x] +
12bf3Sinh[dx] -12be?c f3Sinh[dx] +6bd3e? fxSinh[dx] +6bd>e?e?c fxSinh[dx] +12bd?e f?>xSinh[dx] -
12bd?ee?cf2xSinh[dx] +12bd f3xSinh[dx] +12bd e?¢ 3 x Sinh[d x] + 6 bd3 e f2 x?> Sinh[d x] +

6bd>ee?¢f2x?Sinh[dx] +6bd?f>x?>Sinh[dx] -6bd?e?¢ f3x?>Sinh[dx] +2bd>f3*x3Sinh[dx] +2bd>e?° 3 x3Sinh[d x]

Problem 334: Result more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx] Sinh[c +dx] .
X

a+bSinh[c+dx]

Optimal (type 4, 330leaves, 13 steps):
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aerfx)?Log[1+ 22| a(e:fx)’log[1+ 22| 2af (e+fx)Polylog[2, - ]

a(e+1‘:x)3 2f (e+fx) Cosh[c+dx] af a2sp? afatb?

3b2fF b d2 ) b2 d b2 d b2 d2

2af (e+fx) Polylog|2, —M} 2af?Polylog|3, —&] 2af?Polylog|3, o be

2207 aSa7p? 22207 2 f2sinh[c +dx] (e+-Fx)2Sinh[c+dx}
+ +
b2 d2 b2 d3 b2 d3 bd3 bd
Result (type 4, 869 leaves):
1

6 b2 d3

ecl6adie?e’x+6adiee’fx?+2ad®e’fx>-3bd*e?Cosh[dx] +3bd?e?e? Cosh[dx] -6bdefCosh[dx] -6bdee?cfCosh[dx] -

6bf2Cosh[dx] +6be?Cf>Cosh[dx] -6bd?>efxCosh[dx] +6bd?ee?fxCosh[dx] -6bdf?>xCosh[dx] -6bde?f?xCosh[dx] -

2c+d
3bd> f>x?Cosh[dx] +3bd?e’“ > x’ Cosh[dx] -6ad’e’ e Log[2ae“® +b (-1+e* (99} ] -12ad’ee fxLog[1l+ be " ] -
ae‘- <az+b2) e?¢

2c+d 2c+d 2c+d

6ad” e 7 x* Log[1+ e | -12ad?eec fxlog[1+ e | -6ad?e £ x2 Log 1+ e ] -
ae‘- <32+b2) e ae‘+ (a2+b2) e?c ae+ (a2+b2> e?¢
be2c+dx bezc*dx
12ade"f (e+fx) Polylog|2, - | -12adef (e+fx) PolylLog|2, - |+
ae‘- (a2+b2) e%¢ ae+ (a2+b2) e%¢

b e2crdx b e2cdx

12 a e 2 Polylog|3, - | +12ae” f*PolyLog|3, - | +3bd?e?sinh[dx] +
ae‘ - (a2+b2> e?c ae+ (a2+b2) e2c

3bd?e?e?¢Sinh[dx] +6bdefSinh[dx] -6bdee?cfSinh[dx] +6bf2Sinh[dx] + 6be?¢ f2Sinh[dx] +6bd?efxSinh[dx] +

6bd?ee?fxSinh[dx] +6bdf2xSinh[dx] -6bde?¢f2xSinh[dx] +3bd?f2x2Sinh[dx] +3bd?e?°f?x?Sinh[dx]

Problem 335: Result unnecessarily involves imaginary or complex numbers.

j(em‘:x) Cosh[c +dx] Sinh[c +d x]
dx

a+bSinh[c+dx]

Optimal (type 4, 212leaves, 10 steps):
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a(e+fx) Log[1+ —be a(e+fx) Log[1+ —be=
alerx)? fooshicedny °\CTTXILoElLe 2] a (e fx) Logiy mHT]
2b2 f b d2 b2d b2 d
fPolylog[2, - 2 fPolylog[2, - 2~
arroly og[ ai/a2+b2} arroly og[ 22202 (e+-Fx) Sinh[c +dx]
- +
b2 d? b2 d? bd

Result (type 4, 367 leaves):

1 b Sinh[c +dx] bSinh[c +dX]
o -bfCosh[c+dx] -adelog[l+ ————————] +acflog[l+ ———] -
b d a a

1442

1a
1 b (a+ib)cot[t (2ic+n+2idx)] 4 s
af |-~ (2c+inm+2dx)®-4ArcSin[ ———] ArcTan| K | +=|2c+in+2dx+41iArcSin[——]
8 V2 Va?+p? 2 V2
1a
(~a+Va? b7 ) ecrdx J1 e (a+VaZ b2 | ecrix
Log[1+ | +=|2c+in+2dx-4iArcSin| ———]| Log[1- |-
b 2 NEY b

(a—\/a2+7bZ> ec+dx (a+m) ec+dx
| +Polylog|2,

1
~imLog[a+bSinh[c+dx]] +PolyLog|2,
2 b b

|| +bd (e+fx) Sinh[c+dx]

Problem 337: Attempted integration timed out after 120 seconds.

J Cosh[c+dx] Sinh[c +dXx]
(e+fx) (a+bsSinh[c+dx])

dx

Optimal (type 9, 34 leaves, 0steps):
Cosh[c +dx] Sinh[c +dXx]

Unintegrable| s
(e+fx) (a+bSinh[c+dx])

Result (type 1, 1leaves):
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???

Problem 338: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

3cosh[c+dx]2sinh[c +dx]

J(ewa)

a+bSinh[c+dx]

dx

Optimal (type 4, 696 leaves, 23 steps):

3efix 3fx2 a?(e+fx)* (e+fx)* 6af?(e+fx)Cosh[c+dx] a(e+fx)’Cosh{c+dx] 33 Cosh[c+dx]?
+ + + - -

4bd? 8 b d? 4b3f 8bf b2 d3 b2 d 8bd*
avaZib? (e+fx)Log[1+ 2] a+/aZ+b? (e+fx)’Log[1+ 2
3f (eJr-Fx)ZCosh[c+dx]2 ( ) el 2/ a?b? ( ) el aa?:b?
_ N _
4 b d? b3d b3d
3av/a?+b2 f (e+fx)2Polylog[2, - 2] 3a-/a?+b? f (e+fx)?Polylog|2, - 2<%
( ) [ a-+/ a?+b? ( ) [ a+/ a%+b?
b3 d? " b3 d2 -
6a+/aZ+b? f2 (e+fx) Polylog|3, - —2=2 6a~/aZ+b? 2 (e+fx) PolylLog[3, - —2e=
( ) [ ’ a-/ a%+b? ( ) [ ’ a+/ a%+b?
b3 d3 B b3 d3 -
6a~/a?+b? f3polylog[s, - 2= | 6a+/a?:b? fPolylog4, - 22
[ a-+/a2b? [ asa/a2+b? 6af3Sinh[c+dx]
b3 d* : b3 d* : b2 d* :
3a-F(e+-Fx)ZSinh[c+dx] 3f2 (e+fx) Cosh[c+dx] Sinh[c+dx] (e+-Fx>3Cosh[c+dx}Sinh[c+dx]
+ +
b2 d? 4bd? 2bd
Result (type 4, 3458 leaves):
2 2 ArcTan [ b—aTanh[; (c+dx)] }
e [Six- o
d -a2-b? d
.
4b
. ArcT h[fb+aTanh £(c+dx) }
i 7t ArcTan . 1 . .
X2 1 /2+2 1 <a—1b)Cot[f *1C+7*ldx]
Ze?f|—+ a a0 + 2(—jc+ﬁfjdx)Ar‘cTanh[ 2( 2 )
4 2b bd? Va2 + b? \/-a? - b2 2 \V-a?-b?

1a
2 |-1c+ArcCos [— ?} Ar‘cTanh[

(-a-1ib) Tan[i(—jc+§—jdx)]

]+

-a%-b?

] -
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|
|

(a-ib)Cot[2 (-ic+2-idx]] (-a-ib)Tan[} (-ic+Z-idx]]

ArcTanh | | - ArcTanh|

V-a?-b? V-a? -

1a
Ar‘cCos[fT] -21

me-§1 (—Jic+%—j1dx>
Log | |+
V2 A/-ib a+bSinh[c +dx]

(a-ib) Cot[%(—ic+§—idx)}

(-a-1ib) Tan[% (—ic+§—idx)]

1a
ArcCos | - T] +21 [ArcTanh| | - ArcTanh|

a2 -p? \-—a? - b2
(-a-1ib) Tan[%(—ic+§—idx)]

NEpary

]

Log] VoaT b et ety |-
V2 A/-ib Ja+bSinh[c +dx]
ifa-iv/-a?-b7 | (a-ib-v-a?-b? Tan[l [-ic+Z-idx|]]

b(a-ib+y/-a?-b? Tan[l (-ic+2-idx]]]
(-a-ib)Tan[2 (~ic+Z-idx]] ifa+iv-a?-b? | (a-ib-v-aZ-b? Tan[l [-ic+Z-idx]]]
V-aZ b7 b(a-ib+v-aZ-b? Tan[L [-ic+Z-idx]]]

i (a—i\/—az—bz) (a—jlb—\/—az—b2 Tan[% (—ic+§—idx)])

ArcCos | - | +21iArcTanh|

]

ia
b

Log[l—

] + 7APCCOS[7jlbfa] +

2 i ArcTanh|

]

Log[1-

i |PolyLog|2, ] -
b (afjb+\/—a2—b2 Tan|[> (71'1c+57]'1dx)”
2 2
i (a+1‘1\/7a27b2 ) (afjbfx/faszz Tan|> (7jc+lﬂidx)”
PolyLog|2, 2 2 ] +
b (a—1’1b+\/—a2—b2 Tan[% (—ic+§—idx ])
1 1 b(eZc+dx be2c+dx
—ef? |x3- 3ae® |d?>x*Log[1+ | -d?x? Log |1 + |+
4b d* [ (a2 + b?) e ae - [ (a2 + b?) e ae + [ (a2 + b?) e2¢
bez<:+dx beZde
2dxPolylog[2, - | -2dxPpolylog|2, - | -
ae® -,/ (a%+b?) ¢ ae®+./ (a%+b?) ¢
b92c+dx b(82c+dx 1
2Polylog|[3, - | +2PolyLog|3, - +
ae® -,/ (a%+b?) ¢ ae + ./ (a%+b?) e 16 b
2c+d 2c+d
3 |x* - ! 4ae |d®x®Log[1+ be” ™™ | -d®x® Log |1+ be” ™ |+
d* (a2+b2) elc ae- (a2+b2) e?¢ ae‘+ (a2+b2) e?c
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beZC+dx beZC+dx

3d”x? Polylog|2, - | -3d*x?Polylog|2, - | -
ae‘ -,/ (a%+b?) e2¢ ae+./ (a%+b?) e2¢
be2c+dx b(e2c+dx
6dx Polylog|3, - | +6dxPolyLog|3, - |+
aec- (a2+b2) e?¢ aec+ (a2+b2> e?¢
be2c+dx be2c+dx
6 Polylog |4, - | - 6PolyLog|4, - [+
aec- (a2+b2) e?¢ aet+./ (a%+b?) e2¢
2c+d 2c+d
i3e'|:2 2 (4a%+b%) - ! 6a (4a”+3b%) e |d*x*Log|1+ be? ™™ | -d?>x?Log[1+ be ™™ |+
8b &3/ (a2 + b?) e2€ aec - [ (a? +b?) e2¢ aet++[(a2+b?) e2°
2c+d 2c+d
2deolyLog[2,— be ™™ ]—dePolyLog[Z,— be ™7 ]—
aec- <a2+b2) e?¢ aec+ (a2+b2) e?¢
be2c+dx be2c+dx
2PolyLog[3, - ] +2PolyLog[3, - -
aef - (a?+b?) e’¢ aec+ (a2+b2) e¢

24abCosh[dx] ((2+d*x?) Cosh[c] -2dxSinh[c]) 3b?Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
d3 * d3 N
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[dx]

d3

+

3b? ((1+2d?>x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]

+

d3
2c+d 2c+d

13-F3 (4a%+b?) x* - ! 4a(4a’+3b%) e |d®x?Log[1+ be? ™" | -d®x® Log |1+ be”™” ] +

16b d* ./ (a% + b?) e2¢ aet -/ (a%+b2) e° aec (a2 b?) &2¢

2c+d 2csd > erd
3d°x? Polylog|2, - e | -3d*x*PolyLog|2, - e | -6dxPolyLog|3, - e |+
aec - <az+b2) e2¢ PP (a2+b2> e2¢ aef - (a2+b2> o2 ¢
b e2c+dx b @2c+dx b o2 dx
6 d x PolylLog|3, - | +6PolyLog|4, - | -6PolyLog|4, - I -

ae+ (a2+b2> e%¢ aec—1/<a2+b2) e%¢ aet+ (a2+b2) e?¢
16abCosh[dx] (dx (6+d?x?) Cosh[c] -3 (2+d*>x?) Sinh[c]] b2Cosh[2dx] (-3 (1+2d?x?) Cosh[2c] +2dx (3+2d?x?)Sinh[2c])

d : g )
16ab (-3 (2+d*x?) Cosh[c] +dx (6+d?x?) Sinh[c]) Sinh[dx]

d4

+
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b2 (2dx (3+2d?x?) Cosh[2c] -3 (1+2d*x?) Sinh[2c]) Sinh[2d x]

+

d*
2a (422+317) Ar‘cTan[M
e3 (4a2+b2) (C+dX)— ) _4abCosh[c+dx]+bZSinh[2(C+dx>]
.
4b3d
1
8b3d2
3
o2
-F
<4a2+b2> (7c+dx) (C+dx) B

8abdxCosh[c+dx] -b?Cosh[2 (c+dX)] -

cArcTan[M ) )
o _32_p? c+dx c+dx
4a(4a’+3b%) |- R ! [(c+dx) Log[1+be—]—Log[1+he7} +
\-a?-b?2 2+/a%+b? a-+a?+b? a++a2+b?
bec+dx b(ec+dx
Polylog[2, ——— | - Polylog|2, —]] +8absSinh[c+dx] +2b’dxSinh[2 (c+dx)]
—a++vaZ+b? a++\a2+b?

Problem 339: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(e+-Fx)2Cosh[c+dx]ZSinh[c+dx]

a+bSinh[c +dx]

Optimal (type 4, 510leaves, 20 steps):
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f2y a2 (e+fx)3 (e+Fx)3 2af2Cosh[c+dx] a(e+-Fx)2Cosh[c+dx] 1E<e+-Fx)Cosh[c+dx]2

+ +
4bd? 3b3f 6bf b2 d3 b2 d 2 b d?

> 5 ) b ecHdx 5 5 2 _bedx 2 2 - —bewr
ava?+b? (e+fx) Log[lerW] ava?+b? (e+fx) Log[1+a+m] 2a+/a?+b? f (e+fx) Polylog|2, aim}

+ - +

b3 d b3d b3 d?

2a+/aZ+b? f (e+fx) PolyLog[2, - 2= 2a+/aZ+b? f2pPolylog[3, - 2= 2a~/aZ+b? f2polylog|3, - 2=
< ) [ a++/ a2+b? } [ a-+/ a%+b? ] [ a++/ a%+b? }

+ - +

b3 d2 b3 d3 b3 d3
2af (e+fx)Sinh[c+dx] f2Cosh[c+dx] Sinh[c+dx] (e+-Fx)2Cosh[c+dX]Sinh[c+dx}
+

+

b? d? 4bd3 2bd

Result (type 4, 2451 leaves):

I:7—aTanh[l (c+dx)
2 aArcTan [ %}

2|8 y_ —a-b?
d

e
-a2-b? d

4b

. _b+aTanh|1 (c+d x)
i 7 ArcTanh | ]

1 p x2 1 A/ a%+b? 1 2(

N (a-ib)cot[3 (-ic+Z-idx|] N

1/7(327}:)2

. 7_( 0
-1c+—-1dx
2

a +

2 2b bd? VaZip? V_aZ_p?

. —a-ib)Tan[Y (cic+Z-idx
2(—Jic+Ar‘cCos[—1:})Ar‘cTanh[( ) [2( 2 )H*

‘/7327b2

(a-ib)cot[} (-ic+2-idx]]

(-a-1ib) Tan[% (7jc+§fjdx)]

ia
ArcCos [— T] - 21 |ArcTanh [ } - ArcTanh [

Vo aZ b “a? _p?

|

\/ﬂeiéi (7jc+%fjdx)
Log | |+
V2 A/-ib a+bSinh[c +dx]

(a-ib) Cot[i(—ic+§—jdx)}

(-a-1ib) Tan[i (—ic+§—idx)]

ArcCos | - lea] +21 |ArcTanh| | - ArcTanh|

4/_a2_b2 4/_a2_b2

(-a-1ib) Tan[i(—jCJrf—jdx)]

] [ a2 b2 e%i(ﬂi&%—idx) ]
og -
V2 A/-ib a+bSinh[c +dx]

ArcCos [ - | +21iArcTanh|

ia
b

-a%-b?
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i (a—i\/—az—bz) (a—jlb—\/—az—b2 Tan[i(—ic+;—jdx)})]

Log[1 - + —Ar*cCos[—jlfa]Jr
b(afj'ler\/—az—b2 Tan[i(fjc+§fidx)” b
—a—jb) Tan[l (—J’lc+1—jdx)] i (a+1’1\/—a2—b2) (a—jlb—\/—az—b2 Tan[l (—J‘lc+l—jdx)”
2 i ArcTanh | 2 2 ] | Log[1- 2 2 ]+
V-a2-p? b(afjb+\/WTan[§(fjc+§fjdx])
i (a—i\/—az—b2> (a—jlb—\/—az—b2 Tan[ 2 (—ic+1—idx)])
i |PolyLog[2, 2 2 | -
b(a—1’1b+\/—a2—b2 Tan[%(—ic+§—idx)”
i (a+1’1\/—a2—b2) (afib—\/—aszz Tan| 2 (7jc+171dx)”
PolyLog|2, 2 2 ] +
b(a—jb+\/—a2—b2 Tan[i(—jc+§—jdx)])
2c+d 2c+d
ifz x3 - ! 3ae® [d?x?Log|1+ be? ™™ | -d?x? Log[1 + be” ™™ |+
12b d? (a2+b2> e?¢ aef- (a2+b2> e?c ae+ <a2+b2) e?c
b(eZc+dx b(62c+dx
2dxPolylog[2, - | -2dxPolyLog|2, - | -
ae‘- (a2+b2> e%¢ ae+ (a2+b2> elc
b62c+dx beZC+dx
2Polylog|3, - | +2PolyLog|3, - 1]+
ae‘- (a2+b2> e?¢ ae‘+ <a2+b2) e?¢
2c+d 2c+d
31‘2 2 (4a%+b%) X° - ! 6a (4a’+3b%) e |d>x*Log|1+ be” ™ | -d?x? Log[1 + be” ™7 ]+
24b d3 (a2+b2) e2¢ ae‘ - (a2+b2) e2¢ ae‘+ (a2+b2) e2¢
beZC+dx be2c+dx
2dxPolyLog[2, - | -2dxPolylog|2, - ] -
ae‘- <a2+b2) e?¢ ae+ (a2+b2) e?c
be2c+dx be2c+dx
2 Polylog|3, - | +2PolyLog|3, - -
ae‘- (a2+b2) e?c ae+ (a2+b2> e?c

24abCosh[dx] ((2+d?x?) Cosh[c] -2dxSinh[c]) 3b?Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
o ' & i
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]

d3

+
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3b2 ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]
d3

+

b-aTanh[® (cidx)]
2a (4a%+3b?) Ar‘cTan[é

e? | (4a2+b?) (c+dx) - e ~4abCosh[c+dx] +b?Sinh[2 (c+dx) ]
7a27b2
N
4b3d

1
4 b3 d?
e

.F

(4a®+b?) (-c+dx) (c+dx) -

8abdxCosh[c+dx] -
b?Cosh[2 (c+dx) ] -

cArcTan[M ) )
o _32_p? c+dx c+dx
4a(4a’+3b%) |- R ! [(c+dx) Log[1+be—]—Log[1+he7} +
\-a?-b?2 2+/a%+b? a-+a?+b? a++a2+b?
bec+dx b(ec+dx
Polylog[2, ——— | - Polylog|2, —]] +8absSinh[c+dx] +2b’dxSinh[2 (c+dx)]
—a++vaZ+b? a++\a2+b?

Problem 340: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

(e+fx) Cosh[c+dx]?Sinh[c+dx]
j a+bSinh[c +dx]

Optimal (type 4, 327 leaves, 15 steps):
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alex ex a’fx? fx2 a(e+fx)Cosh[c+dx] fCosh[c+dx]?
o+ +— _

b3 2b 2 b3 4b b2 d 4 b d?
aa?+b? (e+fx) Log[1+ e a/a?+b? (e+fx) Log[1+ e a+/a?+b? fPolylog[2, - 2=
( ) [ a-+/a’+b? } ( ) [ a++/ a%+b? } [ a—\/m]
+ - +

b3d b3d b3 d2
a+a?+b? fPolylLog[2, - 2<%

yLog[2, N eare: ] afsinh[c+dx] (e+fx) Cosh[c+dx]Sinh[c+dx]

+ +
b* d? b2 d? 2bd

Result (type 4, 1673 leaves):

b-aTanh[ > (csdx)] }

2aAr‘cTan[
e |S+x- e
d -a%-b? d
4
4b

. Ar Tanh[—maTanh 1—(c+dx) ]

17T C . 1 . s .
1 2 1 [a2+p2 1 a-1ib Cot[— —1c+——1dx}
el X a 2 + 2(—ic+£—idx)Ar‘cTanh[( ) 2( 2 ) |-
4 |2b bd? NEOY “32 _p2 2 V_aZ_p?

; —a-ib)Tan[® (-ic+Z-idx
2 (—ic+Ar‘cCos[—E})Ar‘cTanh[( ) [z ( 2 )} ] +
b _a2_b2
a-ib)Cot[? [-ic+Z-idx —a-ib)Tan[i (-ic+Z-idx
aorbpcorly(rersorax)] el [res s iax)]

v-aZ-b? -a?-b?

]

|
|

1a
ArcCos | - T] - 21 |ArcTanh|

[~a2 _ b2 e—%j(—im%—jdx) ]
N
2 v/-ib va+bSinh[c+dx]
(a-ib)cot[s (-ic+Z-idx]]

Log|

(-a-1ib) Tan[% (7jc+§fjdx)]

]

} - ArcTanh [

\-a? - p? —a2 _p?
(-a-1ib) Tan[%(—ic+§—idx)]

ArcTanh [

1a
Ar‘cCos[fT] +21

S
2 A/-ib a+bSinh[c +dx]
ifa-iv/-a?-b7 | (a-ib-v-aZ-b? Tan[l [-ic+Z-idx]]]

b(a-ib+v-aZ-b? Tan[l (-ic+Z-idx]]]

]

ArcCos | - | +21iArcTanh|

ia
b

Log|

Log[1- |+ —Ar‘cCos[—ib—a] +
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(-a-ib) Tan[} (7jc+lfjdx)]
2 2

i (a+]'l\/fasz2) (afjlbf\/fasz2 Tan[i(fjc+§fjdx)”

)

2 i ArcTanh| |+

|| Log[1-
v -a?-p? b(a—1’1b+\/—a2—b2 Tan[i(—ic+§—jdx

i (a—i\/—az—bz) (a—jlb—\/—az—b2 Tan[% (—ic+§—idx)])
b(a—jlb+\/—a2—b2 Tan[i(—jc+§—jdx)”

i [PolyLog|2,

] _

PolylLog [2,

i (a+j\/w> (a*ib*\/faziszTan[i(—J‘lc+§—jdx)”

b-a Tar\h[l (c+dx) ]
2a (4a%+3b?) ArcTan { -

e|(4a%+b?) (c+dx) - v -4abCosh[c+dx] +b?Sinh[2 (c+dx) ]

7azib2

4b3d

8 b3 d?

(4a%+b?)

<—C+dx>
(c+dx) -8abdx
Cosh[c+dx] -b?Cosh|[2 (c+dx)] -

c ArcTan [ 20 » »
[ 2 12 +d x +d x
4a(4a’+3b%) |- i ! [(c+dx) Log{1+be—]—Log[l+L} +
N N T a-val bt arVal bt
b ec+dx b ec+dx
PolylLog[2, —————| - Polylog|2, —]] +8absSinh[c+dx] +2b’dxSinh|[2 (c+dx)]
—a++/aZ+b? a+VaZ+b?

Problem 342: Attempted integration timed out after 120 seconds.
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Cosh[c+dx]%2Sinh[c+dXx]
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Cosh[c+dx]2Sinh[c +d x]
(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?2

Problem 343: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+'Fx>3Cosh[c+dx]3Sinh[c+dx} ;
X

a+bSinh[c+dx]

Optimal (type 4, 864 leaves, 30 steps):
3af3x a(e+1‘:x)3 a (a? +b?) (e+1°x)4 6a2f3Cosh[c+dx] 403 Cosh[c+dx] 3a2F(e+Fx)2Cosh[c+dx1
_ _ N _ _ _

8b%d3 4b%d 4b*f b3 d4 9bd* b3 d2
codx
2f(e+fx)2Cosh[c+dx] 23 Cosh[c+dx]3 F(e+fx)2Cosh[c+dx}3 a (a? + b?) (e+FX)3LOg[1+aJ:2?}
b d2 ) 27 b d* ) 3bd? ) b d i
a (a?+b?) (e+-Fx)3Log[1+ ﬁ] 3a(a2+b2)-F(e+-Fx)2PolyLog[2,—%] 3a(a2+b2)-F(e+-Fx)2PolyLog[2,—ﬁ]
b* d i b* d2 ) b* d2 :
6a (a?+b?) f2 (e +fx) Polylog|3, —ﬁ} 6a (a2+b?) 2 (e +fx) Polylog|3, —%] 6a (a’+b?) 3 Polylog|4, —%
b* d3 ' b* d3 ) b d* )
sa<a2+b2)f3PolyLog[4,faz% 6a>f2 (e+fx)Sinh[c+dx] 40f2 (e+fx)Sinh[c+dx] a?(e+fx)’>Sinh[c+dx]
b4 d* : b3 d3 : 9bd3 : b3d :
2(e+-Fx)3Sinh[c+dx] 3af3Cosh[c+dx] Sinh[c+dx] 3a-F<e+-Fx)2Cosh[c+dx] Sinh[c +dx]
3bd : 8 b2 d* : 4 b? d? :
2f2 (e+fx) Cosh[c+dx]?Sinh[c+dXx] X (e+fx)3Cosh[c+dx1ZSinh[c+dx] ) 3af? (e+fx) Sinh[c+dx]? o a (e+1‘:x)3’sinh[c+dx]2
9bd3 3bd 4 b2 d3 2b%d

Result (type 4, 5721 leaves):
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1 b 2 c+d x b 2c+dx
ef? |-12adxPolyLog|2, - < | -12adxPolylog|2, - = ]+

4b%d? ae‘- (a2+b2) e?¢ aec+ (a2+b2) e?¢

e |2ad?e“x®-6bCosh[dx] +6be? Cosh[dx] -6bdxCosh[dx] -6bde?cxCosh[dx] -3bd?x?Cosh[dx] +

beZC+dx be2c+dx
3bd?e?“x?Cosh[dx] -6ad? e x*Log[1+ | -6ad?ex* Log|1 + ]+
ae‘- <a2+b2) e%¢ ae+ (az+b2> e?¢
b(82c+dx b(eZudx
12 a e Polylog|3, - | +12a e PolyLog[3, - | +6bsinh[dx] +
aet -,/ (a%+b?) e¢ aet+./ (a%+b?) e*°

6be?¢Sinh[dx] +6bdxSinh[dx] -6bde?¢xSinh[dx] +3bd?x?Sinh[dx] +3bd?e? x?Sinh[dx] || +

1 b(e2c+dx

o 2 |-12ad?x?Polylog|2, - | +e|ad*e“x*-12bCosh[dx] -12be?“ Cosh[dx] -12bd x Cosh[d x] +
8b-d ae - (a2+b2> e2¢
12bde?¢xCosh[dx] -6bd?x%Cosh[dx] -6bd?e?¢x?Cosh[dx] -2bd?x3Cosh[dx] +2bd?e?¢x3Cosh[dx] -
beZc+dx b 2 c+d x b 2 c+d x
4ad e x®Log |1+ | -4ad®e“x®Log[1+ < | -12ad? e x? PolyLog|2, - = |+
ae‘ - (a2+b2> elc ae‘+ (az+b2> e2¢ ae‘+ (a2+b2) e%¢
b 2c+dx b 2c+dx
24 ad e xPolylLog|3, - = | +24ade xPolyLog|3, - - | -
ae- (a2+b2) e?¢ ae+ (a2+b2) e?¢
be2c+dx be2c+dx
24 a e Polylog|4, - | -24aePolyLog|a, - | +12bsSinh[dx] -12be?¢Sinh[dx] +
ae- (a2+b2) e?c aec + (a2+b2) e?¢

12bdxSinh[dx] +12bde?  xSinh[dx] +6bd?x?>Sinh[dx] -6bd?e?x?>Sinh[dx] +2bd?®x3Sinh[dx] +2bd?e?°x3Sinh[dx] || +

1

ﬁee’“fz 1443 d? e x> +72ab?>d®> e3> x> -432a’be?¢ Cosh[dx] - 108 b3 e Cosh[d x] +432a%be*° Cosh[dx] +
144 b* d

108 b3 e*€ Cosh[d x] -432a’bde?“xCosh[dx] -108b>d e?® x Cosh[dx] -432a%2bde*“x Cosh[dx] - 108 b3 d e*¢ x Cosh[d x] -
216 a’ b d? €€ x? Cosh[d x] - 54 b3 d? €2 x% Cosh[d x] + 216 a> b d? €* x? Cosh[d x] + 54 b®> d? e*¢ x? Cosh[d x] -

27 ab?eCosh[2dx] -27ab? e’ Cosh[2dx] -54ab’>de®xCosh[2dx] +54ab’de’ xCosh[2dx] -

54 ab?d?ex?>Cosh[2dx] -54ab?d?e’ x?Cosh[2dx] -4b3Cosh[3dx] +4b%e®Cosh[3dx] -12b3dxCosh[3dXx] -
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b 2 c+dx
12b*d e®“ x Cosh[3dx] - 18 b d? x* Cosh[3d x] + 18 b> d? e®“ x? Cosh[3d x] - 432a° d? *“ x? Log[1 + € ] -
ae‘- (a2+b2) e?¢
b 2 c+d x b 2 c+d x
216ab2d? e3¢ x? Log[1 + < | -432a%d? e x? Log[1 + - ] -
ae‘ - (a2+b2) e?c ae‘+ (a2+b2) e?c
b(eZc+dx beZC+dx
216 ab?d? *“ x? Log[1 + | -432a (2a? +b?) de>“ xPolylog|2, - ] -
ae+ (a2+b2) e?¢ ae‘- <a2+b2) e%¢
b(82c+dx b(eZudx
432a (2a’+b?) de’“xPolylog|2, - | +864a% > Polylog|3, - |+
aet+./ (a%+b?) e2¢ aet - (a%+b?) e*¢
beZC+dx b62c+dx
432ab”e“ Polylog|3, - | +864a%e* Polylog|3, - |+
ae- (a2+b2) e?¢ ae+ (a2+b2) e%¢
be2c+dx
432ab”e“ Polylog|3, - | +432a’be?“Sinh[dx] + 188 b° e’ Sinh[dx] +432a%b e*“ Sinh[dx] +

aec+ (a2+b2) elc
108 b% e*€ Sinh[dx] +432a’bde?°xSinh[dx] +108b3>d e?xSinh[d x] -432a%bde*® xSinh[d x] -
108 b3 de*¢ xSinh[d x] +216 a2 bd? e x?Sinh[d x] + 54 b3 d? €2¢ x? Sinh[d x] + 216 a® b d? e*¢ x?> Sinh[d x] +
54 b3 d? e*¢ x?Sinh[dx] +27ab?e®Sinh[2dx] -27ab? e*°Sinh[2dx] +54ab?de®xSinh[2dx] +
54ab’de’ xSinh[2dx] +54ab?d?e®x?Sinh[2dx] -54ab®d? e’ x?Sinh[2dx] +4b3Sinh[3dx] +

4b%e®°Sinh[3dx] +12b3dxSinh[3dx] -12b>de®xSinh[3dx] +18b3d? x> Sinh[3dx] + 18 b3 d? e®¢x?Sinh[3d x] | +

1

ﬁe’“f?’ 216 a3d* e3“x* + 108 ab? d* e3¢ x* - 2592 a2 b e?€ Cosh[d x] - 648 b? €2 Cosh[d x] - 2592 a® b e*° Cosh[d x] -
864 b* d

648 b3 e*€ Cosh[d x] - 2592 a2 b d e?¢ x Cosh[d x] - 648 b3 d e?¢ x Cosh[d x] + 2592 a’bd e*° x Cosh[d x] + 648 b>d e* x Cosh[d x] -
1296 a2 b d? €2 x? Cosh[d x] - 324 b3 d? €?€ x? Cosh[d x] - 1296 a® b d? e*¢ x% Cosh[d x] - 324 b> d? e*° x? Cosh[d x] -
432 a’bd?e?° x®>Cosh[dx] -108 b3 d3 e2¢ x3 Cosh[d x] +432a’bd? e*¢ x® Cosh[d x] + 108 b3 d® €*¢ x3 Cosh[d x] -
8l ab?e®Cosh[2dx] +8lab?e’Cosh[2dx] -162ab?dexCosh[2dx] -162ab?>de’ xCosh[2dx] -162ab?d?ex?Cosh[2dx] +
162 ab%d? e’ “x2Cosh[2dx] -108ab?d? e x> Cosh[2dx] -108 ab?d3 e’ x> Cosh[2dx] - 8b3Cosh[3dx] -8b%e®¢ Cosh[3dXx] -
24b3dx Cosh[3dx] +24b>de®CxCosh[3dx] -36b3d?>x?>Cosh[3dx] -36b>d?e®x?Cosh[3dx] -36b3d3x3Cosh[3dx] +
b g2crdx b e2c+dx

36 b® d® e®“ x® Cosh[3d x] - 864 a°d’ e x° Log[1 + | -432ab>d®e®“ x® Log |1 + |-

ae® -,/ (a%+b?) ¢ ae® -,/ (a%+b?) ¢

b(62c+dx b62c+dx
864 a° d* e x® Log[1 + | -432ab*d* e x° Log |1 + | -
ae®+./ (a%+b?) e2¢ ae®+./ (a%+b?) e2¢
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b62c+dx b(ezudx

1296 a (2a® + b?) d*> e x* Polylog|2, - | -1296a (2a%+b?) d* > x* Polylog|2, - |+
aet -,/ (a%+b?) ¢ ae®+./ (a%+b?) e2¢
b62c+dx b62c+dx
5184 a*d e* x PolyLog 3, - | +2592ab?d e’ xPolyLog|3, - |+
ae® -,/ (a%+b?) ¢ ae‘ -,/ (a%+b?) e¢
b(eZc+dx beZC+dx
5184 a>d e x Polylog|3, - | +2592ab?d e xPolyLog|3, - | -
aec+ (a2+b2) e?¢ aec+ (a2+b2) e?¢
2c+d 2c+d
5184 a* e PolyLog |4, - bt | -2592ab?e*“ Polylog|4, - bt |-
aec- (a2+b2) e?¢ aec- (a2+b2> e?¢
b(e2c+dx b62c+dx
5184 a° > PolyLog[4, - | -2592ab?e*“ PolyLog[4, - | +2592a%be?CSinh[dx] +
aet+ (a2+b2) e?¢ aec+ (a2+b2) e%¢

648 b> €2¢ Sinh[d x] - 2592 a2 b e*°Sinh[d x] - 648 b% e*° Sinh[d x] + 2592 a’bd e?¢ x Sinh[d x] + 648 b3 d €€ x Sinh[d x] +

2592 a’bde*“xSinh[dx] +648b3>de* xSinh[dx] +1296 a2 b d? 2 x? Sinh[d x] + 324 b3 d? €2 x?> Sinh[d x] -

1296 a2 b d? e*€ x? Sinh[d x] - 324 b3 d? *€ x?> Sinh[d x] +432 a? b d? €2 x> Sinh[d x] + 168 b*> d? €?¢ x3 Sinh[d x] +
432a%bd3e*“x3Sinh[dx] +108 b3 d® e*° x> Sinh[d x] + 81 ab? e®Sinh[2dx] +81ab? e’ Sinh[2dx] +162ab?de®xSinh[2dx] -
162ab?de’“xSinh[2dx] +162ab?d? e x>Sinh[2dx] +162ab?d? e’ x?>Sinh[2dx] + 108 ab? d? e x> Sinh[2d x] -

108 ab?2d®>e®“x3Sinh[2d x] +8b3Sinh[3dx] -8b%e®“Sinh[3dx] +24b3>dxSinh[3dx] +24b3de®° xSinh[3dx] +

36 b>d? x2Sinh[3dx] -36b3d? e®“x?Sinh[3dx] +36b3d®>x3Sinh[3dx] +36b3d3e®“x3Sinh[3dx]| +

1 2alog[a+bSinh[c+dx]] 2Sinh[c+dx]
—e’ |- + +
4 b2 d bd

1
2b2d?

2 . bSinh[c+dx]
3e*f |-bCosh[c+dx] -a (c+dx) Logla+bSinh[c+dx]]+aclog[l+ —————|+

a

14412

1 b (a+ib) Cot[+ (2ic+n+2idx)]
ial|-—1 2c+JiJT+2dx2—4iArcSin[7}Ar‘cTan[ 4 ] -

8 \/7 v a? + b?
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’1+]'173
b
~|-2ic+n-2idx+4ArcSin| ——]
2 NEY
l1+jl—a
b
[
V2

Log[a+bSinh[c+dx]] +

—|-2ic+m-2idx-4ArcSin }+(E-j(c+dx)

2

i

(a—m) ecrdx (a+m) ecrdx
] +PolyLog[2,

PolyLog [ 2,
b b

}] +bdxSinh[c+dx]| +

£e3 72aCosh[2(c+dx)] 74<2a3+ab2) Log[a+bSinh[c+dx]] +2<4a2+b2)5inh[c+dx] +ZSinh{3 (c+dx)] X
8 b? d b* d b3 d 3bd

1
24 b* d?

bSinh[c +dx]

|+

e’f |-18b (4a”+b?) Cosh[c+dx] -18ab’dxCosh[2 (c+dx)] -2b>Cosh[3 (c+dx)] +72a’clog[1+

a
14+ 12 , 1 . ,
; b a+ib)Cot|= (2ic+m+2idx
36ab2cLog[1+w}—72a3 —l(2c+1'17T+2dx)2—4Ar‘cSin[7]Ar‘cTan[< ) [4< )]]+
a 8 V2 NEYEY
! e [~asVaTB? ) ot NERir
— 2c+jn+2dx+4jAPcSin[7} Log[1+ }Jrf 2c+jﬂ+2dx—4jAr‘cSin{7]
2 vz b 2 vz
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(a+m) ecrdx (a—m) ecrdx (a+m) ecrdx

Log[1 - " | - =irLogla+bSinh[c+dx]] +PolyLog|2, " | +PolyLog|2, |-
2 b
14+ 12 . 1 , .
1 b (a+1b) Cot[—(21c+ﬂ+21dx)}
36ab? |-~ (2c+in+2dx)?-4ArcSin[————] ArcTan]| 2 |+

s 7z N
L 1oy (~asVaTeb? ) ecex NEAY
~|2c+in+2dx+4iArcSin[———]| Log[1+ |+=|2c+in+2dx-4iArcSin[ ——]
2 V2 b 2 N2

(a+m) ecrdx (afx/aZJribz) ecrdx (a+m) ecrdx

Log[1- | - =inlogla+bSinh[c+dx]] +Polylog|2, | +PolyLog|2, RE

b 2 b b

18b (4a®+b?) dxSinh[c+dx] +9ab?Sinh[2 (c+dx)]| +6b’dxSinh[3 (c+dx) |

Problem 344: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx)?Cosh[c+dx]3Sinh[c+dx]
dx
J a+bSinh[c+dx]

Optimal (type 4, 636 leaves, 23 steps):
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aefx af’x? a(a?+b?) (e+fx>3 2a?f (e+fx) Cosh[c+dx] 4f (e+fx)Cosh{c+dx] 2f (e+fx)Cosh[c+dx]?
_ _ + _ _ _ _

2b%d 4b2d 3b4f b3 d2 3 b d? 9bd?
oo a (a?+b?) (e+-Fx)2 Log[1+ _betdr | 2a (a2+b?) f (e+fx) PolyLog|2, _—besx ]

a(a?+b?) (e+fx)?Log[1+ 2]
a-+/ a2+b? a+/ a2+b? a-+/a%+b?

b* d b* d b* d?

2a (a?+b?) f (e+fx) Polylog|2, —M] 2a (a%+b?) f2PolyLlog|3, —&] 2a (a%+b?) f2PolyLog|3, —&]

a+y/ a%+b? a-+/ a?+b? a+y/ a2+b?

+ + +
b* d? b* d3 b* d3
2a2f2Sinh[c+dx] 14f2Sinh[c+dx] a? (e+-Fx>ZSinh[c+dx} 2(e+fx)25inh[c+dx] af (e+fx) Cosh[c+dx] Sinh[c+dx]
+ + + + +
b3 d3 9bd3 b3d 3bd 2 b2 d?
(e+-Fx>2Cosh[c+dx}ZSinh[c+dx] af?Sinh[c+dx]2 a (le-I:x)ZSinh[c+dx]2 2f2Sinh[c+dx]3
- - +
3bd 4b?d? 2b%d 27 bd3
Result (type 4, 3135leaves):
1 be2c+dx be2c+dx
——, f?|-12adxPolylog[2, - | -12adxPolylog|2, - |+
12b-d aet - <a2+b2) e2¢ ae+ (a2+b2) e2¢

e |2ad®e“x*-6bCosh[dx] +6be?“Cosh[dx] -6bdxCosh[dx] -6bde?®xCosh[dx] -3bd?x?Cosh[dx] +

be2c+dx b(e2c+dx
3bd? e x*Cosh[dx] -6ad? e x*Log[1+ | -6ad? e x* Log|1 + ]+
ae‘- <a2+b2) e?¢ ae+ (a2+b2> e?¢
be2c+dx be2c+dx
12 ae PolyLog[B, - ] +12ae PolyLog[B, - ] +6bSinh[dx] +
ae- (a2+b2) e?c ae+ (a2+b2> e?c

6be?cSinh[dx] +6bdxSinh[dx] -6bde?°xSinh[dx] +3bd?x?Sinh[dx] +3bd?e?¢x?Sinh[dx] || +

1

————e3°f2 |144a3d> 3 x*+72ab?d> e3> x> -432a% b e?  Cosh[dx] -108 b> e Cosh[d x] + 432 a2be*° Cosh[dx] +
4 43
432 b*d

108 b3 e*“ Cosh[d x] -432a’bde?xCosh[dx] -108b>d e?® x Cosh[dx] -432a%2bde*“x Cosh[dx] - 108 b3 d e*¢ x Cosh[d x] -
216 a’? b d? e?¢ x? Cosh[d x] - 54 b3 d? 2 x% Cosh[d x] + 216 a2 b d? e*“ x? Cosh[d x] + 54 b> d? e*€ x? Cosh[d x] - 27 ab? e Cosh[2d x] -
27 ab? e’ Cosh[2dx] -54ab’>de®xCosh[2dx] +54ab?>de’ xCosh[2dx] -54ab?d?ex?Cosh[2dx] -54ab?d?>e’x?>Cosh[2dx] -
4b3Cosh[3dx] +4b3>e®CCosh[3dx] -12b>dxCosh[3dx] -12b3>de®° xCosh[3dx] -18b3>d?x?Cosh[3dx] +
be2c+dx be2c+dx
18 b*>d? e®“ x? Cosh[3d x] - 432a°d? > x? Log[1 + | -216ab?d*e®“ x* Log[1 + | -
aet -,/ (a%+b?) ¢ aet -,/ (a%+b?) ¢
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b(ezc+dx b92c+dx

4322 d* e “x? Log |1+ | -216ab’d?e®“ x? Log |1 + |-
ae®+./ (a%+b?) e2¢ ae®+./ (a%+b?) e2¢
b62c+dx b62c+dx
432a (2a°+b?) de’“ xPolylog|2, - | -432a (2a®+b?) de’“ xPolylog|2, - |+
ae‘ -,/ (a%+b?) e¢ ae®+./ (a%+b?) e2¢
2c+d 2c+d
864 a®> e Polylog|3, - bt | +432ab?e>“ Polylog|3, - bt |+
aec- (a2+b2> e¢ aec- (a2+b2) e?¢
be2c+dx be2c+dx
864 a®> e Polylog|3, - | +432ab? e>“ Polylog|3, - | +432a?be?“sinh[dx] +
aec+ (a2+b2> e?¢ aec+ (a2+b2) e2¢

108 b3 e2¢ Sinh[d x] +432a’be*cSinh[d x] + 108 b3 e*¢Sinh[dx] +432a%bd e?° x Sinh[d x] + 108 b3 d €?¢ x Sinh[d x] -

432 a’bde*cxSinh[dx] -108b3>de*“ xSinh[d x] + 216 a2 bd? e x2Sinh[d x] + 54 b3 d? €€ x? Sinh[d x] +

216 a2 b d? e*“x2Sinh[d x] +54b3d? e*“ x?Sinh[d x] +27 ab? e®Sinh[2d x] -27 ab? e’ Sinh[2dx] +54ab?d e xSinh[2d x] +
54ab?de’“xSinh[2dx] +54ab?d?e®x?Sinh[2dx] -54ab?d? e’ x?Sinh[2dx] +4b3Sinh[3dXx] +

4b%e®°Sinh[3dx] +12b3dxSinh[3dx] -12b>de®¢xSinh[3dx] +18 b3 d? x> Sinh[3dx] +18b>d? e®¢x?Sinh[3dx] | +

1, 2alog[a+bSinh[c+dx]] 2Sinh[c+dx]
—e - + +
4 b2 d bd

1

b2 d?

. b Sinh[c +dx]
ef |-bCosh[c+dx] -a (c+dx) Logla+bSinh[c+dx]] +aclog[l+ ——

|+

a
1 Jie (a+ib)Cot[* (2ic+nm+2idx)]
ia|-=i(2c+in+2dx)?-4iArcSin[———] ArcTan]| . ] -
8 V2 VaZib?

(—a+m) ecrdx
b

] -

1
—|-21c+mr-21dx+4ArcSin

Log[1+
2

toE



6.1 Hyperbolic sine.nb | 127

%[g,j (c+dx)

Log[a+bSinh[c+dx]] +

: -2ic+n-2idx-4ArcSin| ———]| Log[1-
2 NEY

(a—m) ecrdx (a+m) ecrdx
| +Polylog|2,

PolyLog|2,
b b

=-

}J +bdxSinh[c+dx]| +

4 (2a°+ab?) Logla+bSinh[c+dx]] 2 (4a%+b?)Sinh[c+dx] 2Sinh|[3 (c+dx”

1, 2aCosh[2(c+dx)]
Ze2 | - + + +
8 b2d b4 d b3d 3bd

1
36 b* d?
ef [-18b (4a®+b?) Cosh[c+dx] -18ab?dxCosh[2 (c+dx) | -2b?Cosh|3 (c+dx)]+72a3cLog[1+w}+

a
1442 , 1 ) )
i b a+1b)Cot|= (21ic+m+21dx
36ab2cLog[1+w}—72a3 71<2c+jn+2dx)2—4APcSin[7]Ar‘cTan[( ) [4< )]]+
8 N2 Va2 + b2

a

1
—|2c+1m+2dx+41ArcSin

Jiee o T e s
[———]| Log[1+ | +=|2c+in+2dx-41iArcSin[——]
V2 2 V2

2 b
(a+m) ectdx 4 (a—m) ecrdx (a+m) ecrdx
Log[1 - " | - =irLogla+bSinh[c+dx]] +PolyLog|2, " | +PolyLog|2, " |-
2
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1+12

1 b (a+ib) Cot[* (2ic+n+2idx)]
36ab? |-~ (2c+in+2dx)?-4ArcSin[————] ArcTan| 4 |+

8 V2 \ a? + b?
1 1+% (—a+ a2+b2)e“d" 1538
— 2c+j17r+2dx+4jAr'cSin[7] Log[1+ }Jrf 2c+jﬂ+2dx—4jAr‘cSin[7]
2 V2 b 2 N2

(a+m) ecrdx (a—m) ecrdx (a+m) ecrdx

Log[1 - | - =inlogla+bSinh[c+dx]] +Polylog|2, | +PolyLog|2,

b 2 b b

18b (4a?+b*) dxSinh[c+dx] +9ab?Sinh[2 (c+dx) | +6b’dxSinh[3 (c+dx) |

Problem 345: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewFX) Cosh[c+dx]3Sinh[c +dx] :
X

a+bSinh[c+dx]

Optimal (type 4, 400 leaves, 17 steps):

afx a(a?+b?) (e+fx)? a2fcCosh[c+dx] 2fCosh[c+dx] fCoshfc+dx]3

+

4b%d 2b*f b3 d? 3bd? 9b d? b*d

a(a?+b?) (e+fx) Log[1+ &] a (a%+b?) fPolylLog|2, —&} a (a%+b?) fPolylog|2, o bet®

afabr afabr arfateb? . a% (e+fx) Sinh[c+dx] X
b* d b* d? b* d? b3d
2 (e+fx)Sinh[c+dx] afCosh[c+dx]Sinh[c+dx] (e+fx)Cosh[c+dx]?Sinh[c+dx] a (e+fx)Sinh[c+dx]?
3bd ' 4p2 g2 ’ 3bd . 2b2d

Result (type 4, 1263 leaves):
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1 2alog[a+bSinh[c+dx]] 2Sinh[c+dXx]
- +

4 b%d bd

+

1442
b

f|-bCosh[c+dx] -a (c+dx) Log[a+bSinh[c+dx]] +aclog[1l+

M] +1ia ‘11 <2c+j17r+2dx 2—4]']_Ar‘CSin[7}
8

2b2d? a
(a+ib) Cot[ > (2ic+m+2idx)] 1 xllJr% (—a+\/a2+b2)ec*dx
Ar‘cTan[ 4 }—— —21’1c+7r—21'1dx+4Ar‘cSin[4] Log[lJr ]—
Vatin? 2 vz b
1+% (a+ /a2+b2)ec+dx 7_(
~|-2ic+n-2idx-4ArcSin[———]| Log|[1- }+(——i(c+dx))Log[a+bSinh[c+dx1]+
2 NEY b 2
(a- a7 b7 | ecrox (2 /@207 | e
i PolyLog[Z, o ]+PolyLog[2, b } +bdxSinh[c+dx]| +
1 2aCosh[2 (c+dx)| 4 (2a*+ab?) log[a+bSinh[c+dx]] 2 (4a2+b?)Sinh[c+dx] 2Sinh[3 (c+dx)]
—e |- - + +
8 b2 d b* d b3d 3bd :
1
72 b* d?
f |-18b (4a®+b?) Cosh[c+dx] - 18 ab*dx Cosh |2 (c+dx”—2b3Cosh[3<c+dx)]+72a3cLog[1+M]+
a
1+ L2 , 1 . ,
: b a+1b)Cot|= (21ic+m+21dx
36ab2cLog[1+M}—72a3 —l(2c+1'17T+2dx)2—4Ar‘cSin[7]Ar‘cTan[< ) [4< )] +
a 8 vz VaT bt
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1412 [1, ia
1 1+ (—a+\/a2+b2)ec*dx 1 1%
~|2c+in+2dx+41iArcSin[———]| Log[1+ |+=|2c+in+2dx-4iArcSin[ ——]

2 V2 b 2 V2

(a+\/a2+b2)ec+dx (a*\/m) ec+dx

Log[1- " | - =inlogla+bSinh[c+dx]] +Polylog|2, " | +PolyLog|2, " -
2
14 12 , 1 , ,
1 b (a+1b) Cot[z(21C+7T+211dXH
36ab? |-~ (2c+in+2dx)?-4ArcSin[————] ArcTan]| ]+

8 vz Nra=a
1 NEAS [~a+ Vet ob? | evix R
~|2c+in+2dx+4iArcSin[———]| Log[1+ |+~ |2c+in+2dx-4iArcSin[——]
2 V2 b 2 vz

(a e Ao | ecdx (a2 o7 ) ecrox (2 a2 o b7 ) ecrox

Log[l— ]——1'171Log[a+bsinh[c+dx}]+PolyLog[2, }+PolyLog[2, ] +

b 2 b b

18b (4a”+b*) dxSinh[c+dx] +9ab?Sinh[2 (c+dx) ]| +6b’dxSinh[3 (c+dx) |

Problem 347: Attempted integration timed out after 120 seconds.

Cosh[c+dx]3Sinh[c+dx]
j( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
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Cosh[c+dx]3Sinh[c +dx]

Unint bl
nintegra e[ (e+.':x) (a+bsinh[c+dx}>

» x|

Result (type 1, 1leaves):
22?

Problem 355: Result unnecessarily involves imaginary or complex numbers.

j(em‘:x) Sech[c+dx] Tanh[c +d x]
dx

a+bSinh[c+dx]

Optimal (type 4, 335leaves, 18 steps):

ab (e+fx) Log[1+ b ec? | ab(e+fx) Log[1+ bet?

afArcTan[Sinh[c +dx]] a-+/ a?+b? a+y/ a2+b? fLog[Cosh[c+dx]] a?flog[Cosh[c+dx]]
_ i _ i _
<a2+b2) d2 (a2+b2)3/2d <a2+b2)3/2d bdz b<az+b2>d2
abfPolylog[2, - 2= ] abfPolylLog[2, - 2=
yLog|2, R peare } yLog[2, ass[a2ob? a(e+fx)Sech[c+dx] (e+fx)Tanh[c+dx] a? (e+fx) Tanh[c+dXx]
+ - + -
(a2 +b2)> 2 d2 (a2 +b2)?2 d2 (a2 +b?) d bd b (a?+b?) d

Result (type 4, 432 leaves):

1 2-FAr'cTan[Tanh[i (c+dx)H ZFArcTan[Tanh[i (c+dx)]]

+ +
2 d? a-ib a+ib
c+d
fLog[Cosh[c+dx]] _fLog[Cosh[c+dx]] . 1 2ab(a2+b2) [ZWdeAr‘cTan[aere X] )
ia-b ia+b (7(a2+b2)2)3/2 V_aZ_p?
a+b ec+dx b ec+dx b ec+dx
2+/a?+b? cfArcTan|—————| ++/-a>-b®> f (c+dx) Log[1+ —————] -+/-a>-b> f(c+dx)Log[l+ ——— ]+
N a-arior ai a6t
+d +d 2d f x) Sech d - b Sinh d
"3 o frolylog|2, L]_ 3 o7 folylog|2, - b ec+dx })+ (e+fx) Sech[c+dx] (-a+bSinh[c+dx])
-a++a?+b? a+\Va%+b? a’ + b?

Problem 358: Result more than twice size of optimal antiderivative.

J(e+fx>25ech[c+dx]2Tanh[c+dx} :
X

a+bSinh[c+dx]

Optimal (type 4, 1176 leaves, 49 steps):
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(e+-Fx)2Ar‘cTan[eC*dX] 2a%b <e+-Fx)2Ar‘cTan[ec*dX] a2 (e+-Fx)2Ar‘cTan[ec*dX] f2 ArcTan[Sinh[c +d x] ]

- - +

b ENSE o (s - 7] e
2 - ab? (e+fx)?Log[1+ 2= ab? (e+fx)?Log[1+ 2
a2 f2 ArcTan[Sinh[c + d x] ] afateb? afaor . ab? (e+fx)?Llog[1+e? x|
b (a2 +b?) d3 B (a2 + b?)% d B WY + ) _
af?log(Cosh[c+dx]] if (e +fx) PolyLog|2, - i e“*d] . 2ia’bf (e+fx) Polylog|2, -ie“?X] .
<a2+b2> d3 b d? (az . bz)zdz

ia?f (e+fx)Polylog[2, -ie“?%] if (e+fx)Polylog[2, ie ] 2ia?bf (e+fx)Polylog|2, ie“dx]
N _ _

b <a2+b2) d2 |:)d2 (a2+b2)2d2

2ab?f (e+fx) PolyLog|2, 1YY (e+fx) PolylLog|2, -

ia?f (e+fx) Polylog[2, i e d] a—ateb? asfatib?
- - +
b (a?+b?) d? (a2 + b2)? d2 (a2 + b2)2 &2
ab’f (e+fx) PolyLog[Z —e2(¢d) | f2polylog[3, -ie“d*] 2ia’bf?PolyLog[3, -ie*dX| ia?f2Polylog|[3, -ie“dX]
N _ _ _
(a? +b?)*d b d? (a2 +b2)% 3 b (a? + b?) d?
2ab?f2Polylog[3, - 2=
i f2Polylog(3, i e“*?%| 21ia’bf?Polylog|3, ied*| ia?f?Polylog|3, ie®dX] @ olyLog|3, N e
+ + + +
b d3 (a2+b2)2d3 b (a?+b?) d? (a2+b2)2d3
2ab? f2Polylog|3, - b e
afa2ib? ab?f2Polylog[3, -e? (<9 | f (e+fx)Sech[c+dx] a*f (e+fx)Sech[c+dx]
_ N _ _
(a2 +b2)2d3 2 (a2+ bz)zd3 b d? b (a2+b2) d?

2(a2+b2)d (a2+b2>d2 2bd 2b(a2+b2>d

a(eJr'l:x)ZSech[c+dx]2 af (e+fx) Tanh[c+dXx] (e+-Fx)ZSech[c+dx]Tanh[c+dx} a2 (e+-Fx>2Sech[c+dx}Tanh[c+dx]
+ +

Result (type 4, 3124 leaves):
1

6 (a2+b2>2d3 (1+ezc>
6a?bd?e?ArcTan[e®?*| + 6 b*> d? e? ArcTan[e“* %] - 6a’ b d” e’ e*“ ArcTan[e“"*| + 6 b® d? e? €2 ArcTan [e“"?¥] -
12a%b f2 ArcTan[e“*?*] - 12b® f2 ArcTan[e“* %] - 12a?b e?¢ f2 ArcTan[e“?¥] - 12b® e f2 ArcTan[e“*?*] -
6ia’bd’efxlog[l-ie?*|+6ib*d’efxLlog|l ie“dx] 6ia’bd’ee’ fxlog[l-ie“ | +6ib’d?ee® fxlog[l-1ie“ |-
3ia’bd?f2x*Log|[1-1ie?%] +31ib’d?f>x*Log|1- |-3ia’bd*e® 2 x?Log[1-1ie“ | +31ib’d? e’ f2x?Log[1-1ie“9¥] +
6ia’bd?efxLlog|[l+ie ] 761b3d2efoog[1+1e“dx] +6ia’bd’ee® fxlog[l+ie” | -6ib>d?ee? fxlog[l+ie~ ]|+
3ia’bd*f2x?Log[1l+ie“9¥] —31'1b3d2-F2x2Log[1+1e“dx] +3ia’bd? e’ 2 x?Log[l+ie”*| -3ib>d? e’ f2x?Log[1l+ie™ ]+
6ab2d2e2Log[1+<e (crdx)] 1 6ab?d?e?e®“ Log[l+e? (99| —6a®f Log[l+e? (9] —6ab? > Log[1l+e? (9| -
6a’ e’ f2logll1+e? (9| —pab?e? f2log[l+e? (9% | +12ab?d’efxLlog|l+e? (9% | 112ab?d?ee? fxLlog|[1l+e? (¥ ]

(-12ab*d’e’ e’ x+12a°de* P x+12ab’de* P x-12ab’d’ee’ fx*-4ab’d® e’ 2 x° -

c+dx
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6ab?d?fx? LLog[1+<e2 (C*‘;X)] +6ab?d? eché x2 Log[1+<;e2 (€d ] 161ib (aZ—LbZ) d (1+e21c) f (e+fx) PolyLog[z,L—j ecdx] .
6ib (-a’+b?)d(1+e’) f (e+fx) Polylog[2, i e *] +6ab’defPolylog[2, -e*(“9¥ | +6ab’dee’® fPolylog[2, - (<9 | +
6ab?df?xPolylog[2, -e*(“9%) | +6ab>de’ > xPolylog[2, -2 (“9¥ | -6 i a’bf>Polylog[3, -ie“?*| +6 1 b’ f?Polylog|3, -ie“?¥] -
6ia’be’ f2PolyLog[3, -ie“%*] +61b® e f2PolyLog[3, -ie“%*| + 61 a’bf>PolyLog[3, i e“*] - 61 b’ f2Polylog|3, i e“*?¥] +
61ia’be’“ f2Polylog|3, i e“**| -6 1ib’e?“ f2Polylog|3, i e“"®*| -3ab®f>Polylog|3, -e® 9% ] -3ab?e>“ f2Polylog|3, -e® (<9 |) +

1
3 (a2+b2)2d3 (—1+ezc>

ab? [6d?e’ e’ x+6d’ee? fx?+2d>e® 2 x> +3d?e’ Log[2ae“ b (-1+e? (X)) ] -

b62c+dx be25+dx
3d’e’ e’ Llog[2ae”®*+b (-1+e* (9] +6d’efxLog[l+ | -6d*ee®“ fxLog[l+ |+
ae‘ - (a2+b2) e%¢ ae‘ - (a2+b2) e?¢
2c+d 2c+d 2c+d
3d2F2x? Log[1+ be ™™ | -3d?e®“f2x? Log[1+ be ™™ | +6d*efxLog[l+ be ™™ | -
aef - (a%+b?) e*¢ ae® -,/ (a’+b?) ¢ aet+./ (a%+b?) e2¢
2c+d 2c+d 2c+d
6d’ee’“fxlog[l+ be’ ™ | +3d*f2x? Log |1+ be” ™ | -3d?e?“f2x? Log[1+ be ™™ ] -
ae‘+ (az+b2) e?¢ ae‘+ <az+b2) e%¢ ae‘+ (a2+b2) e?¢
b(eZc+dx beZC+dx
6d (-1+e’¢) f (e+fx) Polylog|2, - | -6d (-1+e*) f (e+fx) Polylog[2, - ] -
ae‘ -,/ (a%+b?) ¢ aet+./ (a%+b?) e2¢
2c+d 2c+d
6 f2 Polylog|3, - be” ™ ] +6e2< 2 Polylog[3, - be” ™™ ] -
aec - (a2+b2) e?¢ aec - (a2+b2) e?¢
2c+d 2c+d
6 f2 Polylog|3, - be” ™ | +6e2¢ £ Polylog[3, - be” ™™ ]|+ = .
aec+ (a2+b2) e?¢ aec+ (a2+b2) e?¢ 24 (a2+b2> d?

Cschlc] Sech[c] Sech[c+dx]? (6a’ef+6ab’ef-12ab’d*e*x+6a’>f>x+6ab*f>x-12ab’d’efx*-4ab*d*f>x’-6a’efCosh[2c] -
6ab’?efCosh[2c] -6a*>f2xCosh[2c] -6ab’>f?>xCosh[2c]-6a’efCosh[2dx] -6ab’efCosh[2dx]-6a>f2xCosh[2dx] -
6ab?f2xCosh[2dx] -3a’bde?Cosh[c-dx] -3b>de?Cosh[c-dx]-6a’bdefxCosh[c-dx]-6b3>defxCosh[c-dx] -
3a’bdf?x?Cosh[c-dx] -3b3df?x?Cosh[c-dx] +3a’bde?Cosh[3c+dx] +3b3de?Cosh[3c+dx] +6a’bdefxCosh[3c+dx]+
6b3>defxCosh[3c+dx] +3a’bdf?x?Cosh[3c+dx] +3b3df2x?>Cosh[3c+dx]+6a’efCosh[2c+2dx]+6ab?efCosh[2c+2dXx] -
12ab?d?e?xCosh[2c+2dx] +6a>f2xCosh[2c+2dx] +6ab?f?xCosh[2c+2dx] -12ab®>d?efx?Cosh[2c+2dx] -
4ab?d?’f?x3Cosh[2c+2dx] -6a>de?Sinh[2c] -6ab’de?Sinh[2c] -12a’defxSinh[2c] -12ab?defxSinh[2c] -
6a>df?>x?>Sinh[2c] -6ab?df?>x?>Sinh[2c] +6a’befSinh[c-dx] +6b>efSinh[c-dx] +6a?bf2xSinh[c-dx] +
6b> f2xSinh[c-dx] +6a*befSinh[3c+dx] +6b*efSinh[3c+dx] +6a’bf>xSinh[3c+dx] +6b>f*xSinh[3c+dx])

Problem 361: Attempted integration timed out after 120 seconds.

Sech[c +dx]?Tanh[c +dXx]
J( dx

e+fx) (a+bSinh[c+dx])
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Optimal (type 9, 36 leaves, 0steps):
Sech[c+dx]2Tanh[c +d x]

Unintegrable
& {(eﬂzx) (a+bsSinh[c+dx])

» X]

Result (type 1, 1leaves):

PP

Problem 362: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
(e+fx)?Cosh[c+dx] Sinh[c+dx]2
J a+bSinh[c+dx]

dx

Optimal (type 4, 606 leaves, 22 steps):

2 'F 3L 1 bec+dx
3F2x  (e+fx)® a?(e+fx)* 6afiCosh[c+dx] 3af(e+fx)?Coshlc+dx] @ (e« Fx)" Log[1+
+ - + +

a-+/ a%+b?
+ +
8 bd3 4bd 4b3f b2 d* b2 d? b3d
a2 (e+fx)>Log[1+ 2] 3a2f (e+fx)2Polylog[2, - 2= ] 3a2f (e+fx)2PolylLog|2, - —22—
| ) ! a+m] | ) : a—\/m] ( ) : a+\/ﬁ]
+ + _
b3d b3 d2 b3 g2
6a2f2 (e+fx) Polylog[3, - —2=2 6a2f2 (e+fx) PolyLog[3, - 2= 6 a2 f3 Polylog|4, - —2<=
| ) > ﬁ] | ) > JT] - e
b3 d? B b3 d3 * +

b3 d*
6 a2 f> Polylog[4, - —be
ai~/ a2+b2 6a f? (e+fx) Sinh[c +dx]

a(e+fx)’sinh[c+dx] 33 Cosh[c+dx]Sinh[c+dx]
b3d4 b2d3 -

b%d 8bd*

3f (e+fx)*Cosh[c+dx] Sinh[c+dx] 32 (e+fx)Sinh[c+dx]?
+

4bd? 4bd3

(e+fx)?sinh[c+dx]?
2bd

+

Result (type 4, 3188 leaves):
1

32b3d*

efzc

~48a%c?d?e? e f-48ia’cd?e? e fFr+l12a%d?e?e? fr?-96a’cd’e?e®fx-481a’d3e?e?“Ffrnx-48a2d*e?2e?“fx?>-32a%d*ee®“f2x°-
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1oy (a+ib)cot[t (2ic+n+2idx)]
8a’d*e?“ > x*-384a%d?>e? e fArcSin| ————| ArcTan| 4 | +16abd®e® e Cosh[dx] -
V2 Va? +b?

16abd3®e®e3“Cosh[dx] +48abd?e? e fCosh[dx] +48abd?e? e3> fCosh[dx] +96abdece®f?Cosh[dx] -96abdee>°f2Cosh[dx] +
96abe®f3Cosh[dx] +96abe®°f>Cosh[dx] +48abd>e? e fxCosh[dx] -48abd®e? e3> fxCosh[dx] +96abd?eef?xCosh[dx] +
96abd’ee3“f2xCosh[dx] +96abde®f>xCosh[dx] -96abde3¢f>xCosh[dx] +48abd?eef?x?Cosh[dx] -

48 abd*e e f2x?>Cosh[dx] +48abd? e f3x%Cosh[dx] +48abd? e3> f3x?Cosh[dx] +16abd3 e x> Cosh[dx] -
16abd3e3°f3x3Cosh[dx] +4b2d*>e®Cosh[2dx] +4b?d?>e®e*  Cosh[2dx] +6b%>d?e? fCosh[2dx] -6b%>d?e?e* fCosh[2dx] +
6b>def?Cosh[2dx] +6b’>dee*  f>Cosh[2dx] +3b%f3Cosh[2dx] -3b2e* f3Cosh[2dx] +12b?d3e?fxCosh[2dx] +
12b2d*>e? e*“ fxCosh[2dx] +12b%>d? e f>xCosh[2dx] -12b%d?ee*  f2xCosh[2dx] +6b2df>x Cosh[2dx] +6b%>de* 3> xCosh[2dx] +
12b%d3e f?x?Cosh[2dx] +12b%>d*> e e*C 2 x? Cosh[2dx] + 6b?d? f3> x? Cosh[2d x] -6b%d? e*¢ 3 x? Cosh[2d x] +4b?d> 3> x®> Cosh[2d x] +

(—a+\m) ecrdx (—a+m) ecrdx

4b%d e* 2 x3Cosh[2dx] +96a% cd’e® e fLog[1+ | +48ia*d*e? e frLog[l+ ]+
b b
ia
(—a+\/a2+b2)ec*dx \/1+ b (—a+ a2+b2)ec*dx
96a’d’ e’ e’  fxLog[l+ | +192i a’d? e? €2 f ArcSin| ————| Log[1 + ]+
b NeY b
(a+\/a2+b2)e‘*dx (a+\/a2+b2)ec*dx
96a’cd?e? e fLog[1- | +48ia?d?e’ e’ flog|l- |+
b b
ia
(a+Va? b7 ) ecx 1oy [a+Va? o b7 ) eee
96a’d’>e? e fx Log[1- | -192i a’d?e? €2 f ArcSin| ————| Log[1 - |+
b NeY b
be2c+dx b62c+dx
96a*d*>ee?“ 2 x? Log[1+ | +32a2d?> e 2 x° Log |1 + ]+
ae‘- <a2+b2) e%¢ ae‘- (a2+b2) e?¢
b(82c+dx b(62c+dx
96a>d>e e 2 x? Log[1 + | +32a%d*e®“ £ x* Log[1 + | +32a%d*e*e®“ Log[a+bSinh[c+dx]] -
ae‘+ <a2+b2) e?¢ aec+ (a2+b2) e?¢

48 i a’d?e? e’  frrLogla+bSinh[c+dx]] -96a*cd?e? e’ flog[l+ | +96a%d?e? e  fPolylog|2,

|+

a b
(a+\/a2+b2 ) ec+dx b(e2c+dx
96 a® d> e? e f Polylog|2, | +192a%d? e e 2 x Polylog|2, - |+
b aec- (a2+b2> e?¢
beZC+dx b(62c+dx
96 a®> d? e £ x? PolyLog|2, - | +192a%d? e e®“ 2 x Polylog|2, - |+

ae‘- (a2+b2) e?¢ ae‘+ (a2+b2> e?¢
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beZde b62c+dx
96 a2 d” e’ £ x? Polylog|2, - | -192a>dee’“ f2 Polylog|3, - |-
aet+. (a%+b?) e*¢ ae® -,/ (a%+b?) ¢
beZC+dx b‘82c+dx
192 a®d e?© £ x PolyLog|3, - | -192a%dee?“ f2 Polylog|3, - |-
ae- (a2+b2) e?¢ ae+ <a2+b2) e%¢
be2c+dx be2c+dx
1923’ d e > x Polylog|3, - | +192a%e*“ £ PolyLog[4, - |+
aet+ (a2+b2) e?¢ aec- (a2+b2) e%¢
be2c+dx
192 a €2 f* Polylog|4, - | -16abd®e®*e“Sinh[dx] -16abd*e*e>*“Sinh[dx] -48abd?e? e fSinh[dx] +

ae+ (a2+b2> e?¢

48abd?e? e3¢ fSinh[dx] -96abdee®f?Sinh[dx] -96abdee3“f2Sinh[dx] -96abef>Sinh[dx] +96ab e3¢ f3Sinh[dx] -
48abd>e?efxSinh[dx] -48abd®e? e fxSinh[dx] -96abd?ee®f>xSinh[dx] +96abd?ee3°f2xSinh[dx] -

96 abdef3xSinh[dx] -96abde3°f3xSinh[dx] -48abd®ee® f2x?Sinh[dx] -48abd3ee3°f2x?Sinh[dx] -

48 abd? e 3 x2Sinh[dx] +48abd? e3¢ f>x?Sinh[dx] -16abd? e 3 x3Sinh[dx] -16abd3 e3¢ 3 x> Sinh[d x] -

4b2d*e3Sinh[2dx] +4b%d>e®e*“Sinh[2dx] -6b%2d?e?fSinh[2dx] -6b%>d?e?e*cfSinh[2dx] -6b>def>Sinh[2dx] +

6b’dee* f2Sinh[2dx] -3b2f3Sinh[2dx] -3b%e*f>Sinh[2dx] -12b%>d®e? fxSinh[2dx] +12b?d3e? e*° fxSinh[2d x] -
12b%d?e f2xSinh[2dx] -12b?d?e e*“ 2 xSinh[2dx] -6b?d 3 xSinh[2dx] +6b>de*“ > xSinh[2d x] -12b%d3 e f2x?Sinh[2d x] +

12b%d3ee* 2 x2Sinh[2dx] -6b2d2 f3 x> Sinh[2dx] -6b%2d? e* 3 x?Sinh[2dx] -4b?d® > x3Sinh[2d x] +4b%d>® e*° 3 x> Sinh[2d x]

Problem 363: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx] Sinh[c +dx]?2 ;
X

a+bSinh[c+dx]
Optimal (type 4, 449 leaves, 17 steps):

a? (e+fx)%Log[1+ 22| a? (e fx)Log[1s <]

efx f2x2 az(e+fx)3 2af (e+fx) Cosh[c+dx] afateb? anfatb?
2bd  4bd 303 f b2 d2 ' b d ' b% d :
2a%f (e +fx) Polylog|2, *%] 2a’f (e+fx) Polylog|2, *%} 2 a% £2 PolyLog 3, f%} 2 a2 f2 Polylog 3, 7ﬁ
N _ _
b3 d? b3 d? b3 d? b3 d?
2af2Sinh[c +dx] a(e+1cx)2$inh[c+dx] f (e+fx) Cosh[c+dx] Sinh[c+dx] f2Sinh[c+dx]? (e+1cx)zsinh[c+de2
b2 d3 ) b d ) 2bd? i 4bd? ' 2bd

Result (type 4, 1942 leaves):
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48 b3 d?

e2¢|-48a’c?dee®“f-48ia’cdee®“frn+12a’dee? frn?-96a’cd?’ee®“fx-481ia’d’ee®“frx-48a’d>ee?fx?-16a2d3e?“ > x3-

1+jlb—a
384a’de e’ fArcSin[————] ArcTan|
V7 Va7
48abdee’fCosh[dx] +48abdee3 fCosh[dx] +48abeff?Cosh[dx] -48abe3°f2Cosh[dx] +48abd?ee’fxCosh[dx] -
48 abd?e e fxCosh[dx] +48abdef2xCosh[dx] +48abde>° f2xCosh[dx] +24abd? e f?x?Cosh[dx] -
24abd? e3¢ f2x?Cosh[dx] +6b2d?e?Cosh[2dx] +6b?d?e?e*  Cosh[2dx] +6b?’defCosh[2dx] -6b*dee* fCosh[2dx] +
3b%f2Cosh[2dx] +3b2e* f2Cosh[2dx] +12b?d?efxCosh[2dx] +12b%>d?ee* fxCosh[2dx] +6b%df?xCosh[2dx] -

+1/a2+b2 ) ec+dx

(a+ib) Cot[; (2ic+m+2idx)]

| +24abd?*e? e Cosh[dx] -24abd? e’ e Cosh[dx] +

-a
6b?de® 2 xCosh[2dx] +6b*d® > x? Cosh[2d x] +6 b’ d? e*“ f2x* Cosh[2dx] +96a’cde e  fLog[1+ (

|+

b
(7a+\/a2+b2)ec*dx (7a+\/a2+b2)ec+dx
48 i a*dee’  frlog[l+ | +96a%d*e e’ fxLog(l+ |+
b b
1. ia
1+7 (—a+\/a2+b2)ec*dx (a+\/az+b2)ec*dx
192 a*de e’ fArcSin[ ————| Log[1+ | +96a’cdee’  flog|l- |+
VT b b
(a+\/a2+b2)ec*dx (a+\/a2+b2)ec+dx
48 i a*de e’ frlog[l- | +96a%d*e e’ fxLog|l- ] -
b b
142 NFYIY d
b (a+ a‘+b )ec* X b @2 c+dx
192 i a’de e’ f ArcSin[ ———] Log[1 - | +48a%d? e 2 x? Log[1 + ]+
V2 b ae® -,/ (a%+b?) ¢
be2c+dx
48 a% d* €2 2 x? Log|[1 + | +48a%d*e?e*“ Logla+bSinh[c+dx]] -48ia’dee® frlogla+bSinh[c+dx]] -
aet+ (az+b2) e?¢

bSinh[c +dx] (a-VaZ+b? | ectdx (2 /a1 B7 | ecrox
————————| +96a*de e f PolylLog|2, | +96a2de e fPolyLog|2,

a b b

be2c+dx be2c+dx
96 a*d e?“ f2 x PolyLog|[2, - | +96a%d e’ f2x Polylog|2, - ] -
aec - <a2+b2) e?¢ aec+ (a2+b2) e?¢

96a*cdee? flog[l+
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b62c+dx b62c+dx
96 a% e?“ f2 Polylog|3, - | -96a%e?“ f? Polylog|3, - | -24abd?e’eSinh[dx] -

aet -/ (a%+b?) e*¢ ae®+./ (a%+b?) e2¢
24abd?e?e3°Sinh[dx] -48abde e fSinh[dx] +48abde e fSinh[dx] -48ab e f2Sinh[dx] -48abe3°f2Sinh[dx] -
48abd’ee‘fxSinh[dx] -48abd?ee3“fxSinh[dx] -48abde®f2xSinh[dx] +48abd e3¢ f*xSinh[dx] -
24abd?e f>x?Sinh[dx] -24abd?e3°f2x?>Sinh[dx] -6b?d?>e?Sinh[2dx] +6b?d?>e?e*Sinh[2dx] -6b>defSinh[2dX] -
6b>dee* fSsinh[2dx] -3b2f2Sinh[2dx] +3b%2e* f2Sinh[2dx] -12b%2d?efxSinh[2dx] +12b%d?ee* fxSinh[2dX] -

6b2df2xSinh[2dx] -6b2de*cf2xSinh[2dx] - 6b%d? f2x?>Sinh[2d x] +6b% d? e* 2 x?> Sinh[2 d x]

Problem 364: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(eﬂcx) Cosh[c +dx] Sinh[c +d x]?2
dx

a+bSinh[c+dx]

Optimal (type 4, 278 leaves, 14 steps):

) a2 (e+fx) Log[lJr %} a? <e+-f2x) Log[1+ &] az‘FPolyLog[z, __becdx

f x a2 (e+-FX) af Cosh[c+dx] 2/ ateb? alatib? aim
- + + + + +

4bd 2b3 f b2 d? b3d b3 d b3 d?
a? f Polylog|2, T ‘ '

ar/ a2:b? a(e+fx)Sinh[c+dx] fCosh[c+dx]Sinh[c+dx] (e+fx)Sinh[c+dx]?

- - +
b* d? b?d 4b d? 2bd

Result (type 4, 675 leaves):
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1
8 b3 d?
1412 . 1 , ,
b (a+1b)Cot[4—<21c+7T+21dx)]
~4a’c?f-4iatcfrn+a’fra’-8a’cdfx-4ia’dfrx-4a*d*fx?-32a*fArcSin| ————| ArcTan| |+
V2 \aZ+b?

Fasa? b7 | ecox

b

8abfCosh[c+dx]+2b’deCosh[2 (c+dx)]|+2b*>dfxCosh[2 (c+dx)]+8a*cflog[1l+

(—wm) ecrdx (—a+\/m) ecrdx

|+

4ia’frlog|l+ | +8a%dfxLog[1+

|+

b b
ﬂ1+% (—a+\/a2+b2)e“dx (a+\/a2+b2)ec*dx (a+\/a2+b2)<ec*dx
16 i a* f ArcSin[ ——— | Log[1 + | +8a%cflog[l- | +4ia*frLog[l- |+
NES b b b
(a+VaT+ b7 ) eciax 1o (a+VaT+ b7 ) ecrex
8a’dfxLlog|l- | -16 1 a* fArcSin| —————] Log[1 - | +8a*delogla+bSinh[c+dx]] -

b NEY b

bSinh[c +dx] (afm) ecrdx
——————| +8a*fPolyLog|2,
a b

|+

4ia’frlogla+bSinh[c+dx]]-8a%cfLog|l+

(a+ a2+ b? ) ecrdx

8 a’ f Polylog|2, | -8abdeSinh[c+dx] -8abdfxSinh[c+dx] -b>fSinh[2 (c+dXx) |

b

Problem 366: Attempted integration timed out after 120 seconds.

Cosh[c +dx] Sinh[c +dx]?
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
Cosh[c+dx] Sinh[c+dx]?
(e+fx) (a+bSinh[c+dx])

, X|

Unintegrable|

Result (type 1, 1leaves):
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???

Problem 367: Result more than twice size of optimal antiderivative.

J(e+-Fx>3Cosh[c+dx]ZSinh[c+dx}2
dx

a+bSinh[c+dx]

Optimal (type 4, 897 leaves, 31 steps):
3aefix 3afix? a° (e+Fx)4 a <e+-Fx)4 6a’f? (e+fx)Cosh[c+dx] 4f%(e+fx) Coshlc+dx]

+ + +
4 b? d? 8 b2 d? 4b4f 8b2f b3 d3 3bd3
a2 (e+fx)3Cosh[c+dx] 3af3Cosh[c+dx]?2 ‘;’»a1"(e+1:x)2Cosh[c+dx]2 22 (e+fx) Cosh[c+dx]? (e+-Fx)3Cosh[c+dx]3
+ + + + +
b3d 8 b2 d* 4 b2 d? 9bd? 3bd

a?\/a?+b? (e+fx)>log[l+ 2 1 a2+/a2:b? (e+fx)>log[l+ 2| 3a2+/a2:b? f (e+fx)2Polylog|2, - 22—
obt (o) Log[1 ] obt (e fx) Log[ty 2T "o F (o) > e

— + —

b*d b*d b* d?
3a2VaZ+b? f (e+fx)2Polylog[2, - <] 6a+/aZ+b? £ (e+fx) Polylog|3, - |

a+/ a2+b? a-+/a%+b?

- +

b* d2 b* d3

6a2+/a2+b?2 f2 (e + fx) PolyLog|3, _ —bemix | 6a2+/a?+b? fPolylLog|4, _—betdx | 6a2+/a?+b? f3Polylog|4, T ]
a+/ a%+b? a-+/ a?+b? a+/ a?+b?

+ — —

b4d3 b4d4 b4d4
6a2f3sinh[c+dx] 14f3Sinh[c+dx] 3a*f (e+fx)?Sinh[c+dx] 2f (e+fx)’Sinh[c+dx]
b3 ¢ ) 9b d* ) b3 d2 ) 3p 2 )
3af? (e+fx) Cosh[c+dx]Sinh[c+dx] a(e+-Fx)3Cosh[c+dx]Sinh[c+dx] F(e+-Fx)2Cosh[c+dx]ZSinh[c+dx] 2f3Sinh[c+dx]3
4b2 g3 ) 262 d ) 3p g2 ) 27bdé

Result (type 4, 2729 leaves):

1| 2a (2a2+b2) e3x 3a (2a2+b2) e2fx? 2a (2a2+b2) ef2x3

4 b4 b4 b4
a (2a?+b?) x4 1 a+becrdx
( ) - 4a’+/-a*-b*> [2d°e? [ (a’+b?) &€ Ar‘cTan[+7] +
2b* bt d* [ (a% + b?] e2¢ “a? b2

2c+d 2c+d
34/-a?-b? d®e?e’ fxLog[l+ be” ™™ | +3+/-a%-b? d*ee® f2x? Log[1+ be ™™ ] +

ae‘ - (a2+b2) e?c ae‘ - (a2+b2) e?c
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2c+d 2c+d
md3ecf3x3Log[1+ be ™" ]—3md3e2ecfoog[1+ bet™™ | -
aec- (a2+b2) e2¢ ae+ (a2+b2> e%¢
2c+d 2c+d
3+ -a%-b? d®eef2x?Log[1+ bet™™ | -/ -a*-b? d® e x> Log[1+ be™ |+
ae‘+ <a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2c+d 2c+d
34 -a%-b? dzecf(e+fx)2PolyLog[2,_ b g2crdx | -3+/-a%-b? d2e5f<e+fx)2PolyLog[2,_ b e2c+dx ] -
ae‘- <a2+b2) e?¢ ae‘+ (a2+b2> e?¢
2c+d 2c+d
61/ -a%-b* deec f?Polylog|3, - bt ™ ] -6+/-a2-b2 dec £ xPolylog[3, - e ™ ]+
ae- (a2+b2) e?c ae- <a2+b2) e?c
2c+d x 2 c+d x
6+ -a?-b? dee f2PolylLog[3, - be | +6+/-a%-b? de® f>xPolylog|3, - be ]+
ae‘+ (a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2 c+d x 2 c+d x
6/ -a2-b? e £ Polylog[4, - oe | -6+/-a%-b? e’ Polylog[4, - = N
ae‘ - (a2+b2) e?c ae‘+ (a2+b2) e?c

Cosh[c] Sinh[c]
2b3d* 2b3d*

((4a2+b2) (e’ +3d?e*f+6def?+6f)

)+ (4a2d2e2f+b2d2e2f+8a2defz+2b2def2+8a21°3+2b2f3)

(BXCosh[c} 3xSinh[c]

3x2 Cosh|[c 3x2Sinh[c
)+(4a2de'F2+b2de'F2+4a2'F3+b2'F3) [ ]— [ ]]+

2b3d3 2b3d3 2 b3 d? 2 b3d?
3 x3 Cosh|c 3 x3sSinh[c
(4a%+b?) [e] [ ]J (Cosh[dx] -Sinh[dx]) +
2b3d 2b3d
Cosh|c Sinhc 1
((4a2+b2) (d*e*-3d*e*f+6def’-6f) €] + [ ])+ 3x* (4a®def’Cosh[c] +b’>def®Cosh[c] -
2b3d* 2b3d* 2 b3 d?
1
4 3% f>Cosh[c] - b*>f>Cosh[c] +4a*def?Sinh[c] +b*def?Sinh[c] - 4a®f>Sinh[c] - b*f>Sinh[c]) + T
2b3d

3x (4a*d*e? fCosh[c] +b®d* e’ fCosh[c] -8a*def?Cosh[c] -2b*def?Cosh[c] +8a®f>Cosh[c] +2b*f Cosh[c] +
4a*d*e*fsinh[c] +b*d*e® fSinh[c] -8a’def?Sinh[c] -2b’>def>Sinh[c] +8a*f>Sinh[c] +2b* > Sinh[c]) +

, 5 [FPx3Cosh[c] F2x3Sinh[c] .
(4a%+b?) + (Cosh[dx] +Sinh[dx]) +
2b3d 2b3d
af3x3Cosh[2c af3x3sinh[2c aCosh[2c aSinh[2c
( 2o 2 ladrel ed e fibdef 3 12¢] [ ]J+
2b%d 2b%d 8 b2 d* 8 b2 d*

3xCosh[2c] 3xSinh[2c]
4 b2 d3 4b%2d3

af3x3Cosh[2¢c af3x3sSinh[2c
(Cosh[2dx] -Sinh[2dx]) + (— [2cl [2c] +(4d’e’-6d*e*f+6def?-3f) (

(2ad?e?fi2adefaf) 3 x?Cosh[2c] ) 3x2Sinh[2c] ])

4 b2 d? 4 b2 d?

]+ (2adef2+a-F3)

aCosh[2c] aSinh[2c]

8 b2 d* 8 b2 d*

2b%d 2b%d
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3x? (2adef?Cosh[2c] -af?Cosh[2c] +2adef?Sinh[2c] -af3Sinh[2c]) 1
4 b? d2 4b2d3

3x (2ad*e*fCosh[2c] -2adef®Cosh[2c] +af’Cosh[2c] +2ad*e*fSinh[2c] -2adef>Sinh[2c] +a-F3Sinh[2c])]

3 x3Cosh[3c] f3x3Sinh[3c]
6bd 6bd
Cosh|[3 Sinh[3
_XxCosh(3c] il [ c])+(*3defz—f3>
18 b d3 18 b d3

(Cosh[2dx] +Sinh[2dx]) +

Cosh[3c Sinh[3c
+<9d3e3+9d2e2f+6def2+2f3> [ ]— [ J]+

54 b d* 54 b d*
x?Cosh[3¢c] x2Sinh[3c] J

+

6 b d? 6 b d?
3 x3 Cosh[3c 3 x3Sinh[3c Cosh[3c Sinh[3c
[ ]+ [ 1+(9d3e3—9d2e2f+6def2—2f3) [ ]+ [ ])+
6bd 6bd 54 b d* 54 b d*
x? (3def?Cosh[3c] -f>Cosh[3c] +3def?Sinh[3c] -f>Sinh[3c]) 1

+
6 b d? 18 b d3

(-9d*e*f-6def>-2F)

x (9d*e?fCosh[3c] -6def’Cosh[3c] +

2f3Cosh[3c] +9d*e*fSinh[3c] -6def>Sinh[3c] +2f>Sinh[3c]) | (Cosh[3dx] +Sinh[3dx])

Problem 369: Result more than twice size of optimal antiderivative.

J(E-%—'FX) Cosh[c+dx]2Sinh[c +dx]?2 g
X

a+bSinh[c+dx]

Optimal (type 4, 403 leaves, 19 steps):

a*ex aex a*fx2 afx? a’(e+fx)Cosh[c+dx] afCosh[c+dx]? (e+fx)Coshlc+dx]?

- - - - + + + +
b* 2 b? 2b* 4p? b3d 4 p? d? 3bd
a?\/a?+b? e+ fx)Log[l+ 2] a24/aZib? (e+fx) Log[1+ <] a2+/a?+b? fPolylog|2, - 22—
< ) [ a-+/ a?+b? ] ( ) [ a+y/ a%+b? ] [ ’ a-+/ a%+b? }
_ ' _
b*d b*d b* d?

a?+/a?+b? fPolylLog|2, - L]

a+/ a2+b? a?fSinh[c+dx] fSinh[c+dx] a(e+Fx)Cosh[c+dx]Sinh[c+dx} fSinh[c+dx]3

(Cosh[3dx] -Sinh[3dx]) +

b# d? b3 d? 3bd? 2b%d 9bd?

Result (type 4, 1373 leaves):
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1

-72a% |- a+b2 cde-36ab% |- a+b2 cde+36a3 —(a2+b2)2 c2f+18ab? —(a2+b2>2 c2f-
72b%* /- +b2
[ - a +b2 2ex-36ab? |- a +b2 2ex-36a3 |- a +b2 d>fx?>-18ab? | - a +b2 d? £ x%+

a+bCosh[c+dx] +bSinh[c +dx] a+bCosh[c+dx bSinh[c +dx
144 2% /a2 + b2 deArcTan| 1 270 1448202 a2 + b? deArcTan| e ey

\ -a? - b? NEPYIRY
a+bCosh[c+dx bSinh[c +d X] a+bCosh[c+dx bSinh[c+dx
144 a*+[a? + b? ¢ fArcTan| . [c+dx] + [c+ ~14422b2[a? +b? c fArcTan| + [c+dXx] + [c+ ]]+

A/ _ 2_b2

b2
72a*b [ - (a +b2 deCosh[c+dx] +18b* |- (a +b2 deCosh[c+dx] +72a’b |- (a +b2 dfxCosh[c+dx] +
18b> |- (a?+b?)? dfxCosh[c+dx] +9ab? |- (a?+b?)? fCosh[2 (c+dx)]+6b> |- (a?+b?)® deCosh[3 (c+dx)]+
(Cosh[c+dx]+$inh[c+dx])
(a +b2 dfxCosh[3 (c+dx)|+72a*/-a’-b® cflLog[l |+
2+b2

Cosh[c +dx] +Sinh[c +d x] b Cosh[c+dx] +Sinh[c +dx
72a%b%/ - 2 cflog|1l b | [ ] [ | +72a%/- 2 dfxLlog[1l < [ } : ]>}+
*\/aZerZ \V a +b2
b Cosh[c+dx] +Sinh[c +dx] Cosh[c+dx] +Sinh[c +dx
72a%b%+/ - 2 dfxLlog[1l ( [ 1 [ | -72a*+/-a*-b? cflog[1 b | [ 1 [ ”}—
-+va%+b? ++Va?+b?
Cosh[c+dx]+51nh[c+dx b Cosh[c+dx}+51nh[c+dx]
72a%b%+/ - 2 cflog|1l b | | -72a%/- 2 dfxLog[1l < H—
++Va%+b? ++Va%+b?
b Cosh[c+dx] +Sinh[c+dx b (Cosh[c+dx] +Sinh[c+dx
72a2b?+/ - 2 dfxLlog[1l < [ ) [ ]>}772a2 (-a%-b2)*? f Polylog|2, < ])}Jr

+V a%+b? ++ a2 +b?

b <Cosh[c+dx] +Sinh[c+dx])

72a? (-a? - b?)*'? f Polylog|2, - | -72a%b [ - (a2 +b?)? fsinh[c+dx] -18b> |- (a?+b?)? fSinh[c+dx] -

+b2
18 a b? 7(a2+b2)2desinh[2(c+dx | -18ab® |- a+b2 dfxSinh[2 (c+dx)]-2b3 —(a2+b2)2 fSinh[3 (c+dx) |

Problem 371: Attempted integration timed out after 120 seconds.

Cosh[c+dx]2Sinh[c +dx]?
J dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
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Cosh[c+dx]%2Sinh[c+dx]?
(e+fx) (a+bSinh[c+dx])

Unintegr‘able[ , x]

Result (type 1, 1leaves):

2?7

Problem 372: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+1‘:x)3Cosh[c+dx]3Sinh[c+dx}2 ;
X

a+bSinh[c+dx]

Optimal (type 4, 1123 leaves, 40 steps):
3a2f3x 453 x  a(e+fx)’ 3 (e+fx)’ a?(a?+b?) (e+fx)* 6a*ficCosh[c+dx] 4@af3Cosh[c+dx]

+

8b3d>  256bd av*d  32bd absf b d* 9b? d*
3a3-F(e+~Fx)2Cosh[c+dx} 2aF(e+-FX)2Cosh[c+dx] 92 (e+fx) Cosh[c+dx]? 2af3Cosh[c+dx]3
b* d? : b2 d? : 32bd? : 27 b2 d* :
cdx
af(e+-Fx)2Cosh[c+dx]3 32 (e+fx) Cosh[c+dx]* (e+-Fx>3Cosh[c+dx]4 a* (at+07) (e+-Fx)3Log[1+a_bj;2?
3b2d? i 32bd3 ' 4bd i b d .
a? (a?+b?) (e+fx)>Log[1+ ﬁ} 3 a2 (a2+b2>f(e+fx)2PolyLog[2,—ﬁ] 3 a2 (a2+b2)f(e+fx)2PolyLog[2,—%]
bS d ' bS d?2 : bS d2 )
6 a2 (a2+b2> £2 (e+-Fx) PolyLog[3, f%} 6 a? (a2+b2> £2 (e+-Fx) PolyLog[3, —ﬁ] 6 a2 (a2+b2) £3 PolyLog[4, —%
- + +
b° d? b°> d? b> d*
6 a2 (a2+b2)f3PolyLog[4,—& . . 3¢
ar/ateb? 6a’f? (e+fx)Sinh[c+dx] 4@af’(e+fx)Sinh[c+dx] a®(e+fx)’Sinh[c+dx]
bS d* ) b* d? i 9b2 o . b d )
2a (e+fx)’sinh[c+dx] 3a2f3Cosh[c+dx] Sinh[c+dx] 45f3Cosh[c+dx]Sinh[c+dx] 3a’f (e+fx)?Cosh[c+dx]Sinh[c+dXx]
3b2d ) 8 b3 d* ) 256 b d* ) 46> o2 )
9-F<e+-Fx)2Cosh[c+dx] Sinh[c+dx] 2af? (e+fx) Cosh[c+dx]2Sinh[c+dx] a(e+-Fx)3Cosh[c+dX]ZSinh[c+dx]
32b d? ) 9 b2 o ) 3b2d .
3f3Cosh[c+dx]3Sinh[c+dx] _B'F(e+'Fx)2Cosh[c+dx]3Sinh[c+dx] +3a2-F2 (e+fx) Sinh[c+dx]2+a2 (e+-Fx)3Sinh[c+dx}2
128 b d* 16 b d? 4 b3 d3 2b3d

Result (type 4, 8926 leaves):
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e3log[a+bSinh[c+dx]] 1
8bd 8 b d?
1+ 22 . 1 X X 1+].lfa
1 b (a+ib) Cot[> (2ic+m+2idx)] 4 b
3ef —f(2c+jn+2dx>2—4ArcSin[7]Ar‘cTan[ 4 }+f 2c+1’17r+2dx+4j1Ar‘cSin[7]

8 NFY NPy 2 NEY

Lt

(a +\/W) ecrdx
b

(—a+\/a2+b2 ) ecrdx
Log[1 + " |+ = ]2c+in+2dx-41ArcSin Log[1 -
2

] -

bsinh[c +dx] (a- a7+ b7 | ecrdx (a4 Va7 07 | ecrox
——— | +Polylog|2, | +PolylLog|2,

1
~inlogla+bSinh[c+dx]] -clog|l+
2 a b b

] -

2c+d 2c+d 2c+d
13eF2 -d®x® +3d*x? Log[1+ b | +3d*x? Log[1+ ber | +6dxPolyLog|2, - b |+
8bd ae- (a2+b2> e%¢ ae+ (a2+b2) e%¢ ae- <a2+b2) e%¢
beZC+dx beZC+dx be2c+dx
6dx PolylLog[2, - | - 6PolyLog|3, - | -6PolyLog|3, - -
aet+ <a2+b2) e%¢ ae‘- (a2+b2) e?¢ ae+ (a2+b2) e%¢
2c+d 2c+d 2c+d
: ;P -d*xt v ad® P Log[1+ b | +4d*>x* Log[1+ ber | +12d?x? PolyLog|2, - bt |+
32bd aec- (a2+b2> elc aec+ (a2+b2) e?c aec- (a2+b2) e?c
beZde b62c+dx
12 d?* x? Polylog|2, - | -24dxPolyLog|[3, - |-
aet+. (a%+b?) e*¢ ae® -,/ (a%+b?) ¢
b62c+dx b62c+dx bezmdx
24dx Polylog|3, - | +24PolyLog|4, - | +24PolyLog[4, - 1|+
ae®+./ (a%+b?) ¢ ae (a2 +b?) €€ ae®+./ (a%+b?) e2¢
1 be2c+dx
ef? |2 (4a*+b%) x*Coth[c] - ——————2 (4a’+b?) |2d®e?“x*>+3d*x? Log |1+ | -3d*e?“x?
32b3 d3 (—1+e25) ae_ (a2+b2> e2c
2c+d 2c+d 2 c+d
Log[1+ ber ™™ | +3d*x? Log[1+ b | -3d*e*“x* Log |1+ b |-6d(-1+e*) x

ae‘ - (a2+b2) e2¢ aec+ (a2+b2> elc aec+ (a2+b2) e2¢
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b62c+dx b62c+dx beZde
Polylog|2, - | -6d (-1+e*) xPolylog|2, - | -6PolyLog|3, - |+
aec- (a2+b2> e2¢ aet+ <a2+b2) e%¢ aec- (a2+b2) e?¢
2c+d 2c+d 2c+d
6 ? Polylog|3, - e ] -6PolyLog[3, - bt | +6e?PolyLog|3, - be” ™™ ]| -
ae‘- (a2+b2) e?c ae+ (a2+b2> e2c aet+ (a2+b2> e%¢

24abCosh[dx] (-2dxCosh[c] + (2+d?x?) Sinh[c]) 3b?Cosh[2dx] ((1+2d*x?) Cosh[2c]-2dxSinh[2c])
N _

d3 d3

24ab ((2+d?>x?) Cosh[c] -2dxSinh[c]) Sinh[dx] 3b?(-2dxCosh[2c] + (1+2d*x?) Sinh[2c]) Sinh[2dx]

+

d3 d3
2c+d
! 2| (43 + b?) x4Coth[c}—;2(4a2+b2) d* e2¢ x* +2d>x? Log[1 + b e ] -
64 b3 d4(—1+e2c) aet - (a2+b2) e2c¢
2c+d 2c+d 2c+d
2d% e?“x? Log |1+ be ™ | +2d*x* Log[1+ be” ™™ | -2d*e*“ x* Log |1 + be? ™™ | -
ae‘- (az+b2) e?¢ ae+ (a2+b2> e%¢ aet+ (a2+b2) e?¢
2c+dx 2c+dx
6d* (-1+e”) x* PolyLog|[2, - be | -6d? (-1+e*9) x? PolyLog|[2, - be ] -
ae® - (a2+b2) e?¢ ae‘+ (a2+b2) e?¢
bezc+dx be2c+dx
12dx Polylog|3, - | +12d e’ xPolylog|3, - | -
ae‘- <a2+b2) e%¢ aec <a2+b2) e%¢
be2c+dx be2c+dx be2c+dx
12d x PolylLog|3, - | +12d e’ xPolylLog|3, - | +12PolyLog|4, - |-
aet+./ (a%+b?) e2¢ aet+./ (a%+b?) e2¢ ae‘ -,/ (a%+b?) ¢
2c+d 2c+d 2c+d
12 e*“ PolyLog |4, - bel ™ | +12PolyLog[4, - bet ™™ | -12e*“PolyLog|4, - bt I -
ae‘ - (a2+b2) e%¢ aec+ (a2+b2> e%¢ aec+ (a2+b2) e?¢

16abCosh[dx] (-3 (2+d*x?) Cosh[c] +dx (6+d?x?) Sinh[c]) b>Cosh[2dx] (2dx (3+2d?x?) Cosh[2c] -3 (1+2d?x?) Sinh[2c])
+ _

d* d*

16ab (dx (6+d?x?) Cosh[c] -3 (2+d*x?) Sinh[c]) Sinh[dx] b2 (-3 (1+2d*x?) Cosh[2c] +2dx (3+2d?x?) Sinh[2c]) Sinh[2dX]
+

d* d*

+

e? (b2 Cosh|[2 (c+dx) ] + (4a+b?) Log[a+bSinh[c+dx]] -4abSinh[c+dx])
16 b3d

+

1

32 b3 d?
3e2f
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b Sinh[c +dXx] b Sinh[c +dXx]

8abCosh[c+dx]+2b>dxCosh[2 (c+dx)]|-8a%*clog[1+ | -2b%clLog(1+ |+

a a

1+ L2 , 1 . , 1+ %2

1 b (a+ib)Cot[ (2icem+2idx)] 4 b
8a’ |-~ (2c+in+2dx)*-4ArcSin[ ———] ArcTan| |+ = |2c+in+2dx+41iArcSin[——]
8 2 NForss 2 vz
Fas/aTob? ) ot NERErs (2 /a7 b7 | ecrox
Log[1+ |+=|2c+in+2dx-4iArcSin| ———]| Log[1- ] -
b 2 NEY b

(a MW) ecrdx
| +Polylog|2,

1
~imLog[a+bSinh[c+dx]] +PolyLog|2,
2 b b

. 1+ 58 (a+ib) Cot[ (2ic+n+2idx)]
2b% |-~ (2c+in+2dx)*-4ArcSin[ ————] ArcTan]| 4 ] +

8 Vz NP

1a
1 x/1+ b (—a+ a2+b2)e“d"
~|2c+in+2dx+4iArcSin[———]| Log[1+ |+
2 NEY b

1a
1 s (a+ /a2 eb? | ecdx
~|2c+in+2dx-41iArcSin[———]| Log|[1- | -=inlogla+bSinh[c+dx]] +
2 Jz b 2
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(a—m> ecrdx (a+m) ecrdx
| +PolyLog|2,

Polylog|2,
b b

|| -8abdxSinh[c+dx] -b>Sinh[2 (c+dx) ]| +

1

96 b°d
48ab (2a?+b?) Sinh[c+dx] -8ab’Sinh[3 (c+dx)]) +

e® (6b? (4a+b?) Cosh[2 (c+dx) ]| +3b*Cosh[4 (c+dx)]|+6 (16a*+12a>b? +b*) Log[a+bSinh[c+dx]] -

e’f [576ab (2a+b?) Cosh[c+dx] +72b® (4a”+b?) dxCosh[2 (c+dx) ]| +32ab?Cosh[3 (c+dx)] +
384 b° d?

bSinh[c+dx bSinh[c+dx bSinh[c+dx
36b* dx Cosh[4 (c+dx)] - 1152a% c Log[1+ ot < 9X) ) ge4 022 ¢ Log[1+ o LE OXD ) g5t ¢ Log 1+ et AXT

] +

a a a
1 Loy (a+ib)Cot[ (2ic+m+2idx)]
1152a* |- = (2c+im+2dx)®-4ArcSin[ —————] ArcTan| - ]+
8 V2 Va?+b?
L 1+ 53 -+ Vot b7 | evix 1+
~|2c+in+2dx+4iArcSin[————]| Log[1+ | +=|2c+in+2dx-41iArcSin[——]
2 V2 b 2 V2

Log[1 -

(a+\m> ecrdx (a—m) ecrdx
| - =imLogla+bSinh[c+dx]] +PolylLog|2, | +PolyLog|2,

b 2 b b

. . _ 1oy (a+ib) cot[>
(2c+117r+2dx) -4 ArcSin| ————] ArcTan|

vz NFor

(2ic+m+2idx) ]
864 a’b? | -

|+

0 |
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1412 |14 12
1 1+ (—a+\/a2+b2)ec*dx 1 1%
~|2c+in+2dx+41iArcSin[———]| Log[1+ |+=|2c+in+2dx-4iArcSin[ ——]

2 V2 b 2 V2

(a+\/a2+b2>ec+dx (afm) ec+dx

Log[1- " | - =inlogla+bSinh[c+dx]] +Polylog|2, " | +PolyLog|2, " RE
2
1 1+? (a+1b) Cot[l( c+7T+2:|1dXH 1 \/1+?
72b* |-~ (2c+in+2dx)?-4ArcSin[ ————] ArcTan]| 4 ]+=]2c+in+2dx+4iArcSin[ ——]
8 V2 \/a? + b2 2 V2
(—a+\/m) ectdx 4 \l m) ecrdx
Log[1+ |+ = |2c+in+2dx-4iArcSin] Log|[1 |-
b 2 yz b

1 (a_1/a2+b2 ) ec+dx
—1smLogl[a+bSinh[c+dx]] +PolyLog[2, ] +PolyLog[2,
2 b b

576 ab (2a+b?) dxSinh[c+dx] -36b* (4a®+b?) Sinh[2 (c+dx)] -96ab>dxSinh[3 (c+dx)]|-9b*Sinh[4 (c+dx) ]| +

3 |864 (16 a* + 12a* b + b*) x* Coth[c] - ;1728 (16 a* + 12 a° b® + b*)
55296 b® d* (~1+e2¢)
2 c+d 2c+d 2 cud
d*e?x" + 2d>x Log 1+ e ] -2de*“x* Log[1+ e ] +2d®x3 Log[1 + e ] -
aec - (a2+b2) e2c¢ aef - (a2+b2) e2¢ aet 4 (a2+b2> o2c
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3
16

beZC+dx beZc+dx

2d%e?“x? Log[1 + | -6d> (-1+e>¢) x> Polylog|2, - | -6d> (-1+e2¢) X2
ae‘+ <a2+b2) e?¢ ae‘- (a2+b2) e?¢
be2c+dx beZC+dx beZC+dx
Polylog|2, - | -12d x PolyLog|3, - | +12de*“ xPolylog|3, - ] -
ae+ (a2+b2) e?¢ ae- <a2+b2) e?¢ ae- <a2+b2) e?¢
be2c+dx be2c+dx be2c+dx
12dx Polylog|3, - | +12de*“ xPolyLog|3, - | +12PolyLog|4, -
ae+ <a2+b2) elc ae+ <a2+b2) elc ae‘- <a2+b2) e?c
2 c+d x 2 c+d x 2 c+d x
12 e Polylog |4, - be | +12Polylog|4, - be | -12*“ PolyLog|4, - be 1|+
ae‘- (a2+b2> e?¢ ae+ (a2+b2> e?¢ ae+ <a2+b2) e?c

13824ab (2a2+b?) (6+6dx+3d?x?+d*>x?) (Cosh[c+dx] -Sinh[c+dx])

d4
13824ab (2a2+b?) (-6+6dx-3d?x?+d>x3) (Cosh[c+dx] +Sinh[c+dx])
d4 "
432b% (4a2+b?) (3+6dx+6d2x?+4d>x3) (Cosh[z(c+dx)} - Sinh[2 (c+dx)”
d4 :
432b% (4a%+b?) (-3+6dx-6d2x*+4d>x?) (Cosh[2 (c+dx)]|+Sinh[2 (c+dx)])
d4 '
256ab* (2+6dx+9d2x?*+9d*x?) (Cosh[3 (c+dx)]-Sinh[3 (c+dx)])
d )
256ab® (-2+6dx-9d?x?+9d>x?) (Cosh[B (c+dx” +Sinh[3 (c+dx”)
d* '
27b* (3+12dx+24d2x?+32d>x3) (Cosh[4 (c+dx)]| -Sinh[4 (c+dx)])
+
d4

27b* (-3+12dx-24d*x?+32d>x?) (Cosh[4 (c+dx) | +Sinh[4 (c+dX)])

+

ae‘+ (a2+b2) elc ae‘ - (a2+b2) e?c

d4
2c+d
—eft |- — 3(1 ) (16a*+12a?b? + b*) |2d> €2 x> +3d? x? Log[1 + bt | -3d?e?“x?Log|1+
3b°d®> (-1+e c 2, B2\ e2¢ c
ae‘- (a +b)e ae
- beZC+dx ) 9e 2 be2c+dx 5e
3d?x? Log[1+ | -3d*e*“ x? Log|1 + | -6d (-1+e) xPolyLog|2, -
ae+ (a2+b2) e%¢ ae+ (a2+b2> e%¢
2c+d 2c+d
d(-1+e°“) xPolylLog|2, - - -6 PolylLog|3, - i +
6 ) be be
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5e be2c+dx be2c+dx 5 be2c+dx
6 e’ Polylog|3, - | -6PolyLog|3, - | +6e2“PolyLog|3, - e
ae‘- (a2+b2) e?c ae+ (a2+b2> e?¢ ae+ (a2+b2) e?¢
Cosh[4c+4dx] Sinh[4c+4dx]

Cschc] -
1728 b® d3 1728 b® d3

384ab>dxCosh[2c+dx] +576ab>d?x?Cosh[2c+dx] -864a?b?Cosh[c+2dx] -216b*Cosh[c+2dx] -1728a2b%>dxCosh[c+2dx] -
432 b*d x Cosh[c +2dx] -1728 a%> b?d? x> Cosh[c+2dx] -432b*d?x? Cosh[c+2dx] +864a%b?Cosh[3c+2dx] +216b%*Cosh[3c+2dx] +
1728 a2b%?dxCosh[3c+2dx] +432b%*dxCosh[3c+2dx] +1728 a%b?d? x> Cosh[3c+2dx] +432b*d?>x?>Cosh[3c+2dXx] -

13824 a*bCosh[2c+3dx] -6912ab3Cosh[2c+3dx] -13824a®bdxCosh[2c+3dx] -6912ab3>dxCosh[2c+3dx] -

6912 a®>b d? x> Cosh[2c+3dx] - 3456 ab>d?x?Cosh[2c+3dx] +13824a>bCosh[4c+3dx] +6912ab3Cosh[4c+3dx] +

13824 a*bdxCosh[4c+3dx] +6912ab>dxCosh[4c+3dx] +6912a3bd?x?Cosh[4c+3dx] +3456ab3d?>x?>Cosh[4c+3dx] +
4608 a* d> x> Cosh[3c+4dx] + 3456 a2b2d3x3Cosh[3c+4dx] +288b*d>x3Cosh[3c+4dx] +4608a*d>x>Cosh[5c+4dx] +

3456 a2 b% d® x®> Cosh[5c+4dx] +288b*d3x3Cosh[5c+4dx] +13824a*>bCosh[4c+5dx] +6912ab?Cosh[4c+5dx] -

13824 a*bdxCosh[4c+5dx] -6912ab>dxCosh[4c+5dx] +6912a3bd?x?>Cosh[4c+5dx] + 3456 ab3d?>x?>Cosh[4c+5dx] -
13824 a*bCosh[6c+5dx] -6912ab3Cosh[6c+5dx] +13824a*bdxCosh[6c+5dx] +6912ab>dxCosh[6c+5dx] -

6912 a> b d?> x> Cosh[6c+5dx] - 3456 ab>d?> x> Cosh[6c+5dx] -864a?b?Cosh[5¢c+6dx] -216b*Cosh[5c+6dx] +

1728 a’b?d xCosh[5c+6dx] +432b*dxCosh[5¢c+6dx] -1728 a2 b?d>x?> Cosh[5c+6dx] -432b*d?> x> Cosh[5c+6dX] +

864 a’b% Cosh[7c+6dx] +216b* Cosh[7c+6dx] -1728a2b%>dx Cosh[7c+6dx] -432b*dx Cosh[7c+6dXx] +

1728 a2 b? d?> x> Cosh[7 c+6d x] +432b* d? x> Cosh[7c+6dx] + 128 ab3 Cosh[6c+7dx] -384ab>dxCosh[6c+7dx] +

576 ab>d? x? Cosh[6c+7dx] -128ab3Cosh[8c+7dx] +384ab>dxCosh[8c+7dx] -576ab3d?>x?>Cosh[8c+7dx] -

27 b*Cosh[7c+8dx] +108b*dx Cosh[7c+8dx] - 216 b*d?> x? Cosh[7c+8dx] +27b*Cosh[9¢c+8dx] -108b*dx Cosh[9c +8dx] +
216 b* d?> x> Cosh[9 c +8d x] + 54 b*Sinh[c] + 216 b*d x Sinh[c] + 432 b*d? x? Sinh[c] - 128 ab3Sinh[d x] - 384 ab3>d x Sinh[d x] -
576 ab>d? x?Sinh[dx] +128 ab3Sinh[2c+dx] +384ab>dxSinh[2c+dx] +576 ab>d?x?Sinh[2c +dx] - 864 a2 b% Sinh[c +2dx] -
216 b* Sinh[c +2dx] - 1728 a?b?>dx Sinh[c+2dx] -432b*dxSinh[c+2dx] - 1728 a2b?d? x> Sinh[c+2dx] -
432b*d?x?Sinh[c+2dx] +864a%b?Sinh[3c+2dx] +216b*Sinh[3c+2dx] +1728 a2 b?>dxSinh[3c+2dx] +

432b*dx Sinh[3c+2dx] +1728a?b?>d?>x?Sinh[3c+2dx] +432b%*d?>x?Sinh[3c+2dx] -13824a®bSinh[2c+3dX] -

6912 ab>Sinh[2c+3dx] -13824a*bdxSinh[2c+3dx] -6912ab3>dxSinh[2c+3dx] -6912a®>bd?>x?Sinh[2c+3dx] -

3456 ab® d?> x2Sinh[2c+3dx] +13824a*bSinh[4c+3dx] +6912ab>Sinh[4c+3dx] +13824a*>bdxSinh[4c+3dx] +

6912 ab3>dxSinh[4c+3dx] +6912a°bd?>x?Sinh[4c+3dx] +3456ab3d?>x?Sinh[4c+3dx] +4608 a*d>x>Sinh[3c+4dx] +

3456 a’b?2 d> x> Sinh[3c+4dx] +288b*d3x>Sinh[3c+4dx] +4608 a*d>x3Sinh[5c+4dx] +3456a?b?d®>x3Sinh[S5c+4dx] +

288 b% d® x> Sinh[5c+4dx] +13824a®bSinh[4c+5dx] +6912ab3>Sinh[4c+5dx] -13824a®bdxSinh[4c+5dx] -

6912 ab>dxSinh[4c+5dx] +6912abd? x> Sinh[4c+5dx] + 3456 ab®d? x> Sinh[4c+5dx] -13824a%bSinh[6c+5dx] -

6912 ab3>Sinh[6c+5dx] +13824a%>bdxSinh[6c+5dx] +6912ab>dxSinh[6c+5dx] -6912a%bd?x?Sinh[6c+5dx] -

3456 ab>d? x> Sinh[6c+5d x] - 864 a2 b?Sinh[5c+6dx] - 216 b*Sinh[5c +6dx] +1728 a2 b?>dxSinh[5¢c +6d x] +

432b*dx Sinh[5c+6dx] -1728a?b?d?>x?Sinh[5c+6dx] -432b%*d?>x?Sinh[5c+6dx] + 864 a%b?Sinh[7c+6dXx] +

216 b* Sinh[7c+6dx] - 1728 a?b?>dx Sinh[7c+6dx] -432b*dxSinh[7c+6dx] + 1728 a’b?d?x?Sinh[7c +6d x] +
432b*d?x?Sinh[7c+6dx] +128ab3>Sinh[6c+7dx] -384ab3dxSinh[6c+7dx] +576ab3d?>x?>Sinh[6c+7dx] -

128 ab®>Sinh[8c+7dx] +384ab3>dxSinh[8c+7dx] -576ab3d?x?Sinh[8c+7dx] -27b*Sinh[7c +8dx] +108b*d x Sinh[7c+8dX] -

(-128ab?Cosh[d x] - 384a b’ dxCosh[dx] - 576 ab>d* x* Cosh[d x] + 128 ab’*Cosh[2c+dx] +

216 b* d®> x* Sinh[7 c + 8d x] + 27 b*Sinh[9c+8dx] - 188b*dx Sinh[9c+8dx] + 216 b* d* x* Sinh[9c + 8d x])
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Problem 373: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(e+-Fx>2Cosh[c+dx]3Sinh[c+dx}2

dx
a+bSinh[c+dx]

Optimal (type 4, 819leaves, 28 steps):

alefx 3efx a*f2x? 3f2x2 a’(a?+b?) (e+fx)’ 2a*f (e+fx) Cosh[c+dx]

+ + +
2b3d 16bd 4b3d 32bd 3b>f b% d?
4af (e+fx)Cosh[c+dx] 3f2Cosh[c+dx]2 2af(e+fx)Cosh[c+dx]® £2Cosh[c+dx]* (e+1:x)2Cosh[c+dx]4
+ + + + +
3b2d? 32bd3 9 b2 d2 32bd? 4bd
a2 (a2 +b?) (e+fx)2Log[1+ 2= ] a2 (a2:b2) (e+fx) Llog[l+ 2= ] 2a2 (a2+b2)f (e+fx) PolyLog[2, - 2=
( ) JProg[1e =] @ ) ) Log[1+ =] ( ) f ) (2, - =
+ + +
b°>d b°>d b® d?
2a% (a?+b?) f (e+fx) PolylLog|2 o bt 2 a% (a? +b?) f2 PolylLog|3 o bt 2 a% (a? +b?) f2Polylog|3 o bt
( ) £ lexfx 2 JT} ( ) > a oot ( ) > 2ot
bS d2 . bS o3 . bS d3 )
2a3f2sinh[c+dx] 14af?Sinh[c+dx] a3 (e+fx>zsinh[c+dx] 2a(e+Fx)2Sinh[c+dx]
b4 d3 9b?d3 b*d 3b%2d
a’f (e+fx) Cosh[c+dx] Sinh[c+dx] 3f (e+fx) Cosh[c+dx]Sinh[c+dx] a(e+fx)2Cosh[c+dx}ZSinh[c+dx]
2b3d? 16 b d? 3b2d
f(e+fx) Cosh[c+dx]3Sinh[c+dx] a2f2Sinh[c+dx]? a?(e+fx)?Sinh[c+dx]? 2af2Sinh[c+dx]3
+ + -
8bd? 4b3d3 2b3d 27 b d3
Result (type 4, 5436 leaves):
e?Logla+bSinh[c+dx]]
8bd
1+ 12 1, La
1 1 b (a+ib) Cot[; (2ic+m+2idx)] 1 b
. 2 . 4 ) . .
ef |-~ (2c+in+2dx)*-4ArcSin[ ————] ArcTan]| |+=|2c+in+2dx+4iArcSin| —-]
4b d? 8 V2 VaZib? 2 V2
ia
[~asVamob? ) e dx 15 [a+ Va7 o b7 ) ecd
Log[1+ |+=|2c+in+2dx-4iArcSin[———]| Log[1- | -
b 2
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(a-VaZ b ) ecdn

bsinh(c+dx] 2+ VaZ b2 | evre

1JiJTLog[a+bSinh[c+dx1] -clog(1+ | +PolyLog|2, | +PolyLog|2, 11 -
2

a b b
2c+d 2c+d 2c+d
: JF | -d® X +3d%x? Log[1+ ber™” | +3d*x? Log[1+ b | +6dxPolyLog|2, - b |+
24bd aec- (a2+b2) e?c aec+ (a2+b2) elc aec- (a2+b2> elc
beZC+dx beZC+dx be2c+dx
6 dx PolylLog[2, - | - 6PolyLog|3, - | -6PolyLog|3, - 1+
aec+ <a2+b2) e?¢ ae‘- (a2+b2) e3¢ aec+ (a2+b2) e?¢
1 1 b(eZC+dX
f2 2 (43’ +b%) x®Coth[c] - ——————2(4a*+b?) |2d%e*“ %’ +3d* X’ Log[1+ | -3d*e?“x?
96 b3 d? (—1+<e2c) aet_ (a2+b2) e2c
2c+d 2c+d 2c+d
Log[1 + be’ ™ | +3d*>x? Log[1+ be” ™ | -3d?e?“x*Log[1+ be’ 7 |-6d(-1+e*) x
aet -/ (a%+b?) e*¢ ae®+./ (a%+b?) e2¢ ae®+./ (a%+b?) ¢
2c+d 2c+d 2c+d
Polylog|[2, - be” ™ | -6d (-1+e*) xPolyLog|2, - be” ™ | -6PolyLog|3, - be ™ |+
aec- (a2+b2> elc aec+ <a2+b2) e?c ae‘ - (a2+b2) e2¢
2c+d 2c+d 2c+d
6 e’ Polylog|3, - be” ™ | -6PolyLog|3, - be” ™ | +6e>“Polylog|3, - be ™7 11 -
ae‘ - (a2+b2) e2¢ aec+ (a2+b2> elc aec+ (a2+b2> elc
24abCosh[dx] (-2dxCosh[c] + (2+d?x?) Sinh[c]) 3b?Cosh[2dx] ((1+2d?x?) Cosh[2c]-2dxSinh[2c])
o3 : o3 )
24ab ((2+d*x?) Cosh[c] -2dxSinh[c]) Sinh[dx] 3b?(-2dxCosh[2c] + (1+2d*x?) Sinh[2c]) Sinh[2dx]
d3 : d3 :
;e’“fz 4608 a* d® e* x> - 3456 a2 b%>d? e*“ x> -288b*d> e*“ x>+ 13824 a°b &> Cosh[d x] + 6912 ab> e3¢ Cosh[dx] -
13824 b° d3

13824 a*b e’ Cosh[dx] -6912ab3 e’ Cosh[dx] +13824a3bde3“xCosh[dx] +6912ab3>de3¢x Cosh[dx] +

13824 a*bde’ xCosh[dx] +6912ab3d e’ x Cosh[dx] + 6912 a3 bd? e3¢ x? Cosh[d x] + 3456 ab3d? €3¢ x? Cosh[d x] -

6912 a> b d? e x?> Cosh[d x] - 3456 ab> d? € ¢ x?> Cosh[d x] + 864 a®? b? €€ Cosh[2d x] + 216 b* e Cosh[2d x] + 864 a%b? e®  Cosh[2dx] +
216 b* €€ Cosh[2d x] + 1728 a®? b?d e?“ x Cosh[2d x] +432b%*d e?“ x Cosh[2d x] - 1728 a2 b%>d e®¢ x Cosh[2d x] -

432b*d e®C xCosh[2dx] +1728 a2 b2 d? €?¢ x?> Cosh[2d x] +432b* d? €?¢ x?> Cosh[2d x] + 1728 a® b? d? €®¢ x% Cosh[2d x] +

432b%*d? e®¢ x?Cosh[2dx] +128ab3e®Cosh[3dx] -128ab3 e’  Cosh[3dx] +384ab>de®xCosh[3dx] +384ab>de’ xCosh[3dx] +
576 ab3d? e x> Cosh[3dx] -576 ab>d? e’ ¢ x? Cosh[3dx] +27b* Cosh[4dx] +27 b* e®¢ Cosh[4dx] + 108 b*d x Cosh[4d x] -
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be2c+dx
108 b* d €® x Cosh[4 d x] + 216 b* d? x* Cosh[4 d x] + 216 b* d? €® x? Cosh[4 d x] + 13824 a* d* e*“ x? Log[1 + |+
ae‘- <a2+b2) e?¢
be25+dx b62c+dx
10368 a> b? d? e*“ x* Log |1 + | +864b*d”e* x? Log[1+ ]+
ae‘ - (a2+b2) e?¢ ae‘ - (a2+b2) e?c
beZC+dx b(e2c+dx

13824 a* d? e*“ x? Log[1 + | +10368a*b%d? e*“ x? Log |1 + |+

ae‘+ <a2+b2> e?¢ aet+ <a2+b2) e?¢

beZde bez<:+dx
864 b* d? ¢ x? Log |1 + | +1728 (16 a* + 12a® b + b*) d e*“ x Polylog|[2, - ]+
aet+ (a2+b2> e2c aet- (a2+b2) e?¢
bezudx b62c+dx
1728 (16 a* + 12a> b® + b*) d e*“ x PolyLog|2, - | - 27648 a* e* PolyLog|3, - |-
ae‘+ <a2+b2) e?¢ ae‘- (a2+b2) e?¢
be2c+dx be2c+dx
20736 a® b? *“ Polylog|3, - | 1728 b* e*“ Polylog|3, - | -
ae‘- (a2+b2) e?¢ ae‘- (a2+b2) e?c
be2c+dx b(e2c+dx

27648 a* e*“ Polylog|3, - | 20736 ab? e*“ Polylog|3, - ] -

ae+ <a2+b2) elc ae+ (a2+b2) e?c

be2c+dx

1728 b* e*© PolyLog|3, - | -13824a°be3“Sinh[dx] - 6912ab’ e Sinh[dx] - 138242 b e* Sinh[dx] -

aet+ (a2+b2) e?¢
6912 ab3 e*“Sinh[dx] -13824a®bd e3> xSinh[dx] -6912ab3>de3°xSinh[dx] +13824a>bd e’ xSinh[dx] +6912ab3d e’ x Sinh[dx] -
6912 a® b d? e3¢ x? Sinh[d x] - 3456 a b3 d? €3 x? Sinh[d x] - 6912 a® b d? e* ¢ x?> Sinh[d x] - 3456 a b> d? € x? Sinh[d x] -
864 a’b% e2¢Sinh[2d x] - 216 b* e2€Sinh[2d x] + 864 a2 b? €®° Sinh[2dx] + 216 b* e®°Sinh[2dx] - 1728 a’2b?d e?¢ xSinh[2d x] -
432b*de?“xSinh[2dx] -1728a%2b?>d e®“ xSinh[2d x] -432b%*d e®¢xSinh[2dx] - 1728 a®?b? d? €2¢ x?> Sinh[2d x] -
432b*d? e x2Sinh[2dx] +1728a%b?d? e®“ x?Sinh[2d x] +432b%*d? e®° x> Sinh[2d x] - 128 ab? e Sinh[3dx] - 128 a b’ e’“Sinh[3dx] -
384ab>de®xSinh[3dx] +384ab>de’ xSinh[3dx] -576ab3d? e®x?>Sinh[3dx] - 576 ab’>d? e’ x?Sinh[3dx] - 27 b*Sinh[4d x] +

27b%*e®¢Sinh[4dx] -108 b*d x Sinh[4d x] -108 b*d e xSinh[4d x] - 216 b* d? x> Sinh[4d x] + 216 b* d? e x? Sinh[4d x] | +

e? (b2 Cosh[2 (c+dx)] + (4a*+b?) Log[a+bSinh[c+dx]] -4abSinh[c+dx])
16b3d

+

16 b3 d?
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bSinh[c+d bSinh[c+d
ef|8abCosh[c+dx] +2b?dxCosh|2 (c+dx”—8a2cLog[1+M]—2b2cLog[1+M

|+

a a
1 1oy (a+ib)Cot[® (2ic+n+2idx)] 4 1oy
8a% |-— 2c+17T+2dx) -4 ArcSin[————] ArcTan]| 4 | +=|2c+in+2dx+41iArcSin[——]
8 V2 v a2 + b2 2 2
(—a+\m) ecrdx \l W) ecrdx
Log[1+ |+ = |2c+in+2dx-4iArcSin] Log[1 ] -
b 2 7 b

(a —m) ecrdx

1
~imLog[a+bSinh[c+dx]] +PolyLog|2, | +PolylLog|2,
2

b b
1 1 (a+ib) Cot[> (2ic+m+2idx)]
2b2 (2c+im+2dx)?-4ArcSin| | ArcTan| 4 |+

8 \/_ a? + b?
1 N (—a+m) ecrdx
~|2c+in+2dx+41iArcSin[———]| Log[1+ |+
2 Ne b

14 L2

1 b (a+m)ec*dx 1
~|2c+in+2dx-41iArcSin[———]| Log|1- | -=inlogla+bSinh[c+dx]] +
2 NEY b 2
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(a—m> ecrdx (a+m) ecrdx
| +PolyLog|2,

Polylog|2,
b b

|| -8abdxSinh[c+dx] -b>Sinh[2 (c+dx) ]| +

1

96 b°d
48ab (2a?+b?) Sinh[c+dx] -8ab’Sinh[3 (c+dx)]) +

e? (6b? (4a?+b?) Cosh[2 (c+dx) ]| +3b*Cosh[4 (c+dx)]|+6 (16a*+12a>b? +b*) Log[a+bSinh[c+dx]] -

576 b> d?

bSinh[c+dx bSinh[c+dx bSinh[c+dx
1152 2% c Log[1+ oo X gea a2 b2 Log[1 s o XN gt e Log[1 s Do EFAX]

} +

a a a
1 Loy (a+ib)Cot[ (2ic+m+2idx)]
1152a* |- = (2c+im+2dx)®-4ArcSin[ —————] ArcTan| - "
8 V2 Va?+b?
L 1+ 53 -+ Vot b7 | evix 1+
~|2c+in+2dx+4iArcSin[————]| Log[1+ | +=|2c+in+2dx-41iArcSin[——]
2 V2 b 2 V2

Log[1 -

ef |576ab (2a%+b?) Cosh[c+dx] +72b? (4a®+b?) dxCosh[2 (c+dx)] +32ab’Cosh[3 (c+dx)] +36b*dxCosh[4 (c+dx)] -

(a+\m> ecrdx (a—m) ecrdx
| - =imLogla+bSinh[c+dx]] +PolylLog|2,

| +PolyLog|2,
b 2 b

. . _ 1oy (a+ib) cot[>
(2c+117r+2dx) -4 ArcSin| ————] ArcTan|

vz NFor

(2ic+m+2idx) ]
864 a’b? | -

|+

0 |
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[14+ 12 [1, ia
1 1+ (—a+\/a2+b2)e“dx 1 1%
~|2c+in+2dx+41iArcSin[———]| Log[1+ |+=|2c+in+2dx-4iArcSin[ ——]

2 V2 b 2 V2

(a+\/a2+b2)ec+dx (a*\/m) ec+dx

Log[1- " ]—;J‘lnLog[a+bSinh[c+dx}]+PolyLog[2, " | +PolyLog|2, " RE
1 1+? (a+1‘1b) Cot[i<21c+ﬂ+2j1dx” 1 \/1+%
72b* |- = (2c+im+2dx)?-4ArcSin[ ————| ArcTan| |+ = |2c+in+2dx+4iArcSin| ——]
8 V2 Va?+b? 2 V2
[~a+VaT b7 | ein NEArY (a+Vats b7 ) ecvox
Log[1+ | +=|2c+in+2dx-4iArcSin[———]| Log|[1- |-
b 2 Jz b

1 (a_ﬂlaz_'_bz ) ec+dx
—1smLogl[a+bSinh[c+dx]] +PolyLog[2, ] +P01yLog[2,
2 b b

576 ab (2a”+b?) dxSinh[c+dx] -36b? (4a%+b?) Sinh[2 (c+dx)]| -96ab>dxSinh[3 (c+dx)]| -9b*Sinh[4 (c+dx) |

Problem 374: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewFX) Cosh[c+dx]3Sinh[c+dx]? ;
X

a+bSinh[c+dx]

Optimal (type 4, 499 leaves, 22 steps):
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a?fx 3fx a’(a’+b?) (e+fx)® a*fcCosh[c+dx] 2afCosh[c+dx] afCosh[c+dx]?® (e+fx)Coshfc+dx]*
- - + + +

4b3d 32bd 2b>f b* d2 3b2d2 9 b2 d2 ' 4bd '
2 /2 ) b ecdx 2 (2 ) b ecrdx 2 (2 2  _betdx
a? (a2 +b?) (e+fx) Log[1+ e ] a?(a?+b?) (e+fx) Log[l+ e | a? (a%+b?) fPolylog|2, o
bS d : bS d : bS d2 :

a? (a2 +b?) fPolylog|2, - betr?r . )
arfatib? a® (e+fx) Sinh[c+dx] 2a (e+fx)Sinh[c+dx] a2fCosh[c+dx] Sinh[c+dx]

b> d? b*d 3b%d 4 b3 d?
3fCosh[c+dx] Sinh[c +dX] a(e+fX)Cosh[c+dx]25inh[c+dx] fCosh[c+dx]3Sinh[c+dx] a2 <e+fx) Sinh[c +dx]?
- - +
32bd? 3b2%d 16 b d? 2b3d

Result (type 4, 1457 leaves):

1
—————— |-576a*c?f-576a’b?>c?f-576ia*cfr-5761a’b’cfrn+144a* fr® +144a%b?> F®2-1152a* cdfx-1152a%b?>cdfx-5761a*dfrx -
1152 b® d?
14 12 . 1 , ,
b (a+1b)Cot[Z(21c+7T+2:|ldX”
576 i a®b? d f 1 x - 576 a* d* £ x* - 576 a® b? d” f x? - 4608 a* f ArcSin[ ————— | ArcTan]| | -
V2 \a?+b?
1+1‘17a , 1 . ,
b <a+]1b)Cot[4—<2]1c+ﬂ+21dX)
4608 a% b? f ArcSin| ————| ArcTan| | +1152a* b f Cosh[c+dx] +
V2 a?ib?

864 ab® f Cosh[c+dx] +288a’b>deCosh|[2 (c+dx) | +144b*deCosh[2 (c+dx) | +288a’b>dfxCosh[2 (c+dx)] +
144b*d fx Cosh[2 (c+dx)| +32ab>fCosh[3 (c+dx)| +36b*deCosh|[4 (c+dx)]| +36b*dfxCosh[4 (c+dx) ]+
(—a+m) ecrdx (—a+m) ecrdx (—a+m) ecrdx

" | +1152a%b? c f Log[1 + " | +576 i a* frLog[1 + " |+

(—mm) ecrdx (—a+\/m) ecrdx

1152 a% c f Log|[1 +

576 i a®b? f r Log[1 + | +1152a*d fx Log|[1 + | +1152a%b*d f x Log[1 +

b b b
1+1%2 2 2 +d 1+ 2 /32 2 +d
b (—a+\/a +b )ec X b (—a+ a‘+b )ec X
2304 i a* f ArcSin[ ————| Log[1+ | +2304 1 a’b? fArcSin[———] Log[1+ |+
e b ey b

(a+m) ecrdx (a+m> ecrdx
| +1152a%b? ¢ f Log[1 - | +576 i a* frLog[1 - |+

1152 a% ¢ f Log|1 -
b b b
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(2 /a2 b7 ) ecrox (2 Va2 b7 ) ecrox (2 /a2 o b7 ) ecrox

576 i a®>b? f r Log[1 - | +1152a*d f x Log|1 - | +1152a%b*d f x Log[1 -

] -

b b b
1+1%2 > 2 +d 1+ 12 2 2 +d
b (a+\/a +b )ec X b (a+ a‘+b )ec X
2304 i a* f ArcSin[ ———| Log[1 - | -23041ia’b? fArcSin[ ———] Log[1- |+
7z b 7 b

1152 a*delog[a+bSinh[c+dx]] +1152a?b?>delog[a+bSinh[c+dx]] -5761a*frLog[a+bSinh[c+dx]] -

bSinh[c +dx] bSinh[c+dx]

576 i a>b® f rLog[a+bSinh[c+dx]] -1152a%cfLog[1 + | -1152a%b%c f Log[1 +
a a

(a_m) ecrdx (a+\/m) ecrdx
| +1152a? (a% + b?) f Polylog|2,

b b
864ab>deSinh[c+dx] -1152a*bd fxSinh[c+dx] -864ab>dfxSinh[c+dx] -144a%b? fSinh[2 (c+dx) ] -

|+

1152 a% (a® + b?) f PolyLog|2, | -1152a*bdeSinh[c+dx] -

72b*£Sinh[2 (c+dx)] -96ab’deSinh[3 (c+dx)]|-96ab’dfxSinh[3 (c+dx)]|-9b*fSinh[4 (c+dx) ]

Problem 376: Attempted integration timed out after 120 seconds.

Cosh[c+dx]3Sinh[c +dx]?
j dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
Cosh[c+dx]3Sinh[c+dx]?

(e+fx) (a+bsSinh[c+dx])

Unintegrable|

, X|

Result (type 1, 1leaves):

???

Problem 381: Attempted integration timed out after 120 seconds.

Sinh[c+dx] Tanh[c +d X]
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 34 leaves, 0steps):
Sinh[c +dx] Tanh[c +d X]
(e+fx) (a+bSinh[c+dx]) ’

Unintegrable [
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Result (type 1, 1leaves):

2?7

Problem 384: Result unnecessarily involves imaginary or complex numbers.

(e+fx) Tanh[c+dx]?
J dx

a+bSinh[c+dx]

Optimal (type 4, 385 leaves, 21 steps):

a? (e+fx) Log[1+ b e 2 | a?(e+fx) Log[1l+ b e ]
fArcTan[Sinh[c+dx]] a%fArcTan[Sinh[c+dx]] a-+/ a2+b? a+/ a2+b?
- + - +
b d? b (a%+b?) d? (a2+b2)%2 d (a2 +b2)>2 4
a% f Polylog|2, —ﬂ] a% f Polylog|2, _ _bemdr
aflog[Cosh[c+dx]] a3flog[Cosh[c+dx]] a-/ a2+b? a+/ a2+b?
b2 d2 b2 <a2+b2> d2 <a2+b2>3/2 42 (az+b2>3/2 d2

(e+fx) Sech[c+dx] a?(e+fx)Sech[c+dx] a(e+fx)Tanh[c+dx] a° (e+fx) Tanh[c+dx]
- +

bd ' b (a%+b?) d b? d b? (a?+b?) d

Result (type 4, 432 leaves):
1 ZJifAr‘cTan[Tanh[i (c+dx)]] ZifAr‘cTan[Tanh[i (c+dx)]]

_= | _ + +
2d? a-ib a+ib
+d
f Log[Cosh[c +dXx]] +fLog[Cosh[c+dx}] B 1 5 52 (a2+b2> ZmdeAr‘cTan[aHbec x]_
a-ib a+1ib (—(a2+b2)2)3/2 V-az-bp?
b ec+dx b ec+dx b ec+dx
2+/a?+b? cfAr‘cTan[L} +4/-a?-b? f(c+dx) Log[l+ —————] -+/-a2-b? f(c+dx)Log[l+s ——— ]+
Ve a- A bt N
+d +d 2d f Sech d b Sinh d
Ty fPolyLog[2, L], ey fPolyLog[2, - b ec+dx 1B (e+fx) Sech[c+dx] (b+aSinh[c+dx])
-a++va?+b? a++Va%+b? a’+b?

Problem 386: Attempted integration timed out after 120 seconds.
Tanh[c+dx]?2
dx
J(ewa) (a+bsinh[c+dx])

Optimal (type 9, 30leaves, 0steps):
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Tanh[c+dx]?2
(e+fx) (a+bSinh[c+dx])

Unintegr‘able[ , x}

Result (type 1, 1leaves):
22?

Problem 387: Result more than twice size of optimal antiderivative.

J(e+fx)25ech[c+dx] Tanh[c +d x]?2 ;
X

a+bSinh[c+dx]

Optimal (type 4, 1256 leaves, 53 steps):

a(e+fx)*ArcTan[edx] 2% (e+fx)?ArcTan[e*dX] a3 (e+fx)?ArcTan[e“?*] af2ArcTan[Sinh[c+dx]] a*f2ArcTan[Sinh[c+dx]]
- + + + -

b2 d (a?+b?)%d b? (a% +b?) d b2 d3 b2 (a2 + b?) o3
azb(e+Fx)2Log[1+aj;;%} azb(e+Fx)2L0g[1+ﬁ a?b (e+Fx)2Log[1+e? (4] £ og[Cosh(c+dx]]
(a?+b2)%d ) (a2 +b%)%d 7 (a?+b%)*d 7 bd? )
a2 f2 Log[Cosh[c +d x] ] . iaf (e+fx)Polylog[2, -ied*|] 2ia®f (e+fx)PolyLog|2, -ied*| ia®f (e+fx)Polylog|2, -iedX]
b (a?+b?) d? b2 d2 (a? + b2)? d? b? (a? +b?) d?
iaf (e+fx) Polylog[2, ie“dx] X 2ia’f (e+fx) Polylog[2, i e“dx] X ia®f (e+fx) Polylog|2, i ec*d¥] X
b2 d? (a2 +b2)%d? b2 (a2 + b2) d?
2a2bf (e+fx) PolyLog|2, - aibj%] 2a?bf (e+fx) PolyLog|2, —ﬁ 22bf (er ) PolyLog|2, et €0
(a? + b?)? d2 ) (a2 + b?)? d? _ (a2 + b?)? d? .
iaf?Polylog|3, -ie“dx] . 21i a2 Polylog[3, -1 es*dX| . i af2Polylog[3, -i ec*d¥| . iaf?Polylog|3, ie“dX|
b? d? (a2 +b%)2 3 b2 (a% + b?) o3 b2 d3
21ia®f?Polylog|3, i e d*| ia®f?Polylog|3, ie“?X] 23%b £ PolyLog|3, - a,bj;%] 23 b f2 PolyLog|3, _%
- - - +
(a2 + b?)% d? b? (a? + b?) d? (a2 +b2)2 & (a2 + b2)? B
a?b f2Polylog[3, -e?(<9¥ | af (e+fx) Sech[c+dx]+a3-F(e+Fx) Sech[c +d x] (e+fx)25ech[c+dx]2+a2 (e+fx)25ech[c+dx]2+
2 (a2 +b2)? d? b2 d? b? (a? +b?) d? 2bd 2b (a?+b?) d

f(e+fx) Tanh[c+dx] a*f (e+fx)Tanh[c+dx] a (e+fx)?Sech[c+dx] Tanh[c+dx] a* (e+fx)?Sech[c+dx] Tanh[c+dx]

- +

b d? b (a%+b?) d? 2b%d 2b? (a2 +b?) d
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Result (type 4, 3124 leaves):
- ! (-12a’bd*e’e’“x-12a’bde’“ f2x-12b°de?“ f°x-12a’bd’ee’“ fx*-4a’bd’ e®“ 2 x* - 6 a d* e* ArcTan [e“"9¥] +
6 (a2+b2)2d3 <1+<e2c)
6 ab’?d?e?ArcTan[e'?*] - 6a®d’ e’ e®“ ArcTan|[e“"%*| + 6 ab®d”* e e?“ ArcTan[e®'?*| - 12 2% f2 ArcTan[e®*?*] - 12 ab? £ ArcTan [e“"*| -
12a%e*“ f2 ArcTan[e“ %] -12ab? e?“ f2 ArcTan[e“?*] -~6ia’d’efxLlog[l-ie“?*] +6iab’d’efxlog|[l-ie" |-
61‘1a3d2ee2“foog[1f e 16iab?d’ee? fxlog[l-ie?| -3ia*d* > x?Log[1-1ie"9*|+31ab?d*f>x?Log|[l-ie"9]-
3ia’d?e? f2x?Llog[1-ie”| +3iab?d?e® 2 x?Log[1-1ie™ ]| +6ia’d’efxlog[l+ie | -6iab’d’efxLog[l+ie ]+
] - ]
]

61a’ dzeechxLog[1+1e°*dX 61ab2d2ee2C-FxLog[1+1e°*dx +3ia*d* f2x?Log[1+i e -3iab?d? f2x?Log[1l+1ie ]+
3ia*d?e? 2 x? Log[1+1ie“ | -31iab*d? 2szxzLog[lﬂlec*dx +6a’bd’e’Log[l+e? (99| 16a’bd? e’ e Log[l+e? (190 ] &

6 a2 b-FZLog[1+<e (cxdx) ] +6b3f2Log[1+e (erdx)] 4 6 a2 be“fZLog[1+e (edx) ] 1 6b% e 2 Log[1 + ? “dX)} +

12a’bd?efxlog[l+e? ] +12a%bd’ee?“ fxlog[l+e? 9] +6a’bd? f2x? Log[1+e? (<9 ] +6a’bd? e 2 x? Log[1+e? (*9%)] +
61a (a —bz) d <1+<e ) f (e+-Fx) POlyLog[ , —]l(Ec+dX] -61a (a —b2> d (1+<e ) f (e+-Fx) POlyLog[ , J].(Ec+dx] +

6a’bdefPolylog|2, -e? (9% | +6a’bde e’ fPolylog[2, -e? (9| +6a’bdf2xPolylLog|2, -e? (4| +

6a’bde?“ > xPolyLog[2, -e? (9% | —6i a® f2 PolylLog[3, -1 e“?*] +6iab®f?PolylLog[3, -ie“?*] -61ia®e?“ > PolylLog|3, -ie“?¥] +
6iab’e?cf2Polylog[3, -1ie“9*] +61ia® 2 PolyLog[3, i e - 61 ab?f?PolyLog[3, i e®**]| +6 i a’ e’ f2 Polylog|[3, i e“"9*] -
6iab”e?“ f2Polylog|3, i e“"?*| -3a%bf?Polylog|3, -e®(<*9% | -3a’b e f2Polylog|3, - (<4¥ ) -

1
3 (az+b2)2d3 <71+e2c>

a’b [6d’e®e®“x+6d’ee’ FxX?+2d7® 2 x*+3d%e?Log[2ae“ X +b (-1+e* (9] -

b e2crdx b e2crdx
3d*e’e’“log[2ae”®+b (-1+e* ()] +6d’efxlog[l+ | -6d?ee®“ fxLog(l+ ]+
ae® -,/ (a%+b?) ¢ ae® -,/ (a%+b?) ¢
2c+d 2c4d
3d>f2x? Log[1 + be ™ | -3d*e*“ f2x? Log[1 + be 7" ]+
ae‘- (a2+b2) e?¢ ae‘- (a2+b2> e?¢
2c+d 2c+d 2 cod
6d” e fxLog[l+ S | -6d*ee’ fxLlog[l+ e | +3d2 %2 Log[1+ e ] -
aet+ (a2+b2> e2c¢ aet+ (a2+b2) e2¢ ae 4 (a2+b2> e2c
2cud 2c+d
3d%e? 27 Log[1+ S | -6d (-1+e*) f (e+fx) Polylog[2, - be ™ ] -
ae+ (a2+b2> e?c ae‘- (a2+b2) elc
2 c+d x 2 c+d x
6d (-1+e’¢) f (e+fx) Polylog[2, - be | -6f*PolyLog|3, - be ]+
ae‘+ (a2+b2) e?¢ ae‘ - (a2+b2) e?¢
2 c+d x 2 c+d x 2c+dx
e?< 2 Polylog|3, - °e | -6f*Polylog|3, - be | +6e2cf2Polylog|3, - be ]|+
ae‘- (a2+b2) e?¢ ae+ (a2+b2) e%¢ aec+ (a2+b2) e?¢

1

———————Csch[c] Sech[c] Sech[c+dx]? (6a’bef+6b’ef+12a’bd’e®’x+6a’bf’x+6b>fx+12a’°bd*efx*+4a*bd* 2 x>
24 (a% + b2)? d?
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6a’befCosh[2c] -6b>efCosh[2c]-6a2bf2xCosh[2c] -6b3f>xCosh[2c] -6a’befCosh[2dx] -6b3>efCosh[2dx] -
6a’bf2xCosh[2dx] -6b3f2xCosh[2dx] +3a*>de?Cosh[c-dx] +3ab’de?Cosh[c-dx]+6a’defxCosh[c-dx] +
6ab’defxCosh[c-dx] +3a3df?x?>Cosh[c-dx]+3ab’>df>x?>Cosh[c-dx]-3a3de?Cosh[3c+dx]-3ab’de?Cosh[3c+dx] -
6a*defxCosh[3c+dx]-6ab’defxCosh[3c+dx]-3a*>df>x?Cosh[3c+dx]-3ab>df?x?>Cosh[3c+dx] +

6a’befCosh[2c+2dx] +6b>efCosh[2c+2dx] +12a’bd?e?xCosh[2c+2dx] +6a’bf>xCosh[2c+2dx] +6b3>f2xCosh[2c+2dx] +
12a’bd?efx?Cosh[2c+2dx] +4a’bd?>f>x3*Cosh[2c+2dx] -6a’bde?Sinh[2c] -6b3>de?Sinh[2c] -12a’bdefxSinh[2c] -
12b3defxSinh[2c] -6a’bdf?>x?Sinh[2c] -6b>d f>x?>Sinh[2c] -6a’efSinh[c-dx] -6ab?efSinh[c-dx] -6a>f2>xSinh[c-dx] -
6ab’f?xSinh[c-dx] -6a’efSinh[3c+dx] -6ab’*efSinh[3c+dx]-6a’f>xSinh[3c+dx]-6ab’f>xSinh[3c+dx])

Problem 390: Attempted integration timed out after 120 seconds.

Sech[c+dx] Tanh[c +dx]?
j( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Sech[c+dx] Tanh[c+dx]?
(e+fx) (a+bsSinh[c+dx])

Unintegrable [

» X]

Result (type 1, 1leaves):

e

Problem 391: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx>3Cosh[c+dx] Sinh[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 792 leaves, 30 steps):
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3afix afe+fx)’ a’(e+fx)* 6a2fiCosh[c+dx] 14f Cosh{c+dx] 3a2f(e+fx)’Cosh{c+dx] 2f (e+fx)?Cosh[c+dx]
- . - -

- + +

8 b2 d3 4b%d 4p*f b3 d* 9bd* b3 d? 3bd?

2 f3Cosh[c+dx]3

c+dx

2 [e )7 Log 10 P ] 2 (e x) Log 1+ <] 3a3F (e fx) Polylog[2, - 2]

a-+/ a2+b? a+/ a?+b? a-+/ a2+b?

27 b d* b*d b%d b% d2
3a3f (e+fx)2PolyLog[2, - 2= | 6af2 (e+fx)PolyLog[3, - 2| 6a3f2 (e+fx)PolyLog[3, - 2
( ) : a+\/m} ( ) | a—\/m] ( ) : arfa2eb?
b% d2 i b% d3 - b4 g3 B
6a’ £3Polylog[4, - —~—] 6a’f Polylog[4, - 2=~
afazeb? arfatib? 6 a2 f2 (e+1°x) Sinh[c+dx] 4F2 (e+-Fx) Sinh[c +dx]
- + - +
b* d* b* d* b3 d? 3bd3

a2<e+-Fx)SSinh[c+dx] 3af3Cosh[c+dx] Sinh[c +dx] 3a-F(e+fx)2Cosh[c+dx]Sinh[c+dx1 3af? (e+fx) Sinh[c+dx]?

+ +

b3d 8 b2 d* 4 b2 d2 4b2d3

a(e+fx)’sinh[c+dx]2 f (e+fx)?Cosh[c+dx]Sinh[c+dx]2 22 (e+fx)Sinh[c+dx]> (e+fx)>sinh[c+dx]3

- + +

2b2d 3bd? 9bd? 3bd

Result (type 4, 4308 leaves):

1

864 b* d*

e

“3c11296a3c?d?e? e fr1296ialcd?e? e fr-324ad?e?e3 f?+2592acd3e?e3fx+12961atd3e?e3Ffrx+1296ad*e?e3cfx?+

ia
Sy (a+ib)cot[t (2ic+m+2idx)]
864a’d*e e’  f2x° +216a° d* > 2 x* + 10368 a®> d> e? &> f ArcSin| ———— | ArcTan| 4

vz VAot

2592 a’bdee?¢ f2Cosh[dx] + 648 b3 de e?® f2Cosh[dx] +2592a’bdee* 2 Cosh[dx] - 648b3>dee*  f2Cosh[dx] -
2592 a’b e?¢ f3 Cosh[d x] + 648 b% e2¢ f3 Cosh[d x] - 2592 a2 b *¢ 3 Cosh[d x] + 648 b> e*¢ 3 Cosh[d x] - 2592 a> b d? e €€ f2 x Cosh[d x] +
648 b3 d2 e e?¢ f2 x Cosh[dx] - 2592 a’bd? e e*c 2 x Cosh[d x] + 648 b>d? e e*° 2 x Cosh[d x] - 2592 a®>bd e?¢ 3 x Cosh[d x] +
648 b3 d e2¢ 3 x Cosh[dx] +2592a?bde*° > xCosh[dx] - 648b3de?® 3 x Cosh[dx] -1296a%bd®>e e?° f2x2 Cosh[d x] +
324b3d>ee? 2 x? Cosh[dx] +1296 a’bd> e e* 2 x?> Cosh[d x] - 324 b3 d3 e e* € 2 x?> Cosh[d x] - 1296 a®> b d? €% 3 x? Cosh[d x] +
324 b3 d? e £3 x? Cosh[d x] - 1296 a> b d? e*© 3 x?> Cosh[d x] + 324 b3 d? e* 3 x?> Cosh[d x] -432a?bd? e?° 3 x> Cosh[d x] +
108 b3 d? e?¢ 3 x> Cosh[d x] +432a’b d> e*° 3 x> Cosh[d x] - 108 b3 d® e*° 3 x> Cosh[d x] -162ab’de e f>Cosh[2d x] -
162 ab’de e’ f2Cosh[2dx] -8l ab?ef3Cosh[2dx] +8lab?e’ f3Cosh[2dx] -324ab?d?’eef2xCosh[2dX] +
324ab?d?’e e’ f2xCosh[2dx] -162ab’de®f3>xCosh[2dx] -162ab?d e’ f3>xCosh[2dx] -324ab?d3>ee’f?x%Cosh[2dx] -
324ab’d>ee’® f2x?Cosh[2dx] -162ab%d? e f>x?>Cosh[2dx] +162ab%d? e’ f3x?Cosh[2dx] - 108 ab?d? e 3 x> Cosh[2dx] -
108 ab?d® e f> x> Cosh[2d x] -24b3>de f2 Cosh[3dx] +24b>dee®C f2Cosh[3dx] -8b3f>Cosh[3dx] -8b%e® f>Cosh[3dx] -

} .
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72b%d?ef2xCosh[3dx] -72b3>d? e e®C f2x Cosh[3dx] -24b>df3>xCosh[3dx] +24b3de®°f3xCosh[3dx] -108b3d>e f2x?Cosh[3dx] +
108 b3 d3> e e®¢ 2 x2 Cosh[3d x] -36b3d? 3 x2 Cosh[3dx] -36b3d? e®° 3 x?>Cosh[3dx] -36b3d>f3x>Cosh[3dx] +
36 b d®> e 2 x®> Cosh[3d x] - 2592 a*bd*e® e’ f Cosh[c +dx] + 648 b> d* e® e f Cosh[c+dx] - 216 ab’ d® e* e*“ Cosh[2 (c+dX) | -

(,a+«/aZ+b2 ) ec+dx]

648 ab>d* e’ e’  fxCosh[2 (c+dx)| -72b>d’>e? ®“ fCosh|[3 (c+dx)] -2592a° cd?e? e f Log[1 +
b

(—a+m) ecrdx (—a+m) ecrdx

1296 i a®d?e? e f rLog[1 + | -2592a%d*e? e fx Log|[1+

] _

b
\/ a+\/a2+b2)ec*dx (a+\/a2+b2)ec+dx
5184 i a® d? e? e f ArcSin[ ————| Log[1 | -2592a° cd?e? e f Log|[1- | -
2 b b
( +ﬂ/ +b2) c+dx (a+ﬂ/az+b2)ec+dx
1296 i @’ d?e? e*“ frLog|1 - | -2592a%d*e? e fx Log|1- |+
b
NE +W) ecrdx b e2c+dx
5184 i a®d*e? &> f ArcSin[ ————| Log|[1 | -2592a*d*ee®“ 2 x? Log[1+ ] -
V2 b aet -,/ (a%+b?) e¢
be2c+dx be2c+dx
864 a%d® e® £ x> Log |1 + | -2592a°d*e e’ 2 x* Log |1+ |-
aec- (a2+b2> e?¢ aec+ (a2+b2) e?¢
be2c+dx
864 a° d® e 2 x> Log[1 + | -864a°d®e® e’ Logla+bSinh[c+dx]] +1296 1 a*d’e?e*“ frrLogla+bSinh[c+dx]] +

ae‘+ (az+b2> e?¢

(2 Va7 b7 ) ecox

bSinh[c+dx
2592a%cd?e?e*“ flog|1+ #} - 25922a%d?e? e3¢ f Polylog|2, ] -
a b
(a+\/a2+b2) ecrdx b @2c+dx
2592 2% d?e? e3¢ f Polylog|2, | -5184 3% d’> e e* 2 x Polylog|2, - |-
b ae- <a2+b2) e?¢
b(82c+dx be2c+dx
2592 a% d? e £ x? Polylog|2, - | -5184 a*d? e € 2 x Polylog|2, - |-
aet -,/ (a%+b?) e*c ae®+./ (a%+b?) ¢
beZCerx beZC+dx
2592 2% d? &3 3 x? Polylog|2, - | +5184a*de e 2 PolylLog|3, - |+
aet+. (a%+b?) e*¢ aet -,/ (a%+b?) e*¢
beZde be2c+dx
5184 a%d e’ f? x Polylog|3, - | +5184a*de e 2 Polylog|3, - |+

ae‘- <a2+b2) e?¢ ae+ <a2+b2) e?¢

| 165
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b92c+dx b(ezmdx
5184 a®d e* 3 x Polylog|3, - | -5184 2% e £* Polylog|4, - ] -
ae®+./ (a%+b?) ¢ aet -,/ (a%+b?) e2¢

b62c+dx
5184 a® &> 3 Polylog|4, - | +2592a’bde e’ f2Sinh[dx] - 648b>de e’ f2Sinh[d x] + 2592 a’bde e* f2Sinh[d x] -

aec+ <a2+b2) e?¢
648 b3dee*c f2Sinh[d x] + 2592 a2 b e?“ 3 Sinh[dx] - 648 b3 e2¢ 3 Sinh[dx] - 2592 a’b e*° 3 Sinh[d x] + 648 b® e*¢ 3 Sinh[d x] +
2592 a’bd? e e?“ f2x Sinh[dx] - 648b>d? e e2¢ 2 x Sinh[d x] - 2592 a’bd? e e*“ 2 x Sinh[d x] + 648 b3 d? e €*€ 2 x Sinh[d x] +
2592 a’bde?C 3 xSinh[dx] - 648 b3 d e?¢ 3 xSinh[dx] +2592a’bd e*® 3 xSinh[dx] - 648 b3 d e*¢ 3> x Sinh[d x] +
1296 a’bd> e e 2 x2Sinh[d x] -324b3d®> e €2 2 x> Sinh[d x] + 1296 a> b d>® e €*¢ 2 x?> Sinh[d x] - 324 b3 d® e €*¢ 2 x?> Sinh[d x] +
1296 a2 b d? e2¢ 3 x? Sinh[d x] - 324 b3 d? e2¢ 3 x? Sinh[d x] - 1296 a®? b d? e*° > x> Sinh[d x] + 324 b3 d? e*° 3 x?> Sinh[d x] +
432 a2bd®e?¢ 3 x3Sinh[dx] - 108 b3 d? €2 3 x> Sinh[d x] +432a2b d® e* 3 x®* Sinh[d x] - 108 b3 d? e*° 3 x®> Sinh[d x] +
162ab’deef2Sinh[2dx] -162ab?de e’ f2Sinh[2dx] +8lab? e f3Sinh[2dx] +81lab? e’ f>Sinh[2dx] +
324ab’d?’e e f2xSinh[2dx] +324ab%d?ee’ f>xSinh[2dx] +162ab’®de® 3 xSinh[2dx] -162ab’d e’ 3 x Sinh[2d x] +
324ab’d?ee®f2x2Sinh[2dx] -324ab?d>ee’ 2 x?Sinh[2dx] +162ab?d? e 3 x> Sinh[2d x] +162ab?d? e’ f3 x> Sinh[2d x] +
108 ab?d3 e 3 x> Sinh[2dx] -108 ab?d® e’ 3 x3Sinh[2dx] +24b3def2Sinh[3dx] +24b3de e®“ f2Sinh[3d x] +8b3 f3Sinh[3d x] -
8b3e®cf3Sinh[3dx] +72b3d?ef2xSinh[3dx] -72b%>d? e e®“ f2xSinh[3dx] +24b>d > xSinh[3dx] +24b3>d e®c 3 xSinh[3dx] +
108b3d> e f2x?>Sinh[3dx] +108b3d> e €®“ 2 x2Sinh[3d x] + 36 b3 d?> 3 x2Sinh[3d x] -36b3d? e®C 3 x?>Sinh[3dx] +36b>d> 3 x> Sinh[3d x] +
36 b3d® e®C 3 x3Sinh[3dx] +864a2bd?e® e Sinh[c+dx] -216b3d* e e3“Sinh[c+dx] +2592a%bd3e? e3> fxSinh[c+dx] -

648 b*> d® e? € f x Sinh[c+dx] +324ab’d’ e’ >  fSinh[2 (c+dx) | +72b>d® e® € Sinh[3 (c+dx) ] + 216 b’ d® e* €*“ f xSinh[3 (c+dx] |

Problem 392: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx] Sinh[c+dx]3 ;
X

a+bSinh[c+dx]

Optimal (type 4, 578 leaves, 22 steps):
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b ectdx

a-+/ a2+b?

3 a® (e+fx)?Log[1+
aefx af?x? a (e+fx)> 2a’f(e+fx)Cosh[c+dx] 4f (e+fx)Cosh[c+dx]
- - + - +

2b2d  4b2d 3btf b® d2 9bd? . b* d
a3(e+fx)2Log[1+M] 2a3f(e+fx)PolyLog[2,—£} 2a3f(e+fx)PolyLog[2,—&] 2a31C2PolyLog[3,—ﬂ

a+y/ a%+b? a-+/ a%+b? a+y/ a%+b? a-+/ a?+b?
- + +

b% d b* d2 b* d2 b* d3
2a3f2 PolyLog{B, T S )
a:/azib? 2a2f2Sinh[c+dx] 4f2Sinh[c+dx] a*(e+fx)*Sinh[c+dx] af (e+fx) Cosh[c+dx]Sinh[c+dx]
b* d? ' b% g2 ) 9b d? ' b% d ' 2b? 2 )
af2Sinh[c+dx]? 2 (e+-l:x)zsinh[c+dx12 i 2f (e+fx) Cosh[c+dx] Sinh[c+dx]? X 2f2Sinh[c+dx]3 . (e+fx>2Sinh[c+dx13
4p2d3 2b%d 9bd? 27bd? 3bd

Result (type 4, 2318 leaves):
1

-3c
- €
432 b* d3

43233 c?dee3“f+4321alcdee fr-108acdeed frP+864a3cd’ee® fx+4321a°d?’ e frx+432a3d’ e fx?>+144a3d>3°F2x3+

1oy (a+ib)Cot[} (2ic+m+2idx)]

3456 a°de e’ fArcSin[ ————| ArcTan| | -432a%be?“ 2 Cosh[d x] + 108 b> €2 £ Cosh [d X] +
V2 VaZ+b?

432 a2b e*c 2 Cosh[d x] - 108 b> e*¢ f2 Cosh[d x] - 432 a’bd e?° f2 x Cosh[dx] + 108 b3 d €2 f2 x Cosh[d x] -432a%?bd e*¢ 2 x Cosh[d x] +

108 b3 d e*¢ f2 x Cosh[d x] - 216 a® b d? €?€ f2 x?> Cosh[d x] + 54 b> d? €2 2 x? Cosh[d x] + 216 a2 b d? e*° 2 x? Cosh[d x] -

54 b3 d? e*¢ f2 x% Cosh[d x] -27 ab? e® f2 Cosh[2d x] -27 ab? e’° f2Cosh[2d x] -54ab?d e f2x Cosh[2dXx] +

54ab?de’cf2xCosh[2dx] -54ab?d?ef2x?Cosh[2dx] -54ab®>d?> e’ f2x%Cosh[2dx] -4b3f2Cosh[3dx] +

4b3e5°f2Cosh[3dx] -12b3df2xCosh[3dx] -12b3d e®° f2xCosh[3dx] -18b>d? f> x> Cosh[3d x] +18b>d? €®¢ 2 x2 Cosh[3d x] -

864a*bdee®“ fCosh[c+dx] +216b°dee®“ fCosh[c+dx] - 108 ab*d’>e® e’ Cosh[2 (c+dx) | -216ab*d’ee*  fxCosh[2 (c+dx)] -

(7a+\/az+7bz) ecrdx (—a+\/a2+7bz) ecrdx
" | -4321a°dee®  frlog[l+ " | -

24b°dee® fCosh[3 (c+dx)|-864a’cdee’ flog[l+

(-a+VaT+b7 | eciax Je (~a+ Vot b7 | eciax
| -1728 i a*de e’ fArcSin[————] Log|1+ ] -
b /2 b

(a+\/m) ecrdx
" | -432ia’dee’“ frLlog|l- "

864a*d’ee®“ fxLlog[l+

864a’cdee® flog|l-
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/ ia
(a+\/az+b2)ec*dx 1+ b (a+\/a2+b2)ec*dx

864a3d2ee3C-FxLog[1— ]+1728133dee3cfAr‘cSin[—] Log{l— ]_
b V2 b
2c+d 2csd
4322° d* &> £ Log 1+ e | -43223d2 3£ x? Log[1+ e ] -
ae‘ - (a2+b2> e2c¢ ae+ (a2+b2> e2c

bSinh[c+dx
432a%>d?’e?e3“Log[a+bSinh[c+dx]] +4321ia’dee3 fnlog[a+bSinh[c+dx]] +864a3cdee3°FLog[1+#

] _

a
(a-aZep? | ecrin (a+aZap? | ecrin
864 a’dee’ fPolylog|2, | -864a°dee® fPolylog|2, ] -
b b
b g2crdx b e2c+dx
864 a’>d e’ f2 x Polylog[2, - | -864a°d e’ f2 x Polylog|2, - |+
ae‘- (a2+b2) e?¢ ae+ <a2+b2) e%¢
beZc+dx b(62c+dx
864 a’> e f? PolyLog|3, - | +864a°e* f2 PolyLog|3, - | +432a%b e f2Sinh[dx] -
ae‘ - (a2+b2) e?¢ aec+ (a2+b2> e%¢

108 b> e2¢ f2Sinh[d x] +432a’be*c f2Sinh[dx] - 108 b> e*“ f2Sinh[dx] +432a2bd e?¢ f2x Sinh[d x] - 188 b3 d €2 2 x Sinh[d x] -
432a’°bde* f2xSinh[dx] +108b3d e* 2 x Sinh[d x] + 216 a®? b d? €€ f2 x? Sinh[d x] - 54 b3 d? e?¢ 2 x? Sinh[d x] +

216 a°bd? e*“ f2 x2Sinh[d x] -54b3d? e*° f2x? Sinh[dx] + 27 ab? e“ f2Sinh[2d x] - 27 ab? €*“ f2Sinh[2d x] +
54ab’deff>xSinh[2dx] +54ab?de’  f2xSinh[2dx] +54ab?d? e f2x2Sinh[2dx] -54ab%d? e’ 2 x2Sinh[2d x] +
4b3f2Sinh[3dx] +4b3e®°f2Sinh[3dx] +12b3>df2xSinh[3dx] -12b3>de®f2xSinh[3dx] +18 b3 d? f> x> Sinh[3d x] +
18b3d? %€ 2 x2Sinh[3dx] +432a’bd?e? e3°Sinh[c+dx] -108b3d?e? e3¢ Sinh[c+dx] +864a’bd?e e3¢ fxSinh[c+dx] -

216 b d? e e®*“ fxSinh[c+dx] +1@8ab*de e’  fSinh[2 (c+dx)] +36b’d?e?e*“Sinh[3 (c+dx)| +72b*d’ ee®  fxSinh[3 (c+dx) |

Problem 393: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewa) Cosh[c +dx] Sinh[c +dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 348 leaves, 18 steps):
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afx a3(e+fx)2 a?fCosh[c+dx] fCosh[c+dx] fCosh[c+dx]3
+ _

ab’d 2btF b3 g2 3p g2 9b d? )
a3 (e+-Fx) Log[1+ _betdx ] a3 (e+-Fx) Log[1+ _bemdr } a3-FP01yLog[2, _—betx } a3-FPolyLog[2, _—betdx ]

a-+/ a2+b? a+/ a2+b? a-+/ a2+b? a+/ a2+b?

- - - +

b*d b*d b* d? b* d2
a? (e+fx) Sinh[c+dx] afCosh[c+dx]Sinh[c+dx] a (e+fx)Sinh[c+dx]? (e+fx)Sinh[c+dx]?
+ - +
b3d 4 b? d? 2b2d 3bd

Result (type 4, 769 leaves):
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-36a’c*f-36ialcfrn+9a’frt-72alcdfx-

720t d?
1+ 12 . 1 . .
b (a+]1b)Co‘t[*<211c+7T+2]1dXH
36ia’dfx-36a’d? fx?-288a’fArcSin| ————] ArcTan| 4 ]+
V2 VaZib?

72a’b f Cosh[c+dx] -18b® fCosh[c+dx] +18ab’deCosh[2 (c+dx)] +18ab*dfxCosh[2 (c+dx) | +

(—a+m) ecrdx (—a+m) @crdx

2b%fCosh[3 (c+dx)] +72a’cfLlog[1+ " | +36ia®frlog[l+ " |+
(~a+ Vot b7 | eciax NEaar (~a+ Vot b7 | eciax
72a’dfx Log[1+ | +144 i a® f ArcSin[ ————] Log[1+ |+
b NeS b
(a+ a2 + b? ) ecrdx (a+m> ecrdx (a+ a2 + b? ) ecrdx

72a%cflog[l-

| +361ia*frlogl- | +72a°d fx Log|1-
b b b

1+°2 (a+m) eCHdx
144 i a® f ArcSin| ————] Log[1 -
V2 b

| +72a*deLlogla+bSinh[c+dx]] -

bSinh[c +dx] (a_m) ecdx
————————] +72a*fPolylog|2,

36ia*frlogla+bSinh[c+dx]]-72a°cflog[l+
a b

(2 /a7 b7 ) e
b

|+

72 2% f PolyLog|2, | -72a’bdesSinh[c+dx] +18b>deSinh[c+dx] -72a?bd fxSinh[c+dx] +

18b>d fxSinh[c+dx] -9ab?fSinh[2 (c+dx) | -6b>deSinh[3 (c+dx)]|-6b’dfxSinh[3 (c+dX) |

Problem 395: Attempted integration timed out after 120 seconds.

Cosh[c+dx] Sinh[c+dx]3
J( dx

e+fx) (a+bSinh[c+dx])
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Optimal (type 9, 36 leaves, 0steps):
Cosh[c+dx] Sinh[c+dx]3
(e+fx) (a+bSinh[c+dx])

Unintegrable |

» X]

Result (type 1, 1leaves):

PP

Problem 396: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx>3Cosh[c+dx]ZSinh[c+dx}3
dx

a+bSinh[c+dx]

Optimal (type 4, 1038 leaves, 38 steps):

3a2ef2x 3a2f3x? a“(eJr-I:x)4 az(eJr-Fx)4 (e+-Fx)4 6a’f? (e+fx) Cosh[c+dx] 4af?(e+fx) Cosh[c+dx]

Ap’d  8b d> | 4bSF 86 f  32bf b* d3 3 b2 g3 )
a3 (e+fx)3Cosh[c+dx] 3a2f3 Cosh[c +dx]?2 SaZ-F(e+1:x)2Cosh[c:+dx]2 2af?(e+fx) Cosh[c+dx]>
b d ) 8 b3 d* ) 413 d2 ) 9 b2 d3 :
— codx
a(e+fx)3Cosh[c+dx]3 3f3Cosh[4c+4dx] 3f(e+fx)2Cosh[4c+4dx} 2’ Va®+b? (e+fx)3Log[1+a7bJ:2+7N}
3b2d ) 1024 b d* . 128 b d2 ) bS d :
a*+a?+b?2 (e+-Fx)3Log[1+ %] 3a3V/a2+b? f <e+-Fx)2PolyLog[2, —%] 3a3v/a2+b? f (e+fx)2PolyLog[2, —ﬁ}
bS d : bS d2 : bS d2 :
6a3+/a?+b?2 2 (e + fx) Polylog|3, —%] 6a3+/a2 +b? 2 (e + fx) Polylog|3, —ﬁ] 6a*>+/a?+ b2 f3PolylLog|4, —ﬁ]
- - +
b° d? b° d? b> d*

6a’+/aZ+b? f3Polylogl4, - 2=
{ as/ a+b? 6a3f3Sinh[c+dx] 14af3Sinh[c+dx] 3a3f(e+fx)2sinh[c+dx]
+ + +

+

b°> d* b4 d* 9 b2 d* b* d?
2a-F(e+-Fx)ZSinh[c+dx] 3a2f2 (e+fx) Cosh[c+dx] Sinh[c+dx] a2 (e+-Fx)3Cosh[c+dx} Sinh[c+dx]
3 b2 d? : 4b3d? : 2b3d :
a-F(e+fx)2Cosh[c+dx]ZSinh[c+dx1 2af3sinh[c+dx]3 3f%(e+fx)Sinh[4c+4dx)] (e+-Fx)3Sinh[4c+4dx]
3b2d? ’ 27 b2 d* : 256 b d3 ' 32bd

Result (type 4, 6403 leaves):
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Tanh[i (c+dx) ] }

b-a
2 aArcTan { e

e3 £+X* —a?2-b?
d \/ -a?-b? d
_ " _
. Ar‘cTanh[ ~b+aTanh| L (c+d x) }
17T . 1 , . .
3 X2 1 Jaror 1 . T <a—]1b)Cot[—(—11C+——1LdX)]
gezf ;erdza . za + — 2(—1c+;—1dx)Ar‘cTanh[ 22 . 2
Vva‘+b V-a‘-b \V-aZz-b
~ —a-ib)Tan[Y (cic+Z-idx
2(1’1c+Ar‘cCos[ﬂa})Ar‘cTanh[< ) [2< 2 H +
b Narsr=s
- a-ib)Cot[t(-ic+Z-idx —a-ib)Tan[Y (-ic+Z-idx
Ar‘cCos[—E]—Zj Ar‘cTanh[( ) [2( 2 )H—Ar‘cTanh[( ) [2( 2 )]]
: Jar et 7o

J_aZ_ b2 efiflll (7]1 C+§7]'1dx)

Log| |+

V2 A/-ib a+bSinh[c +dx]

: a-ib)cCot[t(-ic+Z-idx —a-ib)Tan[Y (-ic+Z-idx
Ar‘cCos[—E]+2i Ar‘cTanh[( ) [2( 2 )H—Ar‘cTanh{( ) [2( 2 )]]
b Nerrar=s e
AT P eyt (icri-idx) - —a-ib)Tan[t (-ic+Z-idx

Log| alb e | - Ar‘cCos[—E]+2iAr‘cTanh[( ) [2( 2 )]]

N2 A/-ib a+bSinh[c +dx] b v -a2-p?

Log[1-

2 i ArcTanh|

i |PolylLog [2,

PolyLog|2,

i (a—j\/—az—bz) (a—jlb—\/—az—b2 Tan[%(—jc+§—jdx)})

b(afjb+\/fa27b2 Tan[i (7jc+§fjdx)”

(-a-1ib) Tan[i(

—ic+§—idx

)]

4/_a2_b2

]

Log[1 -

|+ 7Ar‘cCos[fjb—a] +

i (a+1’1\/—a2—b2) (a—jlb—\/—az—b2 Tan[% (—J’lc+

] -

|

b(a—ib+\/WTan[% (—ic+§—idx) )
i (a—j\/—az—bz) (a—jb—\/—az—b2 Tan[% (—jc+§—jdx)])

b(a—jb+\/—327—b2Tan[%<

} _

ciceZoidx]])

i (a+1’1\/—a2—b2) (a—jlb—\/—az—b2 Tan[i (—J‘lc+§—idx)”} )
b(a—ib+mTan{§(

~ic+2-idx]])
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2c+d 2c+d
ie-FZ x3 ! 3ae® |d>x?Log[1+ be”” | -d?x? Log[1 + b et ] +
8b d3 (a2+b2) e?¢ ae‘ - (a2+b2) e?¢ ae+ (a2+b2) e?¢
be2c+dx b(e2c+dx
2dxPolylog|2, - | -2dxPolyLog|2, - | -
ae- (a2+b2) e%¢ ae+ (a2+b2> e%¢
beZC+dx be2c+dx 1
2Polylog|3, - | +2PolyLog|3, - 1 -—
ae‘- (a2+b2) e?¢ ae‘+ (a2+b2) e?¢ 32b
2c+d 2c+d
3 | x* - ! 4ae |d®x?Log[l+ be ™™ ] -d®x® Log |1+ be ™™ |+
d4 (a2+b2) e?¢ ae‘ - (a2+b2) e?¢ aec+ (a2+b2) e?¢
2c+d 2c+d
3d?x? Polylog|2, - be ™7 | -3d?x?Polylog|2, - be” ™™ | -
ae‘- <a2+b2) e%¢ ae+ (a2+b2) e%¢
be2c+dx b62c+dx
6 d x PolyLog[3, - | +6dxPolyLog|3, - |+
ae‘- (a2+b2) e?¢ ae+ (az+b2> e?¢
be2c+dx be2c+dx
6PolyLog[4, - } —6PolyLog[4, - ] -
ae‘ - (a2+b2) e%¢ ae‘+ (a2+b2) e?¢
2c+d
13ef2 2 (4a%+b%) X3 - ! 6a (4a’+3b%) e |d>x* Log |1+ be” ™ ] -
32b &/ (a% + b2) e2° aec - [ (a2+b?) e¢
beZde b(62c+dx beZde
d?x? Log |1+ | +2dxPolylog|2, - | -2dxPpolylog|2, - |-
ae+./ (a%+b?) ¢ ae® -,/ (a%+b?) ¢ ae®+./ (a%+b?) e2¢
beZde b62c+dx
2 Polylog|3, - | +2Polylog|3, - -
aef - (a%+b?) e*¢ ae®+./ (a%+b?) ¢

24abCosh[dx] ((2+d*x?) Cosh[c] -2dxSinh[c]) 3b?Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
d3 i d3 )
24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]

d3

+

3b? ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]
d3
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2c+d 2c+d

13f3 (4a%+b?) x* - ! 4a(4a’+3b%) e |d®x3Log[1+ bet™™ | -d®x® Log |1 + be” ™" ]+

64 b d4 (a2+b2) e2¢ aet - (a2+b2> e2¢ ae+ <32+b2) o2

2 2cxd 2c+d
3d°x* Polylog|2, - e ] -3d*x*PolyLog|2, - e | -6dxPolyLog|3, - e |+
aec - <32+b2> e2¢ P (a2+b2> e2¢ aef - (a2+b2> o2 ¢
b e?<dx b e2cdx b e2crdx
6dxPolyLog|3, - | +6PolyLog[4, - ] -6PolyLog[4, - ]| -
ae®+./ (a%+b?) e2¢ aec - [ (a2+b?) e2¢ acc s/ (a2 b?) e2¢

e
16abCosh[dx] (dx (6+d?x?) Cosh[c] -3 (2+d*>x?) Sinh[c]] b?Cosh[2dx] (-3 (1+2d?x?) Cosh[2c] +2dx (3+2d?x?) Sinh[2c])
dé : d4 )
16ab (-3 (2+d*x?) Cosh[c] +dx (6+d?x?) Sinh[c]) Sinh[d x]

d4

+

b? (2dx (3+2d?x?) Cosh[2c] -3 (1+2d*x?) Sinh[2c]) Sinh[2d x]

+

d4
1 16 a* + 12 a2 b? + b*) x* 1
— f3 ( : ) - a(1634+26a2b2+5b4>ec
16 4b bS g* (a2+b2> e2¢
b 2c+dx b 2c+dx b 2c+dx
d®x® Log[1 + = | -d®x® Log |1+ c | +3d*x*Polylog|2, - c |-
ae- (a2+b2) e?c ae‘+ (a2+b2) e?c ae- <a2+b2) e?c
beZC+dx b(eZc+dx
3d*x? Polylog|2, - | -6dxPolyLog|3, - |+
ae+ (a2+b2) e?¢ ae‘- (a2+b2> e?¢
beZC+dx be2c+dx beZde
6 dx Polylog|3, - | +6PolyLog|4, - | -6PolyLog|4, - 1|+
ae‘+ <a2+b2) e?¢ ae‘- (a2+b2) e?¢ ae+ <a2+b2) e?¢
24 a Cosh|c 24 aSinh|c 24 x Cosh|[c 24 x Sinh|c
{(2a2+b2) [7 [ ]+ [ ])+(2a3+ab2> [7 [ J+ [ 1]+
b4 d4 b4 d* b% d3 b% d3
12 x2 Cosh[c 12 x2Sinh[c 4ax3Coshjc 4 ax3Sinh[c
(2a*+ab?) [ [ J+ [ }]+(2a2+b2) ( [ J+ [ }] (Cosh[dx] -Sinh[dx]) +
b% d? b% d? b4 d b* d
24x (2a%Cosh[c] +ab?Cosh[c] +2a®Sinh[c] +ab?Sinh[c]) 12x? (2a%Cosh[c] +ab?Cosh[c] +2a®Sinh[c] +ab?Sinh[c])
) b* d2 i b* d2 ’

24 aCosh[c] 24aSinh[c]
b* d* ’ b* d*

(20287 | RYCES ( (Cosh[dx] + Sinh[dx]) +

4ax3Cosh[c] 4ax®Sinh[c] ]
b* d b* d
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3Cosh[2c] 3Sinh[2c] 3xCosh[2c] 3xSinh[2c] 3x2Cosh[2c] 3x%2Sinh[2c]
- + - + - +

)+<4a2+b2) ( + (4a%+b?) [ +

[<4a2+b2>[

8 b3 d* 8 b3 d* 4b3d3 4 b3 d3 4 b3 d? 4 b3 d?
s x3Cosh[2¢c] x3Sinh[2c] .
(4a%+b%) |- + (Cosh[2dx] -Sinh[2dx]) +
2b3d 2b3d
3x (4a2Cosh[2c] +b?Cosh[2c] +4a2Sinh[2c] +b?Sinh[2c]) 3x? (4a%Cosh[2c] +b2Cosh[2c] +4a%Sinh[2c] +b2Sinh[2c])
- +
4b3d? 4b3d?
3 Cosh[2c 3Sinh[2c x3 Cosh[2c x3Sinh[2 ¢
(4a%+b?) [— [2c] [2c] + (4% +b?) [2c) + [ ]] (Cosh[2dx] +Sinh[2dx]) +
8 b3 d* 8 b3 d* 2b3d 2b3d
[ 4acCosh[3c] 4axCosh[3c] 2ax?Cosh[3c] 2ax3Cosh[3c] 4aSinh[3c] 4axSinh[3c] 2ax?®Sinh[3c] 2ax3Sinh[3c]]
- - - - + + + +
27 b2 d* 9 b2 d3 3b2d? 3b%d 27 b2 d* 9 b2 d3 3b2d? 3b%d

(Cosh[3dx] -Sinh[3dx]) +

4aCosh[3c] 4axCosh[3c] 2ax?Cosh[3c] 2ax3Cosh[3c] 4aSinh[3c¢c] 4axSinh[3c] 2ax?Sinh[3c¢c] 2ax3Sinh[3c]
[ 7 dt 9w d  3prd 3p2 d B e e S 3p2 d ]
(Cosh[3dx] +Sinh[3dx]) +

3Cosh[4c] 3xCosh[4c] 3x?>Cosh[4c] x3Cosh[4c] 3Sinh[4c] 3xSinh[4c] 3x2Sinh[4c] x3Sinh[4c]

[_ 128bd*  32bd®  16bd®  abd  128bd*  32bd®  16bd>  4bd J
(Cosh[4dx] -Sinh[4dx]) +

3Cosh[4c] 3xCosh[4c] 3x?>Cosh[4c] x3Cosh[4c] 3Sinh[4c] 3xSinh[4c] 3x2Sinh[4c] x3Sinh[4c]

[ 128 b d* ' 32bd? 16 b d? ' 4bd 128 b d* ' 32bd? 16 b d? ' 4bd ]

(Cosh[4dx] +Sinh[4dx]) | -

b-a Tanh[1 (c+dx) ]
2a (4a%*+3b?) ArcTan [ _—

e’ | (4a%+b?) (c+dx) - Loatob? —4abCosh[c+dx]+bZSinh[2(c+dx)]
[_a2_p2
16bd )
1
32 b3 d?
3
o2
.F

(4a%+b?) (-c+dx) (c+dx) -

8abdxCosh[c+dx] -b®Cosh[2 (c+dX) |-
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cAr‘cTan[M , )
| _q2_12 1 b ec+dx b eC+dx
4a(4a’>+3b%) |- S [(c+dx) Log[1+67]—Log[1+e7} +
V -a? - b? 2+Va?+b? a-+/a%+b? a++VaZ+b?
b @c+dx b ectdx 1
Polylog|[2, ——————| - Polylog|2, —7]] +8absSinh[c+dx] +2b?dxSinh[2 (c+dx) ]|+
-a++a?+b? a++Va%+b? 96 b° d

2 212 2 b-a Tanh 1—(c+d X)
12a (16a +202a%b%+5b*) ArcTan| ]
_a?_p?

e’ |6 (16a*+12a’b”>+b*) (c+dx) -

-48ab (2a%+b?) Cosh[c+dx] -

‘/7asz2

8ab3Cosh[3 (c+dxH +6b* (42 +b?) Sinh[z (c+dx” +3b4Sinh[4<c+dx)] +

e2f |-576a%*c?-432a’b%>c?-36b*c?2+576a*d?x? +432a%b?2d?>x®+36b*d>x% -

384 b° d?

576ab (2a®+b?*) dxCosh[c+dx] -36 (4a”b*+b*) Cosh |2 (c+dx)] -96ab’dxCosh|3 (c+dx” -

a+b ec*dX

9b4COSh[4(C+dXH—144a(16a4+29a2b2+5b4> B \/ﬁ . 1

\ -a?% - b? 2+ a+b?

c ArcTan [

b ec+dx b ec+dx b ec+dx b ec+dx
(c+dx) |Log[1+ ————] - Log[1+ —————]| +Polylog[2, —————] - Polylog[2, - ———]
a-aZib? a+aZib? —avalib? a+aZibl

1152a’bSinh[c+dx] + 576 ab®Sinh[c+dx] +288a’b?>dxSinh[2 (c+dx) | +72b*dxSinh[2 (c+dx) ] +

32ab’Sinh[3 (c+dx) | +36b*dxSinh[4 (c+dX) ]| +

+
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ef?|2304a% d® X + 1728 a* b> d® x> + 144 b* d® x*> - 3456 ab (2a% + b?) (2+d*x?) Cosh[c+dx] -

2304 b> d3

432b% (42%+b?) dx Cosh|2 (c+dx>] -128ab’ Cosh|3 (c+dx” -576ab’ d? x* Cosh|3 (c+dx)] -

108 b* dx Cosh[4 (c+dx)] - . (16 a* + 2022 b? + 5 b*) €€
(a2+b2> e?¢
2c+d 2c+d 2c+d
d*x? Log[1 + be” ™ | -d?x? Log |1+ be ™ | +2dxPolylog|2, - be ™ ] -
aec- (a2+b2> e?c aec+ (a2+b2) e2¢ ae‘ - (a2+b2) e2¢
be2c+dx be25+dx be2c+dx
2dxPolyLog[2, - | -2PolyLog|3, - | +2PolyLog|3, - 11+
ae+ <a2+b2) e?¢ ae‘ - (a2+b2) e?¢ ae+ (a2+b2) e?¢

138242 bdxSinh[c+dx] +6912ab>d x Sinh[c+dx] + 864 a’b?Sinh|2 (c+dx) | +216b*Sinh[2 (c+dx)] +
1728 a®b*>d? x? Sinh|[2 (c+dx) | +432b*d? X2 Sinh|[2 (c+dx)] +

384ab*dxSinh[3 (c+dx) | +27b*Sinh[4 (c+dx) ]| +216 b*d*x*Sinh[4 (c+dx) |

Problem 397: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx]ZSinh[c+dx}3 ;
X

a+bSinh[c+dx]

Optimal (type 4, 755 leaves, 31 steps):
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a?f2x a*(e+fx)’> a?(e+fx)’ (e+fx)’ 2a%f2Cosh[c+dx] 4af2Cosh[c+dx]

+ + - -
4 b3 d? 3b° f 6b3f 24b f b* d3 9b2d3
a3 (e+Fx)2Cosh[c+dx] a’f (e+fx) Cosh[c+dx]? 2af2Cosh[c+dx]3 a(e+-Fx)2C05h[c+dx}3
b d 203 27 b2 ¢ 3b2d

a3 /a2 + b? <E+'FX)2LOg[1+ﬂ} a3m(e+fx)2Log[1+ b ec+dx ]
a-+/ a?+b? a++/ a2+b? B

- +

64 b d? b°>d b°>d
2a*+/a?+b? f (e+fx) PolylLog|2, - b e? | 2a*+/a?+b? f (e+fx) PolyLog|2, 7&} 2a%+/a? +b? f2Polylog|3, o ber

a-+/ a2+b? a+/ a%+b? a-+/ a%+b? ]

+ + -
b> d? b> d? b> d3
2a*+/a? + b? f2Polylog[3, - 2
[ ’ a+/ a’+b? ]

f (e+fx) Cosh[4c+4dx]

2a°f (e+fx)Sinh[c+dx] 4af (e+fx)Sinh[c+dx] a?f2Cosh[c+dx] Sinh[c+dx]
N

+ + +
b> d3 b* d2 9 b2 d?2 4 b3 d3
a? (e+fx)?Cosh[c+dx]Sinh[c+dx] 2af (e+fx)Cosh[c+dx]2Sinh[c+dx] f2Sinh[4c+4dx] (e+Ffx)?Sinh[4c+4dx]
+ + +
2b3d 9 b2 d2 256 b d3 32bd

Result (type 4, 3674 leaves):

b-aTanh[® (crdx
2 aArcTan { M}

a2-b?

e? j +X -
—a’-b? d

8b

. _b+aTanh|L (c+d x)
1 st ArcTanh [ ]

2 TS a-ib)Cot[(-ic+Z-idx
le-F L ! a G + ! 2(—jc+z—idx Ar‘cTanh[( > [2( 2 )]]—
4 2b bd? v a2 + b2 —a2 - b2 2 a2 - b?

. —a-ib)Tan[Y (-ic+Z-idx
2 (jc+ArcCos[E})Ar‘cTanh[< ) [2 ( 2 )} |+
b _aZ_b2
: a-ib)Cot[t(-ic+Z-idx —a-ib)Tan[Y (-ic+Z-idx
Ar‘cCos[—E] -21 Ar‘cTanh[( ) [2 ( 2 )] ] —Ar‘cTanh[( ) [2 ( 2 )]]
b —a2 - b2 a2 - b?

a2 b2 e—%i (ﬂicﬂzifjdx)
Log| |+
V2 A/-ib a+bSinh[c +dx]

(a-ib)cot[2 (-ic+2-idx]]

—a-ib)Tan[Y (-ic+Z-idx
Ar‘cTanh[ ( ) [2( 2 )]

} - ArcTanh [
—a?-b? —a?-b?

]

1a
Ar‘cCos[—T] +21

|
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VaTp? ert lieridx)
Log[\/?\/-jlb \a+bSinh[c+dx] J-
ifa-iv/-a?-b7 | (a-ib-v-a?-b? Tan[l [-ic+Z-idx|]]

ba-ib+y/-a?-b? Tan[l (-ic+Z-idx]]]
(-a-ib) Tan[i(—ic+§—idx)] i (a+jm) (a—jb—\/ﬂTan[i (—J’lc+§—jdx)”

V-aZ b7 b(a-ib+v-aZ-b? Tan[L [-ic+Z-idx]]]
ifa-iv/-a?-b7) (a-ib-+/-a?-b? Tan[l (-ic+Z-idx|]]

bla-ib+v-a?-b? Tan[% [-ic+Z-idx]|])

(-a-1ib) Tan[%(—ic+’2—r—idx)]

ArcCos | - | +21iArcTanh|

]

ia
b

—a2-p?

Log[l—

] + 7APCCOS[7jlbfa] +

2 i ArcTanh|

]

Log[1-

|+

i

PolylLog [2,

PolyLog|2,

i (a+1‘1\/7a27b2) (afjbfx/faszz Tan[i (7jc+§fjdx)”
b(a—1’1b+\/—a2—b2 Tan[%(—ic+§—idx ]] .

2c+d 2c+d
ifz x3 - ! 3ae® [d?x?Log|1+ be” ™ | -d?x? Log |1 + be” ™ |+
24b d? [ (a2 + b?) e2¢ ae - [ (a2 + b?) e2¢ ae+ [ (a2 + b?) e
bez<:+dx b62c+dx
2dxPolylog[2, - | -2dxPpolylog|2, - |-
ae® -,/ (a%+b?) ¢ ae®+./ (a%+b?) e2¢
b92c+dx b(82c+dx
2PolyLog|[3, - | +2PolyLog|3, - 11 -
ae® -,/ (a%+b?) ¢ aet+./ (a%+b?) e2¢
2c+d 2c+d
;]2 (4a%+b%) X - ! 6a (4a’+3b%) e |d>x*Log|1+ ber™ | -d?x? Log[1 + bt |+
% b d3 (a2+b2) e?c ae- (a2+b2) e?c ae+ (a2+b2> e?¢
b62c+dx beZC+dx
2dxPolyLog[2, - | -2dxPolylog|2, - | -
ae‘ -,/ (a%+b?) e2¢ aet+./ (a%+b?) e2¢
beZC+dx b62c+dx
2 Polylog|3, - | +2PolyLog|3, - -
aet -,/ (a%+b?) e*¢ ae®+./ (a%+b?) e2¢

24abCosh[dx] ((2+d?x?) Cosh[c] -2dxSinh[c]) 3b*Cosh[2dx] (-2dxCosh[2c] + (1+2d?x?) Sinh[2c])
+ _

d3 d3
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24ab (-2dxCosh[c] + (2+d*x?) Sinh[c]) Sinh[d x]
d3

+

3b2 ((1+2d*x?) Cosh[2c] -2dxSinh[2c]) Sinh[2dX]

d3
e? (4a2+b2) (C+dx)‘ —a-b? ‘4abCOSh[C+dX]+bZSinh{2(c+dX)]
_a2_p?
16 b3 d _
1
16 b3 d?
e
.F
<4a2+b2> (_c+dx) (C+dx) _
8abdxCosh[c+dx] -
b?Cosh[2 (c+dx) ] -
cAr‘cTan[M
_32_p2
4a(4a’+3b%) |- a2 b . 1

\V-a?-b? 2+va?+b?

b ec+dx b ec+dx b ec+dx b ec+dx
} + PolyLog[Z, } - PolylLog [2, - 7}

Log[1+ —————] - Log[1+ —————— e —
a-+a?+b? a+VaZ+b? —a+a?+b? a+VaZ+b?

+

((c+dx)

1
96 b° d

8absSinh[c+dx] +2b2dxSinh[2 (c+dx) ]|+

b-a Tanh 1—(c+dx) ]

7a27b2

12a (16a*+20a%b? + 5b%) ArcTan|

e? |6 (16a4+12a2b2+b4) (c+dx) -
vV -a?-b?

48ab (2a?+b?) Cosh[c+dx] -8ab’Cosh[3 (c+dx) ]|+
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6b* (4a%+b?) Sinh[z (c+dx>] +3b4Sinh[4(c+dx)] +

1
576 b> d?

ef|-576a*c?-432a%b?>c?-36b*c?+576a*d* x> +432a%2b2d?x?+36b*d*x?-

576 ab (2a%+b?) dxCosh[c+dx] -36 (4a?b?+b*) Cosh[2 (c+dx)]| -96ab>dxCosh[3 (c+dx)] -

a+b et

9b4C05h[4(c+dXH*144a(16a4+2032b2+5b4) B m . 1

V -a? - b? 2/ a2+ b?

c ArcTan [

b ec+dx b ec+dx b ec+dx b ec+dx
(c+dx) |Log[1+ —————] -Llog[1+ ——————]| +Polylog[2, —— | - Polylog[2, - ————— | | | +
a-+VvaZ+b? a+Vva?+b? —a+Va?+b? a+Vva?+b?

1152a’bSinh[c+dx] + 576 ab?Sinh[c+dx] +288a’b?dxSinh[2 (c+dx) | +72b*dxSinh[2 (c+dx) ] +

32ab’Sinh|3 (c+dx” +36b*dxSinh[4 (c+dx)] +

2 |2304a* d> x* + 1728 @’ b*> d® x> + 144 b* d®> x*> - 3456 ab (2a® + b?) (2 +d*x?) Cosh[c +dXx] -

6912 b° d3

432b? (4a% +b*) dxCosh[2 (c+dx)] -128ab’Cosh|[3 (c+dx)] - 576 ab’d*x*Cosh[3 (c+dx) | -

108 b* d x Cosh|[4 (c+dx) ] - 1 ma (16 a* + 202> b? + 5 b*) €€
(a? + b?) e?¢

2c+d 2c+d 2c+d
d? x? Log[1 + be ™™ | -d?x? Log[1 + be ™™ | +2dxPolyLog|2, - be? ™™ ] -
ae‘- (a2+b2) e?¢ aec + (a2+b2) e3¢ ae‘ - (a2+b2) e?¢
2c+d 2c+d 2c+d
2dxPolylog|2, - ber ™ | -2PolyLog|3, - b | +2PolyLog|3, - bt 1|+
aec+ <a2+b2) e?¢ aec - (a2+b2) e%¢ aec+ <a2+b2) e?¢

13824a*bdxSinh[c+dx] +6912ab>d x Sinh[c +dx] + 864 a’b?Sinh[2 (c+dx) | +216b*Sinh[2 (c+dx)] +
1728 a>b*>d? x> Sinh|[2 (c+dx) | +432b*d? x> Sinh[2 (c+dx)] +
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384 ab*dxSinh[3 (c+dx)] +27b*Sinh |4 (c+dx)] +216 b* d? x> Sinh[4 (c +dx) |

Problem 398: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

J(eﬂcx) Cosh[c+dx]2Sinh[c+dx]3

a+bSinh[c+dx]

Optimal (type 4, 474 leaves, 24 steps):

atex alex a*fx? a?fx? (e+fx)2 a® (e+fx) Cosh[c+dx] a?fCosh[c+dx]?
+ + + - - - -
b° 2b3 2b° 4 b3 16bf b* d 4 b3 d?
a*/a?+b? (e+fx) Llog[1+ 2" ] a3/a?ib? (e+fx) Log[1l+ 20
a(e+fx) Cosh[c+dx]® fCosh[4c+4dx] ( ) : a—\/m] | ) | wﬁ}
_ _ . _
3b%d 128 b d? b°>d b°>d
a*~/a? + b? fPolylog[2, - <] a3+/a?+b? fPolylog|2, - 2
[ R peyye ] [ S e ] a® fSinh[c +dx]
b> d? ’ b> d? i b% d2 "
afSinh[c+dx] a?(e+fx)Cosh[c+dx]Sinh[c+dx] afSinh[c+dx]® (e+fx)Sinh[4c+4dx]
+ + +
3 b? d? 2b3d 9 b2 d2 32bd

Result (type 4, 2286 leaves):

b aTanh[i (crdx)] }

2aAr~cTan{
e | & +x- —
d ~a?-b% d
_ - _
. ArcTanh [ _b+aTanh|1 (c+d x) ]
it . 1 . xo.
2 22 a-1b)Cot|=(-1c+>*-1dx
l-F L+ 1 a T + ! 2(—]’1c+£7]'1dx Ar‘cTanh[( ) [2( 2 )}]
8 |2b bd? v a? + b? \ -a? - b? 2 -a%?-b?
- —a-ib)Tan[i (-ic+Z-idx
2(—jc+ArcCos[—E})Ar‘cTanh[ ) [2( 2 )]}+
b v-aZ-b?

(a-1ib) Cot[%(—jc+§—jdx)] (-a-1ib) Tan[i (—jc+§fjdx)]

} - ArcTanh [

1/—a2—b2 7asz2

ArcTanh [

1a
ArcCos[—T] -21
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|

\/We%j (—ic#i—ﬁdx) ]
.
2 \/-ib Ja+bSinh[c +dx]
(a-ib)cot[s (-ic+2-idx]]

Log |

~a-1ib) Tan[i (7jc+§fjdx)]

]

} - ArcTanh [
Voar b2 a2

—a—J'lb) Tan[%(—jc+§—jdx)]

“/7asz2

ArcTanh [

ia
Ar‘cCos[fT] +21i

]

megi(fjm%jdx) ]
2 A/-ib Ja+bSinh[c +dx]
i (a—i\/—az—bz) (a—jlb—\/—az—b2 Tan[i (—ic+§—jdx)”
]

] +2 1 ArcTanh [

1a
ArcCos [~ —
b

Log |

|+ —Ar‘cCos[—ib—a] +

Log[1 -
b(a—1’1b+\/—a2—b2 Tan[% (—J'lC+§—]'].dX) )
ZjArcTanh[(_a_jb) Tan[z(—jc+’2‘—jdx)]] Log[lij (a+j1\/_32_b2) (a—ib—\/—aZ_bZ Tan[;(—jc+2—idx)”]+
v/ -a% - b2 b(afijr\/fasz2 Tan[i(fijr’zlfjdx)])

i |PolyLog|2,

Polylog|2,

ifaviva? 07) (a-ib-v-a? b2 Tan[l (-icsZ-idx]])
b<a_jb+m1—an[%(—J'lc+§_jldx)]) }]] -

b-a TanMl (crdx) ]
2a (42%+3b?) Ar‘cTan[ 2

e|(4a%+b?) (c+dx] - [t -4abCosh[c+dx] +b?Sinh[2 (c+dx) ]
[_a2_p2
16 b* d i
1
32 b3 d?
.F
<4a2+b2>

<—C+dx)
<c+dx) -8abd
xCosh[c+dx] -
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c+dx
c ArcTan [ arbetth

b2Cosh[2 (c+dx)] -4a (4a®+3b?) |- J-arb? X 1

\ -a? - b? 2/ a? + b?

b ec+dx b ec+dx b <ec+dx
((c+dx) Log[1+ —————] - Log[1+ ————|| +PolyLog[2, —————] - Polylog|2,
a-+Va%+b? a++Va%+b? -a++a?+b?
8absinh[c+dx] +2b>dxSinh[2 (c+dx) ]|+ !
96 b° d

b-aTanh L +d
12 a (16 a% + 20 a2 b2+5b4> AI"CTan[ aTan (c+d x)

e |6 (16a*+12a%b?+b*) (c+dx) - a2
Voa? b2

]

48ab (2a%+b?) Cosh[c+dx] -
8ab’Cosh[3 (c+dx) |+
6b” (4a”+b%) Sinh[2 (c+dx) | +

3b4Sinh[4(c+dx)] +

1

—— f|-576a*c?-432a%b?>c?-36b*c?2+576a%*d® x> +432a%b%>d?* x?> + 36 b* d? x? -
1152 b> d?

576 ab (2a”+b?) dxCosh[c+dx] -36 (4a*b®+b*) Cosh[2 (c+dx)]|-96ab*dxCosh|3 (c+dx) |-

a+b e®rdX

9b*Cosh[4 (c+dx)] -144a (16a*+20a%b? + 5b%) |- e 1

V-a?-b? 2+/a% + b?

c ArcTan|

b ec+dx b ec+dx b ec+dx

[<c+dx)

a-+VvaZ+b? a+VvaZ+b? —a+Va2+b?

Log[1+ ————] -Log[1+ ————|| +Polylog[2, —————| - Polylog|2,

b (ec+dx

a+

a+

a2+ b?

b ec+d X

a2 + b2

]

]

+

+
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1152a’bSinh[c+dx] + 576 ab?Sinh[c+dx] +288a’b?dxSinh[2 (c+dx) | +72b*dxSinh[2 (c+dx) ] +

32ab’Sinh|3 (c+dx” +36b*dxSinh|[4 (c+dx)]

Problem 400: Attempted integration timed out after 120 seconds.

Cosh[c+dx]2Sinh[c+dx]3
J dx

(e+fx) (a+bsinh[c+dx])

Optimal (type 9, 38leaves, 0 steps):
Cosh[c+dx]2Sinh[c+dx]3

(e+fx) (a+bsinhfc+dx])’

Unintegrable |

x]

Result (type 1, 1leaves):

e

Problem 401: Result more than twice size of optimal antiderivative.

J(e+fx)3Cosh[c+dx]3Sinh[c+dx]3 4
X

a+bSinh[c+dx]

Optimal (type 4, 1443 leaves, 55 steps):
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3a3f3x 4s5afix a®(e+fx)’ 3a(e+fx)’ a’(a2+b?) (e+fx)* 6a*fiCosh[c+dx] 4@a2f3Cosh[c+dx] 3 Cosh[c+dx]
- - - +

8bid®  256b2d®  abtd  32b2d 466§ bS d* 9 b3 d* 4bd* )
3a4-F(e+-Fx)2Cosh[c+dx} 2a2-F(e+-Fx)2Cosh[c+dx] 3-F(e+-Fx)2Cosh[c+dx] 9af? (e+fx) Cosh[c+dx]?
bS d2 ) b d2 : 8b d ) 32 b2 d3 )
2a2f3Cosh[c+dx]3 a21"(e+-l:x)2Cosh[c+dx]3 3af? (e+fx) Cosh[c+dx]* a(e+fx)3Cosh[c+dx14 f3 Cosh[3c+3dx]
27 b d* . 3b3 2 ) 32b2 o ) ab2d i 216 b d* )

a® (a2 +b?) (e+fx)Log[1+ 2=

a-+/ a?+b?

f(e+fx)?Cosh[3c+3dx] 3fCosh[5c+5dx] 3f(e+fx)’Cosh(5c+5dx]

48 b d? 5000 b d* 400 b d? b® d
a® (a?+b?) (e+fx)’Log[1+ %} 3a° (a?+b?) f (e+fx)?Polylog|2, 7&] 3a° (a?+b?) f (e+fx)?Polylog|2, o bet?

a+/ a2+b? a-+/ a2+b? a+/ a2+b?

- - +

b® d b® d?2 b® d?2

6a* (a®+b?) f2 (e +fx) PolylLog|3, —&} 6a* (a®+b?) f2 (e + fx) PolyLog|3, —ﬂ] 6a* (a?+b?) £ Polylog|4, —&]

a-+/ a%+b? a+/ a?+b? a-+/ a?+b?

+ — —

b® d3 b® d3 b6 d*

6a* (a? + b?) £ Polylog|4, —&}

a+/ a2+b?

6a*f? (e+fx)Sinh[c+dx] 40a2f? (e+fx)Sinh[c+dx] 3 (e+fx)Sinh[c+dx]
+ _

+ +
bé d* b° d3 9b3d3 4bd3
a* <e+-Fx)3Sinh[c+dx] +2a2 (e+'Fx)3Sinh[c+dx1 ) (e+-Fx)3Sinh[c+dx1 +3a3-F3(:osh[c+dx} Sinh[c +d x] .
b>d 3b3d 8bd 8 b* d*
45 a f3 Cosh[c +dx] Sinh[c +dx] 3a3f(e+fx)2Cosh[c+dx}Sinh[c+dx] 9af(e+-Fx)2Cosh[c+dx]Sinh[c+dx]
256 b2 d* : 4 b* d? : 32 b2 d? ’
2a2-F2(e+fx)Cosh[c+dx}ZSinh[c+dx] a2(e+fx)3Cosh[c+dx}ZSinh[c+dx] 3af3Cosh[c+dx]3Sinh[c+dx]
9b3d? : 3b3d : 128 b2 d* :
3a-F(e+-Fx)2Cosh[c+dx]3Sinh[c+dx} 3a°f2 (e+fx) Sinh[c+dx]? a3<e+-Fx)3Sinh[c+dx]2
16 b2 2 . 464 o i 2b%d i
f2 (e+fx) Sinh[3c+3dx] <e+-Fx)3Sinh[3c+3dx} 32 (e+fx) Sinh[5c+5dx] <e+fx)3sinh[5c+5dx]
72bd? : 48bd : 1000 b d3 ' 8obd
Result (type 4, 5008 leaves):
It 433 (a2+b2) 4d4e3ezcx+6d4e2ezc'FX2+4d4e<e2c'F2X3+d4ech3x4+2d3e3Log[Zaec+dX+b(—1+e2(c*dx))]—
8 | bod* (-1+e2€)
b e2cdx b @2 cdx
2d3e3e2cLog[2aec*dX+b(—1+e2(c*dx))]+6d3e2'FXLOg[1+ ]—6d3e2<e2c-FxLog[1+ ]+

aef- (a2+b2) e?¢ ae‘- <a2+b2) e?¢
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bezmdx beZde beZde

6d’ef2x?Log[1+ | -6d®ee® 2 x? Log[1 + | +2d> £ %% Log[1+ ] -
ae‘- (a2+b2) e?c aec- (a2+b2) e?c ae‘- (a2+b2) e?¢
beZC+dx b62c+dx beZC+dx
2d% e 2 x> Log[1 + | +6d®e? fxLog[l+ | -6d®e?e?“ fxLog[l+ |+
ae‘- (a2+b2> e?¢ ae+ (a2+b2) e?¢ ae‘+ (a2+b2) e?¢
beZC+dx be2c+dx be2c+dx

6d>ef?x?Log|[1+

| -6d*ee? 2 x? Log[1+

| +2d® £ x3 Log |1+

]_
ae‘+ <a2+b2) e?¢

ae+ (a2+b2) e?¢ ae‘+ (a2+b2) e?¢

beZC+dx ) be2c+dx
24?3 x% Log[1 + | -6d? (-1+e®¢) f (e+fx)*Polylog|2, - | -
ae+ (a2+b2) e?c aef - (a2+b2) o2 ¢
b(eZc+dx be25+dx

6d* (-1+e°°) f (e+-Fx)2PolyLog[2, -

| -12def?PolyLog|3, -

ae‘+ (a2+b2) e2c¢ aef - (az+b2> e2¢
2c+d 2c+d
12de e £ Polylog[3, - — | -12d# xPolyLog|[3, - et ] +
ae‘ -,/ (a%+b?) ¢ aec— [ (a?+b?) e2¢
2cxd 2c+d
12de** f2xPolylog[3, - e ] -12def2Polylog|3, - e ] +
ae‘ - (a2+b2) e?¢ ae+ <32+b2) e2c
2c+d 2cad
12de e £ Polylog[3, - _— ] -12d * x Polylog[3, - P ] +
ae‘+ (a2+b2) e2c¢ aec 4+ (a2+b2) e2c
2c+d 2csd
12d e 2 xPolylog 3, - e | +12 £ PolyLog[4, - e ” ] -
aet+./ (a?+b?) €€ aec - [ (a?+b?) e3¢
2c+d 2csd yerd
12 e2¢ 3 Polylog|4, - bem™™ | +12 3 PolyLog|[4, - b e | - 12 e2< £ Polylog[4, b @2 c+dx |-
aef -y (a7 b2) e aec+.[(a?+b?) e ae+./ (a%+b?) ¢

8a’ (a?+b?) e®x (1+Cosh[2c] +Sinh[2c]) 12a® (a®+b?) e?fx? (1+Cosh[2c] +Sinh[2c])

b® (-1+Cosh[2c] +Sinh[2c])

b® (-1+Cosh[2c] +Sinh[2c])

8a° (a2 +b?) ef2x? (1+Cosh[2c] +Sinh[2c])

bé (-1 +Cosh[2c] +Sinh[2c])

2a° (a?+b?) £2x* (1+Cosh[2c] +Sinh[2c])

b® (-1 +Cosh[2c] +Sinh[2c])

(—8a4—6a2b2+b4) <d3e3+3d2e2f+6def2+6f3)

+

Cosh[c] Sinh[c]
2 b°> d* 2 b°>d*

+
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3xCosh[c] 3xSinh[c]
2 b d3 2 b°>d3

+

(—8a4d2e2f—6a2b2d2e2-F+b4d2e2f—16a4def2—12a2bzdeF2+2b4de-F2—16a4f3—12a2b2f3+2b4f3>

3x2Cosh[c] 3x%2Sinh[c]

(—8a4de-F2—6a2bzdefz+b4def2—8a4f3—6a2b2f3+b4f3)

+

2 b® d2 2 b® d2
3 x3 Cosh[c 3 x3Sinh[c
(-8a*-6a’b”+b*) [e] [ ]] (Cosh[dx] -Sinh[dx]) +
2b%d 2b%d
Cosh|[c Sinh[c 1
(-8a* 6a2b? +b*) (d®e’ 3d2e?frbdef 6 [ ool SN J]-
2 b5 d* 2 b5 d4 2 b5 d?

3x* (-8a*def?Cosh[c] -6a*b*def?Cosh[c] +b*def>Cosh[c] +8a*f>Cosh[c] +6a’b®f>Cosh[c] - b*f>Cosh[c] -
8a*def>Sinh[c] -6a’b>def>Sinh[c] +b*def?Sinh[c] +8a* > Sinh[c] + 6a*b®> > Sinh[c] - b* £3 Sinh[c]) -
1
2b°d?
16 a* 3 Cosh[c] - 12 a% b? 3 Cosh[c] + 2b* 3 Cosh[c] -8a*d?e? fSinh[c] - 6a’b?d?e? fSinh[c] +b*d?e? fSinh[c] +
16a*def?Sinh[c] +12a*b*de f>Sinh[c] -2b*de f*Sinh[c] - 16 a* > Sinh[c] - 12a*b? > Sinh[c] + 2b* £ Sinh[c]) +
3 x3 Cosh[c] -F3X3Sinh[c]]
2b°d 2b%d

3x (-8a*d? e fCosh[c] - 6a*b*>d®e® fCosh[c] +b*d’>e® fCosh[c] +16a*def?Cosh[c] +12a’b>def’Cosh[c] -2b*def’Cosh[c] -

(-8a*-6a’b”+b*) (Cosh[dx] +Sinh[dx]) +

aCosh[2c] aSinh[2c] ]
- + +

((2a2+b2) (4d’e®+6d*e®* f+6def?+3+f) (
8 b*d* 8 b* d*

3xCosh[2c] 3xSinh[2c(]
- +
4b*d3 4 b d3
3x2Cosh[2c] 3x%Sinh[2¢c]
+

+

(4a3d2e2f+2ab2d2e2f+4a3def2+2abzdef2+2a3f3+ab21°3) (

(4a3def2+2abzdef2+2a3f3+ab2f3) {

4 b* d? 4 b* d2
s o af?x3Cosh[2c] af?x3Sinh[2c] .
(2a%+b?%) |- + (Cosh[2dx] -Sinh[2dx]) +
2b*d 2b*d
aCosh[2c aSinh[2c 1
((232+b2) (4d’e’-6d*e’*f+6def’ -3 (7 [2c] [ 1]7 3x* (4a’def?Cosh[2c] +2ab*def’Cosh[2c] -
8 b* d* 8 b4 d* 4 b* d?
1
2a’f’Cosh[2c] ~ab®>f>Cosh[2c] +4a’def?Sinh[2c] +2ab’def?>Sinh[2c] -2a’ £ Sinh[2c] -ab® > Sinh[2c]) - "
4b*d

3x (4a’d*e® fCosh[2c] +2ab*>d*e*fCosh[2c] -4a’def’Cosh[2c] -2ab*def?Cosh[2c] +2a®f>Cosh[2c] +ab®f>Cosh[2c] +
4a*d*e*fsinh[2c] +2ab’>d*e*fSinh[2c] -4a’def?Sinh[2c] -2ab’def?Sinh[2c] +2a’ 3 Sinh[2c] +ab?>f>Sinh[2c]) +
af3x3Cosh[2c] af3x3>Sinh[2 c])

(282 + b2
2b*d 2b*d

(Cosh[2dx] +Sinh[2dx]) +

Cosh[3c] Sinh[3 (]
- +

[(4a2+b2) (9d3e3+9d2e2f+6def2+2f3) (
108 b3 d* 108 b3 d*

)+ (36a2d2e2f+9b2d2e2f+24a2def2+6b2def2+8a2f3+2b2f3)

x Cosh[3c xSinh[3c x? Cosh[3c x%2Sinh[3 ¢
(- EL [ 1]+(12a2def2+3b20|ef2+4a2f3+b2f3) - Bel, 2]},
36 b3 d3 36 b3 d? 12 b3 d? 12 b3 d?
A f2x3Cosh[3c] f*x3Sinh[3c] i
(4a%+b?) |- + (Cosh[3dx] -Sinh[3dx]) +
12b3d 12b3d
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Cosh[3c] Sinh[3 (] 1
+ +
108 b3 d* 108 b3 d* 12 b3 d?

((4a2+b2) (9d’e®-9d*e’f+6def? -2+ ( x* (12a*def?Cosh[3c] +3b*def?Cosh[3c] -

42a*f>Cosh[3c] -b*>f>Cosh[3c] +12a’def>Sinh[3c] +3b’def’Sinh[3c] -4a®f>Sinh[3c] -b*f>Sinh[3c]) e

36 b>d

X (36 a®d®e® fCosh[3c] +9b*d*e*fCosh[3c] -24a’def’Cosh[3c] -6b’>def’Cosh[3c]+8a”f’Cosh[3c]+2b*f>Cosh[3c] +
36a°d?e?fSinh[3c] +9b*d*e* fSinh[3c] -24a’def?Sinh[3c] -6b*def?>Sinh[3c] +8a®f>Sinh[3c] +2b*f>Sinh[3c]) +

» .o [FPx3Cosh[3c] F2x3Sinh[3c] )
(4a%+b?) + (Cosh[3dx] +Sinh[3dx]) +
12b3d 12b3d
af3x3Cosh[4c af3x3Sinh[4c aCosh[4c aSinh[4c
(— [ ]+ [ ]+(32d3e3+24d2e2'F+12de'F2+3'F3> (— [ ]+ [ ) +
8b2d 8b2d 256 b2 d* 256 b2 d*
3xCosh[4c 3xSinh[4c 3x2Cosh[4c 3x%2Sinh[4c
(8ad’e*f+4adef’+af’) (— : J+ [ ])+(4adef2+af3) ( [ J+ [ ]]]
64 b2 d? 64 b2 d3 32b2d2 32b2d?
af3x3Cosh[4c af3x3Sinh[4c aCosh[4c aSinh[4c
(Cosh[4dx] -Sinh[4dx]) + |- [4c]l [ ]+(32d3e3—24d2e2-F+12de1°2—3f3) (— [4c] [ }]—
8b2d 8b2d 256 b2 d* 256 b2 d*
3x? (4adef?Cosh[4c] -af?Cosh[4c] +4adef?Sinh[4c] -af?Sinh[4c]) 1
32b2d? 64 b2 d?

3x (8ad*e*fCosh[4c] -4adef’Cosh[4c] +af’Cosh[4c] +8ad*e*fSinh[4c] -4adef>Sinh[4c] +a-F3Sinh[4c])]

f3x3Cosh[5¢c] f3x3Sinh[5c]

. 3 3 ) 2 ) 3 Cosh[5c] Sinh[5c]
(Cosh[4dx] +Sinh[4dx]) + + +(125d*e*+75d*e* f+30def’+6 ) |- + ]+
20bd 20bd 2500bd*  2500bd*
3xCosh[5c 3xSinh[5c¢ 3x%2Cosh[5¢c 3x%2Sinh[5¢
(25d*e*f+10def?+2f3) |- [ ]+ [>c] +(5def>+ ) |- [ ]+ [ ]]]
500 b d3 500 b d3 100 b d2 100 b d2
3 x3 Cosh[5 ¢ 3 x3Sinh[5 ¢ Cosh[5¢c Sinh[5c
(Cosh[5dx] -Sinh[5dx]) + : }+ : J+(125d3e3—75d2e2-F+30de-F2—6f3) : 1+ : J]+
20bd 20bd 2500bd*  2500bd*
3x? (5def?Cosh[5c] - f3Cosh[5c] +5def?Sinh[5c] - f>Sinh[5c]) 1
N
100 b d2 500 b d3

3x (25d*e*fCosh[5c] -10def?Cosh[5c] +2f>Cosh[5c] +25d*e*fSinh[5c] -10def>Sinh[5c] +2f>Sinh[5c])| (Cosh[5dx] +

Sinh[5dx])

Problem 402: Result more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx]3Sinh[c+dx}3 ;
X

a+bSinh[c+dx]

| 189
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Optimal (type 4, 1049 leaves, 40 steps):

aefx 3aefx a*f?x2 3afix? a°(a’+b?) (e+-Fx)3 2a*f (e+fx) Cosh[c+dx] 4a’f (e+fx) Cosh[c+dx]
N _ _

- + - + +
2b%*d 16 b2 d 4b*d 32b2%d 3b%f b> d? 3b3d?
f(e+fx) Cosh[c+dx] 3af2Coshic+dx]? 2a’f (e+fx)Cosh[c+dx]® af2Cosh[c+dx]* a(e+-Fx>2Cosh[c+dx}4
4bd? 32 b2 d3 9 b3 d? 32b2d3 4b2d

3 (a2 + b2 fx)?Llog[1+ 2] a3 (a?+b2 fx)?Log[1+ 2
f(e+fx)Cosh[3c+3dx] f (e+fx) Cosh[5c+5dx] @ (8% +b%) (e fx)"Log[1s | a2 (a*b?) e )" Log[1 ]

a-+/ a2+b? a+/ a2+b?
72 b d? 200 b d? béd béd

3 /.2 )  _becdx 3 /2 )  _becdx 3 (2 2\ 2  _becdx
2a% (a2 +b?) f (e+fx) Polylog|2, —— | 2a% (a?2+Db?) f (e+fx) Polylog|2, e | 2a® (a?+b?) 2 PolyLog|3, —— ]
b® d2 b® d2 ' bé d3 :

2a% (a2 +b?) 2 Polylog|3, o b , .
ar/a2eb? 2a*f2Sinh[c+dx] 14a2f2Sinh[c+dx] f2Sinh[c+dx] a*(e+fx)*Sinh[c+dx]
+ + -

bé d3 b° d3 9b3d? 4bd? : b°> d :
2 a2 (e+-Fx)2Sinh[c+dx] (e+-Fx)ZSinh[c+dx] a*f (e+fx) Cosh[c+dx] Sinh[c+dx] 3af (e+fx)Coshlc+dx]Sinh[c+dx]
3bd ) 8bd : 2b* @2 ' 16 b2 2 :
a2 (e+Fx)2Cosh[c+dx]ZSinh[c+dx} af (e+fx) Cosh[c+dx]®Sinh[c+dx] a3f2Sinh[c+dx]2 a’ (e+-Fx)ZSinh[c+dx]2
3b3d ' 8 b2 o2 ) 46 o3 . 2bd '
2a2fzsinh[c+dx]3+FZSinh[3c+3dx] N (e+fx)2Sinh[BC+3dx1 +fzsinh[5c+5dx] . (e+fx)zsinh[5c+5dx]
27 b3 d3 216 b d? 48bd 1000 b d3 80bd

Result (type 4, 2913 leaves):

1 1

8 |3b°d® (-1+e%)

8a’ <a2+b2) 6de?e?°x+6d’ec? Ffx2+2d>e?2°F2x3+

2c+d
3d’e’Llog[2ae®@*+b (-1+e? (<) ]| -3d?e?e?“Log[2ae”*+b (-1+e® (<) ]| +6d?efxLog[l+ b e ] -
ae® - (a2+b2) e2¢
2c+d 2 c+d 5 cud
6d’ec’ fxlog[ls e | +3d 2 x* Log[1+ e | -3d?e?“ f2x? Log[1 + ber™™ |+
aet -,/ (a%+b?) ¢ ae‘ -,/ (a%+b?) ¢ ae® -,/ (a’+b?) ¢
2c+d 2c4d 2 cud
6d’efxLog[1+ = ] -6d?ee? fxLog[1+ ne ] +3d2 £ Log[1+ S ] -
ae®+./ (a%+b?) ¢ ae®+./ (a%+b?) ¢ aet+. (a%+b?) e*¢
2c+d 2 cad
3d%e?< £2x* Log[1 + b ™ | -6d (-1+e*) f (e+fx) Polylog[2, - be” ™ ] -

ae+ (a2+b2> e?¢ ae‘- (a2+b2) e?¢
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b62c+dx b92c+dx

6d (-1+e’¢) f (e+fx) Polylog[2, - | - 62 PolyLog|3, - ]+
ae®+./ (a%+b?) ¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d 2c+d
6 e* 2 PolylLog|[3, - be” ™ | -6 f2PolyLog|3, - be” ™ | +6e?¢ f2PolyLog|3, - bet ™ |-
ae® -,/ (a%+b?) ¢ ae®+./ (a%+b?) ¢ aet+./ (a%+b?) e2¢

8a® (a%+b?) e?x (1+Cosh[2c] +Sinh[2c]) 8a® (a?+b?)efx? (1+Cosh[2c] +Sinh[2c])

bé (-1 +Cosh[2c] +Sinh[2c]) bé (-1 +Cosh[2c] +Sinh[2c])
8a® (a?+b?) f2x3 (1+Cosh[2c] +Sinh[2c])

+

3b° (-1+Cosh[2c] +Sinh[2c])

Cosh[c] SinhJ[c]
205d% 2653
f2x2Cosh[c] f?x%Sinh[c]

2b5d  2b%d ]J

((8a46a2b2+b4) (d*e*+2def+2f)

)+ (8a*def+6a’b’def-b*def+8a®f>+6a’b”f>-b*f?)

( x Cosh[c] xSinh[c]
- +

+ <78a476a2b2+b4)
b5 d2 b> d2

Cosh[c] Sinhj[c] 1
T b d 205 ) bS a2
x (8a*defCosh[c] +6a*b*defCosh[c] -b*defCosh[c] -8a*f?Cosh[c] -6a®b®f>Cosh[c] +b*f>Cosh[c] +
8a*defSinh[c] +6a*b>defSinh[c] -b*defSinh[c] -8a*f?Sinh[c] - 6a®b®f>Sinh[c] +b* > Sinh[c]) +
_'FZXZCOSh[C] fzxzsinh[c]]

(Cosh[dx] -Sinh[dx]) + [(8a46a2b2+b4> (d*e*-2def+2f?)

(—8a4—6a2b2+b4>
2b%d 2b%d

(Cosh[dx] +Sinh[dx]) +

Cosh[2 Sinh[2 Cosh[2 Sinh[2
((2a2+b2) (2d2e?+2de f+ ) (73 osni2c]  asimhl CJ]+(4a3def+2abzo|ef+2asfz+abzfz) _xLosnfze]  xSimi2e])

N
4b*d3 4 b* d3 2 b* d? 2 b*d?
y o af?x?Cosh[2c] af?x?Sinh[2c] .
(2a%+b%) |- + (Cosh[2dx] -Sinh[2dx]) +
2b%d 2b%d
aCosh[2c aSinh[2c 1
((2a2+b2) (2d*e*-2def+f*) |- [2c] : }]Jr x (-4a*defCosh[2c] -2ab*defCosh[2c] +
4 b* d3 4 b* d3 2 b*d?

2a’f?Cosh[2c] +ab®>f?Cosh[2c] -4a’defSinh[2c] -2ab’defSinh[2c] +2a’f>Sinh[2c] +ab®f2Sinh[2c]) +
(22 b2) (af2x2Cosh[2 c] af?x?Sinh[2 c])

(Cosh[2dx] +Sinh[2dx]) +
2b*d 2b*d

Cosh[3c Sinh[3c
- [ ]+ [ ]]+(12a2de'F+3b2de'F+4a2'F2+b2'F2>
108 b3 d3 108 b3 d3

x Cosh[3c] xSinh[3c]
- +
18 b3 d? 18 b3 d?

((4a2+b2) (9d2e2+6def+2fz)

s 2 f2x2Cosh[3c] f?x?Sinh[3c] .
(4a%+b%) |- + (Cosh[3dx] -Sinh[3dx]) +
12b3d 12b3d
Cosh[3c Sinh[3c 1
((4a2+b2) (9d*e*-6def+2f?) : J+ [ ])+ x (12a*defCosh[3c] +3b*defCosh[3c] -
108 b3 d3 108 b3 d3 18 b3 d?

4 3% f*Cosh[3c] -b*>f?Cosh[3c] +12a’defSinh[3c] +3b*defSinh[3c] -4a®f*Sinh[3c] -b*>f>Sinh[3c]) +
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, .o (f2x%Cosh[3c] f2x2Sinh[3c] .
(43 +b?) + (Cosh[3dx] +Sinh[3dx]) +
12b3d 12b3d
2 x2 Cosh[4 f2x2Sinh[4 Cosh[4 Sinh[4 Cosh[4 Sinh[4
(a X< Cosh[4 c] +a X< Sinh[4 c] +(8d2e2+4def+fz) [7a osh[4 c] +a inh| C]J+(4adef+af2> 7x osh[4 c] +x inh| c])]
8b2d 8b2d 64 b2 d3 64 b2 d? 16 b? d? 16 b2 d?

(Cosh[4dx] -Sinh[4dx]) +
af?x?Coshl4c af?x?Sinh[4c aCoshf4c aSinh[4c
- [ ]— [ ]+(8d2 2—4de'f"+'F2) (— [ 1— ! ]J+
8b%d 8b2d 64 b2 d3 64 b2 d3

X (-4adefCosh[4c] +af?Cosh[4c] -4adefSinh[4c] +af?Sinh[4c])

16 b2 d?

(Cosh[4dx] +Sinh[4dx]) +

Cosh[5c] Sinh[5c]
- +

+ +(25d2e2+10def+21‘2)
500 b d3 500 b d3

20bd 20bd
(Cosh[5dx] -Sinh[5dx]) +
f2x2Cosh[5¢c] f?x%2Sinh[5c]
( 20bd i 20bd

+

( f2x2Cosh[5¢c] f2x%2Sinh[5c]
50 b d? 50 b d?

]+ (5def+f2) (_xCosh[Sc] X Sinh[5 c] ]J

Cosh[5c Sinh[5c
+(25d2e2—1@def+2f2)( [ }+ [ })+

500 b d? 500 b d>
x (5defCosh[5c] -f2Cosh[5c] +5defSinh[5c] - f2Sinh[5c])
50 b d?

(Cosh[5dx] +Sinh[5dx])

Problem 403: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewa) Cosh[c+dx]3Sinh[c+dx]3 ;
X

a+bSinh[c+dx]

Optimal (type 4, 641 leaves, 31 steps):

a*fx 3afx a’(a?+b?) (e+Ffx)? a*fcCosh[c+dx] 2a’fCosh{c+dx] FCosh[c+dx] a?fCosh[c+dx]® a (e+fx)Cosh[c+dx]*
+

_ " n _ _ _ _ _
4b*d 32b%d 2bbf b> d? 3 b3 d? 8 b d? 9 b3 d? 4b2%d
a® (a2 +b?) (e+fx) Log[1+ M} a® (a2+b?) (e+fx) Log[1+ &}
fCosh[3c+3dx] fCosh[5c+5dx] a-/ a2+b? a+y/ a2+b?
144 b d? 400 b d? b® d b® d

a’ (a2+b2) 'FPolyLog[z, *&] a3 (az+b2) -FPolyLog[Z, __betdx

a/atib? arfatib? a* (e+fx) Sinh[c+dx] 2a? (e+fx) Sinh[c+dx]
bS o . be o2 ' bs d ' 3b%d i
(e+fx) Sinh[c+dx] a3fCosh[c+dx]Sinh[c+dx] 3afCosh[c+dx]Sinh[c+dx] a®(e+fx)Coshlc+dx]?Sinh[c+dx]
8bd : 4 b* d? : 32 b2 d? : 3b3d :
afCosh[c+dx]3Sinh[c+dx] a (e+fx)Sinh[c+dx]? (e+fx)Sinh[3c+3dx] (e+fx)Sinh[5c+5dx]

- + +

16 b? d? 2b*d 48bd 80bd
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Result (type 4, 3316 leaves):

8a5e|_og[1+mw.} 8a3e|_og[1+w] 8aSCfL0g{1+bSinh c+dx]}
a a a

8| bS d ) b d : b d2 '
; i(a-ib)
8a3CfL08[1+Mac+&L] 1 (c+dx) Logla+bSinh[c+dx]] 1 1 7T 2 b
- 8a°f - S —jl(——i(c+dx)) - 41 ArcSin| ——|
b% d? b> d? b b 2 2 \/7
i -ib L.
(a+1ib) Tan[i(gfj(c+dx))} " ab 1'1(a—\/a2+b2)el(7“(c*dx))
ArcTan | |- |=-1i(c+dx)+2ArcSin[ ————]| Log[1+ | -
a? + b? 2 2 b
i(a-ib) oL
. D i(asvarep? et i)
— -1 (c+dx) -2ArcSin[ ————] | Log[1+ " ]+(;—J’L(c+dx)]Log[a+bSinh[c+dx]}+
2 2
i (a— a2 + b? ) el (%j (de)) 1 (a+ a2 + b? ) el (%71 (C+dx>)
i [PolyLog[2, - " | +PolyLog[2, - " ] -
i(a-ib
d L b Sinh d b
L ogais (c+dx) Logla+bsinhlc+dx]] N l11(3-]1(c+dx) 2-41Arc$in[7]
b3 d? b b |2 \2 Jz
i (a-ib) N
(a+1b) Tan[l(l—j<c+dx))} x - ab]l 1'1(af\/a2+b2)el(?”‘(c*dx>)
ArcTan | 2 12 |- |=-1i(c+dx)+2ArcSin[ ————]| Log[1+ | -

VaT bt 2 NFY b
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T b 1 (a+ a2+ b? ) e (Li <c+dx>) .
_,j(c+dx)72Ar‘cSin[—] Log[1+ " ]+(;7j(c+dx) Log[a+bSinh[c+dx]] +
2 2
i (af aZ 1 b2 ) ol (3-i (c+dx)) i (aer) ! (%‘71 (crdx) |
i |Polylog[2, - " | +Polylog[2, - . ] .

1
d

Cosh[S (c+dx” Sinh[S (c+dx”
7200 b° d 7200 b° d

225ab*fCosh[c+dx] +900ab’cfCosh[c+dx] -980ab’>f (c+dx) Cosh[c+dx] - 2400 2’ b? d e Cosh|[2 <c+dx)] -

600 b* d e Cosh|[2 (c+dx) | - 800 a?b? f Cosh[2 (c+dx) | -200b*f Cosh[2 (c+dx)]| +2400a?b?cfCosh[2 (c+dx)] +

600 b* c f Cosh|[2 (c+dx) | - 2460 a°b>f (c+dx) Cosh[2 (c+dx) | -600b*f (c+dx) Cosh|[2 (c+dx)|-7200a’bdeCosh[3 (c+dX)] -
3600 ab’>de Cosh[3 (c+dx)| -3600a°bfCosh[3 (c+dx)|-180@ab®fCosh[3 (c+dx)|+7208a*bcfCosh[3 (c+dx)] +

3600 a b’ c f Cosh[3 (c+dx)| -7200a*bf (c+dx) Cosh[3 (c+dx)]|-3600ab’f (c+dx) Cosh[3 (c+dx)] -

28800 a* de Cosh |4 (c+dx) | -21600a>b*>deCosh|4 (c+dx)| +3600b*deCosh[4 (c+dx)]|-28800a"fCosh[4 (c+dx)] -
21600 a*> b f Cosh[4 (c+dx) | + 3600 b* f Cosh|[4 (c+dx) ] + 28800 a* c f Cosh[4 (c+dx) | +21660a>b”cfCosh|4 (c+dx) |-

3600 b* c f Cosh[4 (c+dx) | -2886@a*f (c+dx) Cosh[4 (c+dx)] -21600a*b?f (c+dx) Cosh[4 (c+dx) ]|+

3600 b* f (c +dx) Cosh[4 (c+dx)]| +28800a*deCosh[6 (c+dx)] +21608a”>b’>deCosh[6 (c+dx)]-3600b*deCosh[6 (c+dx)] -
28800 a* f Cosh (6 (c+dx) | -21600a*b> f Cosh[6 (c+dx) | + 3600 b* f Cosh|[6 (c+dx)]| -28808a*cfCosh[6 (c+dx)]|-
21600 a®> b c f Cosh[6 (c+dx) | +3600b* c fCosh[6 (c+dx)|+2886@a*f (c+dx) Cosh[6 (c+dx)] +

21600 a%b? f (c+dx) Cosh[6 (c+dx)| -3600b*f (c+dx) Cosh[6 (c+dx)]-7200a’bdeCosh[7 (c+dx)] -

3600 ab>de Cosh[7 (c+dx) | +3600a*>bfCosh[7 (c+dx)| +186@ab®fCosh[7 (c+dx)]|+7208a*bcfCosh[7 (c+dx)]+

3600 a b’ c f Cosh[7 (c+dx) | -7208a*bf (c+dx) Cosh[7 (c+dx)]|-3600ab’f (c+dx) Cosh[7 (c+dx)] +

2400 a> b’ d e Cosh|[8 (c+dx) | + 600 b*de Cosh[8 (c+dx)| - 86@a?b” f Cosh|[8 (c+dx)] - 200 b* fCosh|[8 (c+dx)] -

2400 a”> b> c f Cosh |8 (c+dx) | - 600 b* c f Cosh[8 (c+dx) | +2400a%b? f (c+dx) Cosh|[8 (c+dx)] +

600 b* f (c+dx) Cosh[8 (c+dx)| -96@ab’deCosh[9 (c+dx)]+225ab?fCosh[9 (c+dx)]|+980ab’cfCosh[9 (c+dx)]-

908 ab>f (c+dx) Cosh[9 (c+dx) | +360b*deCosh[10 (c+dx)| - 72b*f Cosh|[10 (c+dx) | - 360 b* c f Cosh[10 (c+dx)] +

360 b* f (c+dx) Cosh[18 (c+dx)| -90@ab*deSinh[c+dx] -225ab’ fSinh[c+dx] +90@ab?cfSinh[c+dx] -

900 ab>f (c+dx) Sinh[c+dx] - 2400 a>b>deSinh[2 (c+dx)| -600b*deSinh[2 (c+dx)]| - 86@a’b>fSinh[2 (c+dx)] -

200 b* £ Sinh[2 (c+dx) | +2400a>b?> c fSinh[2 (c+dx) | + 600 b* c fSinh[2 (c+dx) | - 2400a%b> f (c+dx) Sinh[2 (c+dx)] -
600 b* f (c+dx) Sinh[2 (c+dx)| -7200a*bdeSinh[3 (c+dx)| -3600ab*deSinh[3 (c+dx)| -3600a’bfSinh[3 (c+dx)] -
1800 a b’ fSinh[3 (c+dx) | +7200a° bcfSinh[3 (c+dx)| +3600ab’cfSinh[3 (c+dx)]-7280a’bf (c+dx) Sinh[3 (c+dX) |-
3600 a b’ f (c+dx) Sinh[3 (c+dx) ] -28800a*deSinh[4 (c+dx)|-21600a>b>deSinh[4 (c+dX) ]|+

3600 b* d e Sinh[4 (c+dx) | - 28880 a* f Sinh[4 (c+dXx) | - 21600 a>b” fSinh|[4 (c+dx) | + 3600 b* fSinh[4 (c+dX) | +
28800 a* c fSinh[4 (c+dx) | +21600a%b? c fSinh[4 (c+dx)| -3600b* c fSinh[4 (c+dx)] -28800a*f (c+dx) Sinh[4 (c+dx)] -

(-360b*de-72b*f+360b%cf-360b*f (c+dx) -900ab>deCosh[c+dx] -
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21600 a%b* f <c+dx\) Sinh[i (c+dx)] +3600b"f (Lc+\dx) sir;h[4 (c+dx)] +28§06a4delsinh[6 (c+dx)\] - o .

21600 a*>b>deSinh|[6 (c+dx) ] -3600b*deSinh[6 (c+dx)| -28800a* fSinh[6 (c+dx) ]| -21600a°b>fSinh[6 (c+dx) ]|+
3600 b* £ Sinh|[6 (c+dx) ] - 28800 a* c fSinh[6 (c+dx) | - 21660 a>b” c fSinh[6 (c+dXx) | + 3600 b* c fSinh|[6 (c+dx)] +

28800 a* f (c+dx) Sinh[6 (c+dx) | +21600a?b?f (c+dx) Sinh[6 (c+dx)]| -3600b*f (c+dx) Sinh[6 (c+dx)] -

7200 a°bdesSinh[7 (c+dx) ] -3600ab’desSinh[7 (c+dx)]| +3600a*bfSinh[7 (c+dx)|+1800ab®fSinh[7 (c+dx)] +

7200a°bc fSinh[7 (c+dx) | +3680ab’cfSinh[7 (c+dx)]|-7200a*bf (c+dx) Sinh[7 (c+dx)]-366@ab’f (c+dx)Sinh[7 (c+dXx) ]|+
2400 a>b’>de Sinh|[8 (c+dx) | +6@0b*deSinh[8 (c+dx)| - 86@a?b” fSinh|[8 (c+dx)] - 200 b* fSinh|[8 (c+dx)] -

2400 2> b*> c £ Sinh|[8 (c+dx) | - 600 b* c fSinh[8 (c+dx) | + 24003’ b? f (c+dx) Sinh[8 (c+dx)] +6@@b* f (c+dx) Sinh[8 (c+dx) | -
900 ab>deSinh[9 (c+dx)| +225ab’fSinh[9 (c+dx) ]| +9@0ab®cfSinh[9 (c+dx)]|-980ab’f (c+dx) Sinh[9 (c+dx)] +

360 b*deSinh|[10 (c+dx)| -72b* fSinh[18 (c+dx) | - 360 b* c fSinh[10 (c+dx)] + 360 b*f (c+dx) Sinh[10 (c+dx)])

Problem 405: Attempted integration timed out after 120 seconds.

JCosh[c+dx}3Sinh[c+dx]3

dx

(e+fx) (a+bsSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):

Unintegrable|

Cosh[c+dx]3Sinh[c+dx]3
(e+fx) (a+bsinhfc+dx])’

x]

Result (type 1, 1leaves):

???

Problem 406: Result more than twice size of optimal antiderivative.

J(e+fx)3sinh[c+dx]2Tanh[c+dx}

dx
a+bSinh[c +dx]

Optimal (type 4, 1519leaves, 61 steps):
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a (e+-Fx)4 2 a2 (e+'FX>3Ar‘cTan[<ec*dX} 2 (e+-FX)3Ar‘cTan[ec*dX} 2at (e+-Fx)3Ar‘cTan[ec*dX] 6 f3 Cosh[c +dx]
+ _ _ _

4b%f b*d bd b* (a?+b?) d bd*
3 Fx)3L 1 b ectdx 3 £y)3L 1 b ecrdx

3f(e+fx)2Cosh[c+dx] 2 (e+ X) og[ +a,\/ﬁ} 2 (e+ X) og[ +a+m] a(e+-f:x>3|_og[1+e2(c+dx>]

- - - +
b d? b? (a%+b?) d b% (a%+b?) d b%d

a® (e+fx)’Log[1+e?(*d¥ | 3ia2f (e+fx)’Polylog[2, -iedX] 3if (e+fx)’PolyLog|2, -iedX]

- + +
b? (a?+b?) d b® d2 b d?

3ia*f (e+fx)?Polylog[2, -iedX] 3ia’f (e+fx)?Polylog[2, ied*] 3if (e+fx)?Polylog|2, i e dX]
. _

b3 (a%+b?) d? b d? b d?

2 32’ f (e+fx)?Polylog|2, S bet ™ T 33 (e +fx)?Polylog|2, - b e+
3ia‘f (e fx)’Polylog[2, i e ] afa aifatbt

b® (a2 + b?) d? b? (a2 + b?) d? b? (a2 + b?) d?
3af (e+fx)?Polylog[2, -e2(©4¥ | 3a3f (e+fx)?Polylog[2, -e2(¢*d¥ | 6ia?f? (e+fx) Polylog|[3, -i e“*dX]
+ + -
2 b?d? 2 b? (a2+b2) d? b3 d?

61 f? (e+fx) Polylog[3, -ied*] 61ia*f? (e+fx)Polylog[3, -ie9*| 6ia®f? (e+fx)Polylog|3, i e ?¥]
bd3 b3 (a2+b2) d? b3 d?

+

b ectdx

N }

6a’f2 f x) PolylLog|3, -
61 f2 (e+fx) Polylog[3, ie“d*| 6ia*f? (e+fx)Polylog|3, i e<d¥] 2 (e + £x) PolyLog 3,

b o ’ b* (a? - b?) & ' b? (a? - b?) &? ’
cax

6 f (e~ fx) PolyLog 3, _afjaszz 3af2 (e+fx) Polylog[3, -e?(©4¥ ] 3a®f2 (e+fx) Polylog|3, -e?(¢*dX |

b? (a2 + b2) d? ' 22 @3 i 2b2 (a2 +b2) d3 7
6 i a2 f3>Polylog[4, -ie“?*] 6ifPolylog|4, -ie“'?*]| 6ia*fPolylog|4, -ie“?*] 61ia®f>PolylLog|4, ie dX]

b d* ' b d* ' b® (a2 + b?) d* ' b d* .

. . . . 6 a> > Polylog[4, - b e | 6a*fpPolylog|4, - —bet®
6 i f> Polylog[4, i e<*?*] 61 a*f>Polylog|4, i e“'dx] afatb?r aifa b7
b 7 b® (a2 + b2) d* . b2 (a2 + b2) d* 7 b? (a2 + b2) d* .

3af3Polylog[4, -e? (<9¥ | 3a%f>Polylog[4, -e? (99| 62 (e+fx)Sinh[c+dXx] (e+-Fx)BSinh[c+dx]
+ +

+

4b2 g* 4b? (a% + b?) d* b d? b d

Result (type 4, 4100 leaves):
1
- (—8ad4e3 e?“x-12ad*e? e’ fx?-8adiee? f2x>-2ad* e > x* + 8bd® e ArcTan[e“*?*] + 8 b d®e® e?“ ArcTan[e®?*| +
4 (a2+b2) d* (1+e2c>
12ibd*e?fxLlog[l-1ie“d%] +12ibd>e?e? fxlog[l-1ie“9%]+12ibd>ef>x?Log|l-1e“?*]+12ibd>ee? f2x?Log[l-1ie®9*| +
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4ibd® £ x° Log[f-je““} Laibdd e 53 Log[l—LJi e dx] 12ibd eZ'FXLog[1+J'1L<e“dX] “12ibde? eZCfoog[lnLeC*dX} .
12ibd*ef?x?Log[l+ie?*] -12ibd*ee’ x> Log[1+1ie“ %] -4ibd® x> Log[1+ie” ]| -4ibd®e® x> Log[1+1ie ]+
dad®e®log[l+e? (@] +daad®e®e? log[1+e? (@] 12ad?e® fxlog[l+e? (9] 112ad®e?e?“ fxLog[l+e? 9]+
12ad’ef?x?Log[1+e? (9] +12ad’ee? 2 x? Log[l+e? | +4ad® 2 x3 Log[1+e? (¥ | +4ad®e? > x3 Log[1+e? (< | -
12ibd? (1+e?¢) f (e+fx)?Polylog[2, -i e ] +12ibd? (1+e2°) f (e+fx)*Polylog[2, i e=®*] + 6ad?e?fPolylog[2, - (9] +
6ad’e? e’ fPolylog|2, -e*“9¥ | +12ad’ e f2xPolylog|2, -e* (<9 ] +12ad? e e 2 x PolyLog |2, -e? (4% | +

6ad? f> x?Polylog[2, -€* (99| 1 gad? e?“ > x? Polylog[2, -e?(“"¥ | + 24 i bde f2 PolyLog[3, -1 e ?*] +

24ibdee’ 2 Polylog[3, -ie“?*] +24ibdf’xPolylog|[3, -ie“9*| +24ibde?“ > xPolylLog[3, -ie“"9¥] -

24ibdef?Polylog|3, ie“?*] -24ibdee®® f* Polylog|3, i e“*]| -24ibdf*xPolylog[3, i 4| -

24ibde’ f>xPolylog|3, ie“?*] -6adef’Polylog[3, -e*(“9¥ | -6adee?“ f* PolylLog|3, -e (<4 | -

6adf>xPolylog|[3, -e? (99| —6ade? f>x PolylLog|3, -e?(“9¥ | - 24i b Polylog[4, -i e“*?*| -241i be?“ f> Polylog[4, -i e“***] +
241 bf?Polylog[4, i e ] +241ibe’ f> PolyLog[4, i e*?*| +3af Polylog[4, -€? (9] +3ae?° > PolylLog|4, -e? <C+dX>” +

1
2 b2 (a2+b2) d* <71+e2c>

a’ 4d4e3ezcx+6d4e2e2°fx2+4d4eezcf2x3+d4ech3x4+2d3e3Log[Zaec*dX+b (—1+ez(c*dx)>] -

b g2 crdx b @2 c+dx
2d*e* e’ Log[2ae“ @ +b (-1+e? (99} ] +6d*e’ fxLog[1+ | -6d*e?e*“ fxlog|l+ ]+
ae‘ - (a2+b2) e?¢ aec- (a2+b2) e?¢
2c+d 2c+d 2c+d
6d>ef?x? Log|[1+ be” ™" | -6d*ee? 2 x? Log[1+ be” ™" | +2d* £ x° Log |1+ bet™ ] -
aet -,/ (a%+b?) ¢ aet -,/ (a2 +b?) ¢ aec - [ (a2 +0?) e2¢
2c+d 2c+d 2c+d
2d° e? 3 x3 Log[1+ be ™" | +6d>e? fxlog[l+ be ™" | -6d>e?e*“ fxlog[l+ be”® ] +
ae‘ - (a2+b2) e%¢ ae‘+ (a2+b2) e%¢ ae®+ (a2+b2) e?¢
2c+d 2c+d 2c+d
6d>ef?x? Log[1+ ber ™™ | -6d>ee? 2 x?Log[1+ b e " | +2d* £ Log[1+ be crex -
aet+./ (a%+b?) e2¢ aet+. (a%+b?) e*¢ aet+. (a%+b?) e*¢
2c+d 2c+d
2d3ech3x3Log{1+ b e” 7 }_Gdz<—1+@2C>'F<E+'FX)2PolyLog[2,_ b g2crdx }_
ae®+./ (a%+b?) e2¢ ae® -,/ (a%+b?) ¢
b e2crdx b @2 c+dx
6d> (-1+e2°) f (e+fx)*PolyLog|2, - | -12def? PolyLog[3, - |+
aet+./ (a%+b?) e2¢ aet -,/ (a%+b?) e*¢
2c+d 2c+d
12de e’ f2PolylLog|3, - ber™ | -12df*xPolyLog|3, - be ™™ ]+
aec- <a2+b2) e?¢ aec- <a2+b2) e?¢
2c+dXx 2c+dXx
12d e?“ > x PolyLog|3, - be | -12def?PolyLog|3, - be ] +
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be2c+dx be2c+dx

12dee®“ f2Polylog|3, - | -12d > x PolyLog|3, - |+

ae®+./ (a%+b?) ¢ aet+./ (a%+b?) ¢

2c+d 2c+d

12d e f* x Polylog|3, - be” ™ | +12 3 PolyLog[4, - be ™" ] -

ae®+./ (a%+b?) ¢ aet -,/ (a%+b?) e*¢

2c+d 2c+d 2c+d
12 2“3 Polylog|4, - be” ™ | +12 % PolyLog[4, - be’ ™ | -12e*¢ 3 PolyLog[4, - be” ™™ 11 -
ae‘- (az+b2) e%¢ aec+ (a2+b2> e?¢ aec+ (a2+b2) e?¢

(3x* (a’e®*f+ab’e’f+2a’e’fCosh[2c] -2ab’e®fCosh[2c] +a’e® fCosh[4c] +ab”e’fCosh[4c] +
2a*e’fsinh[2c] -2ab*e’fSinh[2c] +a’e* fSinh[4c] +ab*e’fSinh[4c])) /
(2b® (a@®+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])) -
(x* (a’ef>+ab’ef?+2a’ef’Cosh[2c] -2ab*ef?Cosh[2c] +a’ef?Cosh[4c] +ab’ef’Cosh[4c] +
2a*ef?sinh[2c] -2ab*ef>Sinh[2c] +a’ef>Sinh[4c] +ab*ef>Sinh[4c])) /
(b* (a®+b*) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])) -
(x* (a2 +ab?>f>+2a>f2 Cosh[2c] -2ab® f> Cosh[2c] +a*f>Cosh[4c] +ab®f>Cosh[4c] +2a’f>Sinh[2c] -2ab>f>Sinh[2c] +
a*f>sinh[4c] +ab’ f2Sinh[4c])) / (4b® (a®+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])) +
ael a’e?

X |- - +
(a%+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c]) b? (a®+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])

3 3 s _2a’e®Cosh[2c]  2a*e3sSinh[2c]
2ae’*Cosh[2c] +2ae>Sinh[2 ] b2 b2
+ +

(a2 +b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c]) (a?+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])

3 3 s _a*e®Cosh[4c] a*e?Sinh[4c]
-ae’Cosh[4c] -ae’Sinh[4 ] b2 b2
+ +

(a2+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c]) (a?+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])

+ +<d3e3+3d2e2f+6def2+6f3>

( f3x3Cosh[c] f3x3Sinh[c]
2bd 2bd

Cosh[c] Sinh[c}]
- + +
2bd* 2bd*

3 xCosh|[c 3xSinh[c 3 x?Cosh|[c 3x?Sinh|[c
(d?e*f+2def?+2F) |- Lc] + : ])+(def2+f3) [— €] + [ ]] (Cosh[dx] -Sinh[dx]) +
2bd? 2bd3 2 bd? 2bd?
3 x3 Cosh|c 3 x3sinh|c Cosh|c Sinh[c
el ] (e 3d?elfisder 6F) <l ”)+
2bd 2bd 2bd* 2bd*
3x? (def2Cosh[c] - f>Cosh[c] +def?Sinh[c] - f*>Sinh[c]) 1
.
2 b d? 2bd?

3x (d?e*fCosh[c] -2def*Cosh[c] +2f>Cosh[c] +d*e*fSinh[c] -2def?Sinh[c] +2f>Sinh[c]) | (Cosh[dx] +Sinh[dx])

Problem 410: Attempted integration timed out after 120 seconds.
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Sinh[c +dx]?Tanh[c +d x]
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Sinh[c+dx]%Tanh[c +dXx]
(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?2

Problem 413: Result unnecessarily involves imaginary or complex numbers.

J(ewa) Sinh[c +dx] Tanh[c+dx]2d]
X

a+bSinh[c+dx]

Optimal (type 4, 454 leaves, 25 steps):

a® (e+fx) Log[l+ 2] a3 (e+fx) Log[l+ 2]

ex fx* afArcTan[Sinh[c+dx]] a®>fArcTan[Sinh[c+dXx]] a+/a2b? ar/ a2+b?

— + - + - + -
b 2b b2 d2 b2 <a2+b2) d2 b <a2+b2)3/2d b (a2+b2>3/2d
a* f Polylog|2, —ﬂ] a® f Polylog|2, L
a?f lLog[Cosh[c+dx]] flLog[Cosh[c+dx]] a*fLlog[Cosh[c+dx]] a-+/ a?+b? a+/ a2+b?
+ + + +
b3 d2 bdZ b3 <a2+b2> d2 b (a2+b2>3/2 d2 b <a2+b2>3/2 dz

a(e+fx)Sech[c+dx] a(e+fx)Sech[c+dx] a?(e+fx]Tanh[c+dx] (e+fx)Tanh[c+dx] a*(e+fx) Tanh[c+dx]

+ — —

b2 d 7 b2 (a2 + b2) d b2 d bd b® (a2 + b2) d

Result (type 4, 519 leaves):
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(c+dx) (2de-2cf+f (c+dx)) _FAr‘cTan[Tanh[i (crdx)]]

2bd? (a-1ib)d?
FAr‘cTan[Tanh[i(Cerx)H i flog[Cosh[c+dx]] 1iflLog[Cosh[c+dx]] 1
- + +
(a+ib)d? 2 (a-ib)d? 2 (a+ib)d? b(_<az+bz)2)3/2d2
+d +d +d
a® (a +b?) (Zx/a2+b2 deAr‘cTan[%} - 2+/a%+b? cfAr‘cTan[%} +4/-a*-b% f (c+dX) Log[1+%}
\-a?- \V-a?- a-+Val+
b (ec+dx b ec+d X b ec+d X
-a?-b? f (c+dx) Log[l+ —————] ++/-a’-b* fPolyLog[2, —————] -+/-a*-b? fPolylog[2, - ———|
V (e toelt N 27w

RS 2Sech[c+dx] (ade-acf+af(c+dx)-bdeSinh[c+dx] +bcfSinh[c+dx] -bf (c+dx) Sinh[c+dx])
ac+b%)d

Problem 415: Attempted integration timed out after 120 seconds.

Sinh[c+dx] Tanh[c +d x]?
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
Sinh[c+dx] Tanh[c +dx]?
(e+fx) (a+bSinh[c+dx])

Unintegrable [

» x|

Result (type 1, 1leaves):

2?0

Problem 416: Result more than twice size of optimal antiderivative.

J(e+fx)2Tanh[c+dx]3
dx

a+bSinh[c+dx]

Optimal (type 4, 1479leaves, 71 steps):
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a? (e+-Fx>2Ar‘cTan[<ec*dX} (e+'FX>2Ar‘cTan[<ec*dX} 2a4 (e+-Fx)2ArcTan[ec*dX] a4 (e+-Fx)2Ar'cTan[<ec*dX}
. _ _ _

b3d bd b(a2+b2>2d b3 (a2+b2)d

b ecrdx

a2 f2ArcTan[Sinh[c+dx]] f2ArcTan[Sinh[c+dx]] a*f?ArcTan[Sinh[c+dx]] a-+/a?+b? ]

+ + - -

b3 o3 b d? b3 (a2 + b?) d? (a2+b2)2d

a® (e+fx)?Log[1+

al (e+Fx)2Log[1+& 5
ar/ a2+b? al (e+-Fx> Log[1+ez (“dx)} af?log[Cosh[c+dx]] a3f?Log[Cosh[c+dx]]

+ + - -

(a2 +b%)%d (a2 +b%)*d b? d? b2 (a%+b2) d?
ia’f (e+fx) PolyLog[2, -iesdX] if (e+Fx) PolyLog[2, - i ec*dX] . 2ia*f (e+fx) PolyLog[2, - i e®*dX] X
b3 d? b d2 b (a2 +b?)* d?
ia*f (e+fx) Polylog[2, -ie®d] X ia?f (e+fx) Polylog[2, i e d] Jif (e+fx) Polylog[2, i e“?x]
b3 (a% + b?) d? b3 d? b d2

2a%f (e+fx) Polylog|2, _ _bemtr

N ]

2ia*f (e+fx) Polylog|2, ie“d*] ia*f (e+fx) Polylog|2, ie x|

b (a2 + b2)? d? b® (a2 + b?) d? ) (a2 + b2) 2 d?

2a%f (e+fx) Polylog[2, - 2=~
a>f (e+Fx) Poly og[2, 22202 a*f (e+fx) Polylog|2, -e? (<@ | ja?f2Polylog|3, -ie“?%| if2Polylog|3, -i e4*]
+ + -

+

(a? + b2)? d? (a? + b?)? d2 b? d? bd?
2ia*f2Polylog[3, -ie“d*| ia*f2Polylog|3, -ied*| ia?f?PolylLog|3, ie | if?PolylLog|3, ie*dX] .
b (a2 +b?)? d? b* (a2 +b?) d? b* d? b d?
2 a*f?Polylog|3, i e d*| ia*f?Polylog|3, ie“?X] 2a° 2 Polylog[3, - a—i;at%] 22° 2 PolyLog[3, _%
+ + + -
b (a?+b2)?d? b® (a%+b?) d? (a2 + b2) % d? (a2 + b?)2 d?
a® f2 Polylog|3, -e? (¢+d% | +a21c(e+-Fx) Sech[c+dx] f (e+fx)Sech[c+dx] a*f (e+fx)Sechlc+dx] .
2 (a2 +b2)2d? b d? b d? b® (a? + b?) d?
a(e+fx)*sech[c+dx]2 a(e+fx)*Sech[c+dx]? af(e+fx)Tanh[c+dx]+a3f(e+Fx)Tanh[c+dx]+
2b2d 2b? (a%+b?) d b? d? b? (a2 + b?) d?
a? (e+fx)?sech[c+dx] Tanh[c+dx] (e+fx)?Sech[c+dx] Tanh[c+dx] a* (e+fx)?Sech[c+dx] Tanh[c+dx]
2b%d 2bd 2b% (a%+b?) d

Result (type 4, 3102 leaves):
1

6 (a2+b2)2d3 (1+e2c)
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(-122°d*?e®“x-12a%de® P x-12ab’de’“ P x-12a% P ee’“ fx*-4a’ d® e*“ 2 x* + 18 2’ b d” e ArcTan [e“"**| + 6 b* d® e* ArcTan [e“" %] +
18 a’bd* e’ e*“ ArcTan[e®*| + 6 b* d? e? e’ ArcTan[e“"?*] + 12a% b f2 ArcTan [e“"?*] + 12 b* f> ArcTan[e“"9*| + 12 a?b e 2 ArcTan[e®"?*] +
12b% e f2 ArcTan|[e“?*] +18ia’bd*’efxLlog[1-ie“ ]| +6ib’d?efxlog[l-ie“ | +18ia’bd?ee’ fxlog|l je“dX] ¥
61'1b3d2ee2c'FxLog[1— e 19ia’bd’ f2x?Log[1-1e” %] +31ib>d? 2 x? Log[1-1ie™*] +9ia’bd?e?  f2x?Log[1l-1e™®¥] +
3ib’d?e? 2 x?Log[1-1ie“*| -18ia’bd?’efxLlog[l+ie?*] -6ib>d’efxlog|l+ie“?*]-18ia’ bdzeechxLog[1+1ec*dX}
61b3d2ee2Cfoog[1+1e“dX] Qiazbdzfzszog[1+jec*dx] 3ib*d? 2 x?Log[1+ie“ 9| -9ia’bd®e® 2 x? Log[1+1ie?¥| -

31 b®d?e?c 2 x? Log[lulec*dx} +6a’d?e? Log[1+e? (9] +6a’d?e? e Log[1+e? (“*dX) } +6a’f2Log[1+e? (9] 4
6ab?f2log[l+e? @] +6a’e® 2 Llog[l+e?“9¥ ] +6ab?e? f log[l+e? ¥ ] +12a°d?efxLlog[l+e® (9] +

12a°d?ee®  fxlog[l+e? 9] +6a’d? F2x? Log[1l+e? (“ ]| +6a°d> e 2 x? Log[1+e? (<190 ] -

6ib (3a2+b?) d(1+e°c)f (e+fx) PolyLog|2, -ie“®*| +6ib (3a2+b?)d(1+e’c)f (e+Ffx) Polylog|2, ie® ¥ +
6a’defPolylog[2, -e?(©9¥] 1 6a*de e’ fPolyLog[2, -e? (“9¥ | + 6a%d f2 x PolyLog[2, -e? (<% | +

6a’de’ f2x Polylog[2, -e? (<*9% ] + 181 a? b f? Polylog|3, -1 e“9*] + 61 b> 2 PolyLog[3, -i e“"9*] +

181 a’be®“ 2 Polylog|3, -i e“9*| +6i b>e?“ f2 Polylog|3, - i e“*| -18 i a’bf? Polylog|3, i e“"**] - 6 i b*> £ PolyLog[3, i e“"?*] -
18 i a’be?c 2 PolylLog[3, i e“'?*| - 61 b’ e?“ £ PolyLog[3, i e“?*] -3a®f?PolylLog[3, -e?(<*9¥ | -3a%e? f2Polylog|3, -e? (<9 ]) +

1
3 <a2+b2)2d3 (—1+ezc>

a’ 6d3e2<e2‘:x+6d3e<e2c-Fx2+2d3<e2cF2x3+3d2e2Log[Zaec*d’Hb (—1+e2<c*dx))] -

b(eZmdx beZC+dx
3d’e’ e’ log[2ae”®*+b (-1+e* (9] +6d’efxlog[l+ | -6d*ee?“ fxLlog[l+ ]+
aec- (a2+b2> e¢ aec - (a2+b2) e%¢
2c+d 2c+d 2c+d
3d2f2x? Log[1 + be” ™" | -3d*e*“ f2x? Log[1 + b | +6d*efxLog[l+ be” ™ ] -
aet- (az+b2) e2¢ ae‘- (a2+b2> e?¢ ae+ <a2+b2) e?c
2c+d 2c+d 2 c+d
GdZGEZC‘FXLOg[lJr b e” % ]+3C]2.f:2x2|_0g[1Jr becrex ]73d2®2cf2X2L0g[1+ b e+ ]7
ae‘+ (a2+b2) e?¢ aet+ <a2+b2) e2c¢ aec+ (a2+b2) e2¢
b e2crdx b @2c+dx
6d (-1+e°°) f (e+fx) Polylog|2, - | -6d (-1+e*) f (e+fx) Polylog|2, - ] -
ae® -,/ (a%+b?) ¢ aet+./ (a%+b?) e2¢
2c+d 2c+d
6 f2 PolylLog|[3, - be” ™ | +6e?f2pPolylog|3, - be 7" ] -
ae‘ - (a2+b2) (Ezc ae‘ - <a2+b2> eZC
2c+d 2c+d
6 f2 PolylLog|[3, - be ™ | +6e?f2Polylog|3, - be” ™" ]+ 1
ae‘+ (az+b2) e?¢ aec+ (a2+b2) e2¢ 24 (a2+b2>2d2

Csch[c] Sech[c] Sech[c+dx]? (-6a’ef-6ab’ef-12a’d’e’x-6a’f*x-6ab*f x-12a’d’efx*-4a’d*f> x> +6a’efCosh[2c] +
6ab’efCosh[2c] +6af2xCosh[2c] +6ab?f2xCosh[2c] +6a’>efCosh[2dx] +6ab?efCosh[2dx] +6a>Ff>xCosh[2dx] +
6ab’f>xCosh[2dx] +3a’bde?Cosh[c-dx] +3b>de?Cosh[c-dx] +6a’bdefxCosh[c-dx] +6b3>defxCosh[c-dx] +
3a’bdf?x?Cosh[c-dx] +3b3df?>x?Cosh[c-dx] -3a’bde?Cosh[3c+dx]-3b3>de?Cosh[3c+dx]-6a’bdefxCosh[3c+dx] -
6b>defxCosh[3c+dx]-3a’bdf?>x?Cosh[3c+dx]-3b3df?>x?Cosh[3c+dx]-6a’efCosh[2c+2dx]-6ab?efCosh[2c+2dx] -
12a3d?e?xCosh[2c+2dx] -6a%f2xCosh[2c+2dx] -6ab®*f2xCoshj2c+2dx] -12a3d?efx?Cosh[2c+2dXx] -
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4a3d?>f2x3Cosh[2c+2dx] +6a>de?Sinh[2c] +6ab?de?Sinh[2c] +12a3defxSinh[2c] +12ab’defxSinh[2c] +
6a>df?>x?>Sinh[2c] +6ab?df>x?>Sinh[2c] -6a’befSinh[c-dx] -6b3efSinh[c-dx] -6a?bf2xSinh[c-dx] -
6b> f2xSinh[c-dx] -6a*befSinh[3c+dx] -6b*efSinh[3c+dx] -6a’bf>xSinh[3c+dx] -6b>f*xSinh[3c+dx])

Problem 419: Attempted integration timed out after 120 seconds.

Tanh[c +dx]3 dx
J(e-%—'FX) (a+bsinh[c+dx])
Optimal (type 9, 30leaves, 0steps):

Tanh[c+dx]3

(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?7

Problem 420: Result more than twice size of optimal antiderivative.

(e+fx)3Coth[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 451 leaves, 18 steps):

.F 3 L 1 b e(*dx -F 3 L 1 bec+dx
(e+ x) og[ +—aim} (e+ x) og[ +7a+\/ﬂ (e+-Fx)3Log[1fe2(c*dX>}

— — + —

ad ad ad

3F (e fx)?Polylog[2, - —2==—]  3f (e:fx)’Polylog[2, - =

a-y a%+b? anfaebr  3F (e+fx)?Polylog|2, e (¢dX ]

- + +

ad? ad? 2ad?

6 (e + fx) Polylog[3, - —2<“—] 6 (e+fx) Polylog[3, -~

a/a?ib? anfarbr - 3F2 (e+fx) Polylog|[3, 2 (€4 ]
+ - —
ad® ad? 2ad?
6 3 PolyLog[4, - 2"~ 6 3 PolylLo 4)_&
g g[ T Y g[ a+y/ a?+b? 3f3 PolyLog[4, @2 (cxd X>}
- +
ad ad 4 ad*

Result (type 4, 1002 leaves):



204 | 6.1 Hyperbolic sine.nb

ot " ~4d*e’Log[1-e? (9] —12d>e? fxLog[l-e? (9] —12d>e f2x? Log[1-e? (<40 ] -
4ad
b e2c+dx
4d3fF3x3 Log[l—ez “*d")] +4dde? Log[Zaec*dX+b (—1+<e2 “*dx)H +12d° ezfoog[1+ ] +
ae‘- (a2+b2) e?¢
2c+d 2c+d 2c+d
12d*e 2 x? Log[1 + be” ™ | +4d® %3 Log[1+ be” ™ | +12d*e? fx Log[1 + be’ ™7 ]+
aet -,/ (a%+b?) ¢ ae‘ -,/ (a%+b?) ¢ ae®+./ (a%+b?) ¢
b e2c+dx b e2c+dx
12d% e £ x? Log[1 + | +4d® £ % Log[1+ | -6d*f (e+fx)?PolyLog[2, e (<99 ] +
ae‘+ (az+b2) e?¢ ae+ (az+b2) e?¢
b eZc+dx b eZC+dX
12d*f (e +fx)*PolyLlog|2, - | +12d%e? fPolylog|2, - ]+
ae‘- (a2+b2) e?¢ ae+ (a2+b2> e?¢
b e2c+dx b e2c+dx

24 d? e f2 x Polylog|2, - | +12d? > x? PolyLog|2, - | +6def?Polylog|3, e (4% | +

ae+ (a2+b2> e?c ae+ <az+b2) elc

b 62c+dx b e2c+dx
6df>xPolylLog[3, e?(“*¥| - 24de f?PolyLog|3, - | -24df*xPolyLog|3, - |-
ae- (a2+b2) e?¢ ae‘- (a2+b2> e%¢
b 62c+dx b 62c+dx
24def?Polylog|3, - | -24dfxPolylLog|3, - ] -
ae+ <a2+b2) e%¢ ae+ <a2+b2) e?¢
b e2c+dx b 62c+dx
33 PolyLog[4, e (“*9¥ | + 24 f3 PolylLog|4, - | +24 £ PolyLog[4, - ]
aet- <a2+b2) e%¢ aet+ (a2+b2) e?¢

Problem 422: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e+fx) Coth[c+dx]
J dx

a+bSinh[c+dx]

Optimal (type 4, 205leaves, 12 steps):

(e+fx) Log[l+ 2] (e+fx) Log[l+ 2]

a-+/ a?+b? a++/ a%+b?

- - +

ad ad

-FPolyLog[Z, —&] -FPolyLog[Z, o bt

a/a?ib? anfarw? © fPolylog[2, e? (€4 ]
+

(e+fx) Log[1 - e2 (c+dx) |
ad ad? ad? 2ad?
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Result (type 4, 443 leaves):

iz f(c+dx) Log[1-e? @] +delog[Sinh[c+dx]] -cflog[Sinh[c+dx]]-f (c+dx) Log[a+bSinh[c+dx]] -
ad
deLog[l+w}+chog[1+w]+EF((c+dx)2—PolyLog[2, e’z(c*dx>])+jf
a a 2
1+42 . 1 . . 1+ 22
1 b <a+1b) Cot[*<21c+ﬂ+21dx)]
-=i(2c+in+2dx)?-41iArcSin[ ————] ArcTan| . |-=|-2ic+n-2idx+4ArcSin[——|
8 V2 v a? + b2 2 N2
(~asVaTop? | ecdx JE (a+aZep? | ecrdn
Log[1+ |-=|-2ic+n-2idx-4ArcSin[———]| | Log|[1- |+
b 2 NeY b

. <37 a2+b2)ec+dx (a+4/a2+b2)ec+dx
(——1‘1 (c+dx)| Logla+bSinh[c+dx]] +i |Polylog[2, " | +Polylog|2, " ]
2

Problem 425: Result more than twice size of optimal antiderivative.

J(e+fx)3Cosh[c+dx] Coth[c +dx] 5
X

a+bSinh[c+dx]

Optimal (type 4, 638 leaves, 33 steps):
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Va2 + b2 (e+-Fx)3Log[1+ b e } Va2 + b2 (e+-Fx)3Log[1+7beUdx ]
4 3 c+d x
a
(e+fx)* 2 (e+fx)’ArcTanh|edx] Jazep? aes[ao0?

— — + —

4bf ad abd abd

3v/aZ+b? f (e+fx)?PolyLog[2, - L&~
3f (e+fx)?Polylog[2, -e*d*| 3f (e+fx)*PolylLog|2, ec*dX] a (e x]*PolyLog] afatip? ]
+ - +

a d? ad? abd?

3v/a?+ b2 f (e+fx)?Polylog[2, - 2=
a <e+ X> oY og[ ar/ateb? 6 f2 (e+Fx) PolyLog[S, —ec*dx] 6 f2 (e+Fx) PolyLog[S, ec*dx]
+ - +

abd? ad3 ad?
6+/a?+b? f2 (e +fx) PolylLog|3, - betr? | 6+Va?+b? f2 (e+fx) PolylLog|3, o betr

aazib? aifa2:b2 6 > PolyLog[4, - e dX]

abd3? abd3? ad*

6/a2+b? £ Polylog[4, - 2=“—] 6+/a’+b? £3Polylog[4, - >
6 f> Polylog |4, e<*?X] ' yLog|4, ey ] ' yLog|4, I eyen

+

ad* abd* abd*

+

Result (type 4, 1374 leaves):



X (4e3+6e2-Fx+4e-F2x2+-F3x3)

+

4b
1

ad*

(—2 d® e ArcTanh [e“* %] +3d®e? fx Log[1-e“ | +3d° e f2 x? Log[1 - e“"9*] + d® 3 x° Log[1 -
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9% —3d*e? fxLog[1l+e?¥] -3d*ef2x?

Log[1+e™®X] - d®f3>x® Log[1+e™®*] -3d? f (e+-Fx)2PolyLog[2, —ewdX] 4342 f (e+Fx)2PolyLog[2, e 4] 1 6def?Polylog|3, -e“9¥] +
6 d > x Polylog[3, -e“"*| - 6def?PolyLog[3, e“"*]| - 6df> xPolylog|[3, e“*“*] - 6 f> Polylog |4, -e“*?*] + 6 f> PolyLog|[4, e‘*dx]) +

c+d 2c+d
! ~a?-b* |2d’e’ [ (a®+b?) €€ Ar‘cTan[M] +3+/-a%-b? d®e’e“ fxlog[l+ be ™" ]+
abd*./ (a?+b?) ¢ V -a? - b? aec—.[(a+b?) e3¢
2c+d 2c+d
3 ¢7azib2 d3ee°-F2x2Log[1+ be? X ]+w/—az—b2 d3e°-F3x3Log[1+ be” ],
ae‘ - (a2+b2) e?¢ ae‘ - (a2+b2) e?¢
2c+d 2c+d
34 -a’-b? d®*e?e“ fxlog[l+ bt | -3+/-a%-b% d*ee > x? Log[1+ be™ ™™ ] -
ae+ (a2+b2) e?¢ aet+ (a2+b2) e?¢
2c+d 2c+d
\J-a?-b? d® e 2 x? Log[1+ bet™ | +3+/-a%-b? dzceC-F(e+'Fx>2PolyLog[2,— b e ] -
ae®+./ (a%+b?) ¢ ae‘ -,/ (a%+b?) e2¢
be2c+dx
3/ -a2-b? d?e“f (e+fx)*Polylog|2, - | -
ae‘+ <a2+b2) e?¢
2c+d 2c+d
6/ -a%-b* deec f?Polylog|3, - bt ] -6+/-a2-b? dec £ xPolylog[3, - e ™ ]+
ae- <a2+b2) e?¢ ae- (a2+b2) e?¢
2 c+d x 2 c+d x
6+/-a?-b? dee f2PolylLog[3, - be | +6+/-a%-b? de® f>xPolylog|3, - be |+
ae+ <a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2 c+dx 2 c+dx
6/ -a2- b2 e £ Polylog|4, - be | -6+/-a%-b? e’ Polylog[4, - = ]
ae‘ - (a2+b2) e?¢ ae‘+ (a2+b2) e?¢

Problem 430: Result more than twice size of optimal antiderivative.

J(G+'FX>

Optimal (type 4, 656 leaves, 34 steps):

3Cosh[c+dx]2Coth[c+dx]

dx
a+bSinh[c+dx]
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(e

+fx)* (a?+b?) (e+fx)* i

6f3Cosh[c+dx] 3f <e+fx)2Cosh[c+dx]

(a2+b?) (e+fx)>Log[l+ 2

a-+/ a%+b? }

(a®

+

4af 4ab?f
+b2> <e+'FX)3LOg[1+

b ectdx

b d* b d?

3 (a2+b?) f (e+fx)?Polylog|2, -

ab2d )

b (chd X

a-+/ a?+b? }

a /a2+b2] (e+-Fx) Log[l e? C*dx>]
+

b ectdx

a-+/ a%+b? }

+

ab%d ad ab?d?
3 (a?+b?) f (e+fx)?PolyLog|[2, - 2~ 6 (a%+b?) f2 (e + £ x) PolyLog|3, -
(a%+ %) F e+ Fx)"PolyLog[2, anfarbr  3f (e+fx)?Polylog|2, e (¢rdX ] (a? +b%) £ (e + £x) Polylog 3,
+ +
ab?2d? 2ad? ab?d3
6 (a?+b2) £2 (e + fx) Polylog[3, - 2= 6 (a?+ b2) 2 Polylog[4, - 2=
(a?+b2) £2 (e + fx) Polylog|3, oo | 3% (exfx) Polylog[s, €@ ¥ ] (a2 + b?) £3 PolyLog |4, N aW}
ab?d3 2ad? ab?d*
6 (a2 +b2) £3Polylog|4, - 2=
(2 +b?) olyLog| ai 2702 ] 3-F3 Polylog[4, e? (<*4¥ |  6f2 (e+fx) Sinh[c+dx] (e+-Fx)3Sinh[c+dx]
+ +
ab?d* 4ad* b d? bd

Result (type 4, 3073 leaves):

_4ad4 (—1+<e25>

1

12d®e? fx Log[1-e? (90 ] -
4d®f3x% Log|1 - €? C*dx}

6d (-1+e’c) 2 (e+fx) Polylog|3, e®<*9% | + 3> Polylog[4, e* (<9¥ | -3

1

2a

(a+b%) [4d*ee*“x+6d%e?

(Sd4 e’ x+12d*e?e?fx?+8d*ee? 2 x*+2d* 2C1‘:3x4+4d3e3Log[1 e?

12d3e 2cFxLog[l e? (4] 1 12d* e f2x? Log[1-e? (<90 ] -

(c+dx) } _4d3e3e2¢ Log[l—

12d®e e’ £ x? Log[1 - €

4d3 2C-F3x3Log[1 e? (¢+dx) ] _ 6d> (-1+e? )f(e+-Fx) Polylog|2, e* (¢*9X) ] +

e?¢ 3 Polylog|4, e (<4 | ) +

eZ (c+d x) ]

(c+dx)]

2 fx?+adtee? F2x3+d* e FPx*+2d>e’ Log[2ae™ b (-1+e? (Y] -

+

+

b2 d* (-1+e2¢)
b62c+dx beZC+dx
2d°e* e’ Log[2ae“® +b (-1+e? (<99 ] +6d>e? fxLog[1+ | -6d*e? e fxlLog|l+
ae‘- (a2+b2) e?¢ ae‘- <a2+b2) e%¢
2c+d 2c+d 2c+d
Pef2x?Log[1l+ be” ™ | -6d®ee 2 x? Log[1 + be ™ | +2d® £ %% Log |1+ be ™™ ] -
aet -,/ (a%+b?) ¢ aet - (a%+b?) e*¢ aet -,/ (a%+b?) e*¢
2c+d 2c+d 2 c+d
2d%e? 2 x% Log[1 + be” ™ | +6d*e? fxlog[l+ be” ™ | -6d*e?e*“ fxlog[l+ be” ™
ae‘- (a2+b2> e%¢ ae+ (a2+b2> e%¢ ae+ (a2+b2) e?¢
2c+d 2 c+d 2 c+d
6d>ef2x? Log[1+ ber ™™ | -6dee? £ x* Log[1+ ber™” | +2d% 5 Log[1+ ber™” ] -
ae+ <a2+b2) e%¢ ae+ (a2+b2) e?¢ aet+ (a2+b2) e?¢
be2c+dx be2c+dx
24?3 %% Log[1 + }—6d2(—1+e2c>f(e+-Fx)2PolyLog[2,— | -
aet+./ (a%+b?) ¢ ae - (a?+b?) e2¢
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b(82c+dx beZde

6d? (-1+e2°) f (e+fx)?PolyLog|2, - | ~12def?Polylog[3, - ]
ae‘+ (a2+b2) e2¢ aec (a2+b2) e2c
2c+d 2c+d
12de e 2 Polylog[3, - e ] -12df* x Polylog 3, - e ] +
ae‘ - (a2+b2) e?c aef (az+b2) e2c
2c+d 2c+d
12d e’ f* xPolylog|3, - e | ~12def?PolyLog|3, - bt |+
ae‘ - (a2+b2) e?c aec 4+ (a2+b2) e2c
2c+d 2c+d
12de e £ Polylog[3, - - | -12d xPolylog[3, - Pt ] +
ae+ <a2+b2) el¢ ae + <a2+b2) e2c
2c+d 2c+d
12d e £ xPolylog 3, - - ] +12 £ PolyLog |4, - e ” ] -
ae+ (a2+b2) e ae - (a2+b2) e2¢
2c+dx 2ced s rd
122 f3 PolyLog[4, - be ] +12 F3 POlyLOg[4, - b e? %X } _12 @2¢ f3 PolyLog[4, ~ b e2crdx ] N
ae‘ - <a2+b2) e2c ae+ (az+b2> e2¢ 3 4 (a2+b2> oY

Cosh[c+dx] Sinh[c +dXx]
8 b2 d* 8 b2 d*
4ad*e®xCosh[2c+dx] -6ad*e?fx?Cosh[2c+dx] -4ad*ef?x3Cosh[2c+dx] -ad*f3x*Cosh[2c+dx] -
2bd*>e®*Cosh[c+2dx] +6bd?e?fCosh[c+2dx]-12bdef?Cosh[c+2dx] +12bf3Cosh[c+2dx] -6bd3>e?fxCosh[c+2dx] +
12bd?ef?xCosh[c+2dx] -12bdf3xCosh[c+2dx] -6bd®>ef?x?Cosh[c+2dx] +6bd?f>x?>Cosh[c+2dx] -
2bd®> 3 x3Cosh[c+2dx] +2bd*>e3Cosh[3c+2dx] -6bd?e?fCosh[3c+2dx] +12bdef2Cosh[3c+2dx] -
12bf3Cosh[3c+2dx] +6bd3®e?fxCosh[3c+2dx] -12bd?ef?xCosh[3c+2dx] +12bdf3xCosh[3c+2dx] +
6bd3ef?x?Cosh[3c+2dx] -6bd>f>x?>Cosh[3c+2dx] +2bd3f3x>Cosh[3c+2dx] -4bd3e3Sinh[c] -
12bd?e?fSinh[c] -24bdef?Sinh[c] -24bf3Sinh[c] -12bd?*e?fxSinh[c] -24bd?ef2xSinh[c] -24bd f3xSinh[c] -
12bd*ef2x?Sinh[c] -12bd?f3*x?>Sinh[c] -4bd® 3 x®*Sinh[c] -4ad*e®xSinh[dx] -6ad*e?fx?>Sinh[dx] -
4ad*ef?x3Sinh[dx] -ad*f>x*Sinh[dx] -4ad*e*xSinh[2c+dx] -6ad*e?fx?>Sinh[2c+dx] -4ad*ef?x®Sinh[2c+dx] -
ad*f3x*sinh[2c+dx] -2bd*e?Sinh[c+2dx] +6bd?e?fSinh[c+2dx] -12bdef?Sinh[c+2dx] +12bf3Sinh[c+2dXx] -
6bd>e?fxSinh[c+2dx] +12bd*>ef?xSinh[c+2dx] -12bdf3xSinh[c+2dx] -6bd3ef2x?>Sinh[c+2dx] +
6bd?f3x?>Sinh[c+2dx] -2bd®f3>x3Sinh[c+2dx] +2bd>e3®Sinh[3c+2dx] -6bd?e?fSinh[3c+2dx] +
12bdef?Sinh[3c+2dx] -12bf3Sinh[3c+2dx] +6bd®e?fxSinh[3c+2dx] -12bd?ef?xSinh[3c+2dx] +
12bdf*xSinh[3c+2dx] +6bd’ef?x*Sinh[3c+2dx] -6bd* > x*Sinh[3c+2dx] +2bd> > x*>Sinh[3c+2dX])

Cschic] (-4ad*e®xCosh[dx] -6ad*e*fx*Cosh[dx] -4ad*ef?x’Cosh[dx] -ad*f>x*Cosh[dx] -

Problem 431: Result more than twice size of optimal antiderivative.

J(e+fx)2Cosh[c+dx]2Coth[c+dx}
dx

a+bSinh[c+dx]

Optimal (type 4, 486 leaves, 26 steps):
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2 bz -F 2L 1 becﬂix
(e+-Fx)3 (a2+b2) (e+-Fx>3 2-F(e+fx) Cosh[c +dx] (a " )(e+ X> og[ +a_1/az+bz]

— + — — —

3af 3ab?f b d? ab’d
2 b? £x)? Log[1+ 2= 2 (a%+b?) f (e+fx) Polylog[2, - 2
(3% +0%) (e« #x]" Log]| +a+w]+(e+fx)2Log[le2(6+d><>]_ (8% %) £ (e £x) Polylog(2, - 2 —=—] )
ab2d ad ab?d?
2 (a? +b2) f (e + fx) PolyLog[2, - —2<= 2 (a% + b?) 2 Polylog|3, - —2<—
(2% 4 %) £ e+ ] Polytog2, - Vo _f e+ Fx) PolyLog[2, & <] (a% %) £2 PolyLog[3, JT}
ab?d? ad? ab?d’

2 (a%+b?) f2 Polylog|3, o betdx ,
anfarir © F2Polylog|[3, e? (99| 2 f2sinh[c+dx] (e+fx)*Sinh[c+dx]
- + +

ab?d? 2ad? b d3 bd

Result (type 4, 1089 leaves):



1| 2ax(3e?+3efx+f2x?) Cothlc]
— |- +

6 b?

6f (e+f x) PolyLog {2,@2 (c+dx) w
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32 Polylog|3,e? (9% ]

4e2°x (3e2+3efx+f2x?) 6 (e+fx)2 Log Le““dxw
- + +
~1+e2°¢ d d?

P 1

a

.
ab?d® (-1+e’)

2 (a2+b2) 6d>e?e?’x+6dPee? fFx?+2d3e?cf2x®+3d%e? Log[Zaec*dX+b (—1+e2 (C*dX)H —3d2e2e2CLog[2aec*dX+b (—1+e2 (C*dX)H +

2c+d 2c+d 2 cod

6d”efxLog[1+ S | -6d*ee’ fxLlog[l+ e | +3d2 %2 Log[1+ et ] -
ae‘- (a2+b2) e%¢ ae- (a2+b2> e?¢ aec- (a2+b2) e?¢
2c+d 2c+d 2c+d
3d2(ezc'F2X2L0g[1+ b e”tr%¥ }+6d2e-FxLog[1+ be X ]f6d2ee2C~FxLog[1+ b e 9x }Jr
aec- (a2+b2> e2¢ ae 4 (az+b2) e2¢ aec s <a2+b2) o2 c

2c+d 2c+d

3d2f2x? Log[1 + be ™" | -3d*e*“ f2x? Log[1 + be” ™7 ] -

ae+ (a2+ bZ) e?¢

ae+ (a2+b2) e%¢

b62c+dx beZC+dx
6d (-1+e’c) f (e+fx) Polylog[2, - | -6d (-1+e*) f (e+fx) Polylog[2, - ] -
ae® -,/ (a%+b?) ¢ aet+./ (a%+b?) e*¢
2c+d 2c+d
6 2 Polylog|3, - be” ™ | +6e2c f2Polylog|3, - be” ™ | -
ae- (a2+b2) e?¢ ae- (a2+b2> e%¢
beZC+dx beZC+dx

6 2 Polylog|3, -

ae‘+ (a2+b2) e?¢

| +6e2° f2Polylog|3, -

1|+

aec+ (a2+b2) e?¢

6 Cosh[d x] (—de (e+fx) Cosh[c] + (2-F2+d2 (e+fx)2) Sinh[c]) 6 ((2-F2+d2 (e+fx)2) Cosh[c] -2df (e+fx) Sinh[c]) Sinh[d x]

b d3

+

bd3

Problem 432: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

(e +fx) Cosh[c+dx]?Coth[c+dx]

dx

J

Optimal (type 4, 322 leaves, 22 steps):

a+bSinh[c+dx]
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(a2+b?) (e+fx) Log[1+ —betdx

a-+/ a%+b? }

(e+-Fx)2 (a% + b?) (e+-Fx>2 f Cosh[c+dx]
_ . _

2af 2ab?f b d2 ab?d

c+dx

(a2 +b?) (e+fx) Log[l+ & (a%+ b?) f Polylog|2, o b

clv ) [erfx) Log[io et ein ] N

+ — —

ab2d ad ab?d?

2, b?) fPolyLog|2, - 2
(a® +b?) f Poly og[2, S peyrey fPolylog|2, €2 (<4 ]  (e+fx) Sinh[c+dx]
+ +

a b? d? 2ad? bd

Result (type 4, 794 leaves):
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) . ) . ) b Sinh[c +dx] ) b Sinh[c +dx]
—— |abfCosh[c+dx] -b>delog[Sinh[c+dx]] +b’cflog[Sinh[c+dx]] +a delog[l+ ———————] +b*delog[l+ ——
ab-d a a

] -

bSinh[c +dx] bSinh[c +dx]

a’cflog|l+ | -b2cfLog[l+ }—lbzf(<c+dx) (c+dx+2Log[1-e? (<9 ]) —PolyLog[2, e ? (<4¥ ) +

a a 2
1+12 . 1 . . 1+ 22
1 b (a+ib) Cot[t (2iceme2idx)] 4 b
alf —f(2c+jﬂ+2dx)2—4ArcSin[7]Ar‘cTan[ |+ = |2c+in+2dx+4iArcSin| —]
8 N2 \aZ+b? 2 N2
[+ aT o] ecex NES 2 AT BT ) e
Log[1 + |+ = ]2c+in+2dx-41iArcSin] Log[1 ] -
b 2 T b
1 (a— a2+b2)<e°*d" (a+m) ecrdx
ijTLog[a+bSinh[c+dx}]+PolyLog[2, o ]+PolyLog[2, o ] +
2
1442 . 1 , . 1+ L2
1 b (a+ib)Cot[® (2ic+m+2idx)] 1 b
b2f |-~ (2c+im+2dx)*-4ArcSin[ ————] ArcTan| . ]+~ |2c+in+2dx+4iArcSin[ ——]
8 N2 \/a? + b2 2 A2
(—a+m) ecrdx \/ \/a2+7bz) ecrdx
Log[1+ | +=|2c+in+2dx-41iArcSin| Log[1 | -
b 2 JZ b

(afm) ecrdx (a+\/m) ecrdx
" | +Polylog|2, "

1
~imLog[a+bSinh[c+dx]] +PolyLog|2, || -abd (e+fx) Sinh[c+dx]
2
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Problem 434: Attempted integration timed out after 120 seconds.

Cosh[c +dx]?Coth[c +dx]
J< dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Cosh[c+dx]2Coth[c+dx]
(e+fx) (a+bSinh[c+dx])

Unintegrable| » X

Result (type 1, 1leaves):

PP

Problem 435: Result more than twice size of optimal antiderivative.

J(e+fx)3Csch[c+dx] Sech[c +dx] 5
X

a+bSinh[c+dx]

Optimal (type 4, 1049 leaves, 40 steps):
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codx

2b <e+-Fx)3Ar‘cTan[eC*dX] 2 (e+-Fx)3Ar‘cTanh{<e2C*2dX} * (e+fx)3 Log[1+ a—i/‘?az?}
. (a2 + b2) d . ad i a (a2 +b?) d 7

cdx
b* (e+-Fx)3Log[1+a+faz? b2 (e+fx) Log[1 + e2 (c+dX) | 31'1bf(e+-Fx)2P01yLog{2,—Jiec*dx]
a (a%+b?) d ' a (a2 +b?) d ' (a2 + b2) d? .
sibf (e+'Fx)2PolyLog[2, . (eﬁdx} 3p2f (e+-Fx)2 PolyLog{z, _ aibe;:z 3p2f (e+Fx)2PolyLog[2, —7a+v‘i%]
(a2 + b2) d2 a (a2 +b?) d? i a (a2 +b?) d?
3b2 f (e+-Fx) PolyLog[2 —e? C*d’”} 3f (e+Fx) PolyLog[ 2“2‘“] 3f (e+-Fx)2PolyLog[2, ezc*z‘“}
2a (a?+b?) d? ) 2ad? : 2ad? )

6ibf? (e+fx) Polylog[3, -1ie“dx]

6 b2 f2 f x) PolylLog|3, -
6ibf? (e+fx) Polylog|3, i e ] (e +fx) PolyLog|3,

.
(a2 + b2) &

b ectdx

6b? f2 (e+fx) PolyLog|3, -

a+/ a2+b? ] B

a (a2

+b2> d3

(a2 1 b) ' a (a2 b?) o2
3b%f? (e+fx) Polylog|[3, -2 (<*9¥ | 3f2 (e+fx) Polylog[3, -e?><-2dx]
+
2a (a%+b?) d° 2ad?

6 b2 3 PolylLog [4, -

b ecdx

3f2 (e+fx) Polylog[3, e2<*24%] 61 bf>Polylog|4, -ie<9*] 61ibf>Polylog|[4, i e ] afa?.b? )
N _ _ _
2ad? (a2 +b?) d* (a2 +b?) d* a (a?+b?) d*
6 b2 £2 Polylog[4, - —2“~—
olyLog| aﬂ/m] 3b2 3 Polylog[4, -e? C*d’”} 33 Polylog[4, -e2<*29%] 3 f3Polylog|4, e2"2dx]
+
a (a?+b?) d* 4a (a?+b?) d* 4ad* 4ad*

Result (type 4, 4437 leaves):

1
+b2) d* (1 ef)

2

8 (a2
a (4d4e3ecx+6d4e2ecfxz+4d4e
12d*e? e“ fx Log[1+ e ?¥]

4d? et £ x3 Log[1+ec*dx]

24 £3 Polylog |4, -e“?*] -

1

8 (a2+b2) d4 (*]'l+(ec)
12id*e? fxLog[l+i e ]
4id®f3x3 Log|1+i e dX]

12d
24 e€

a (4d4 e3 e

-12
-4d3

-12d% e f2 x? Log[1 + ec*dx]

X + 6 d*e?

e f3x3 Log |1+ i e“*dX]

e f2x3+d* e F2x* - 4d% e Log[1+ e 9| ~ad?e®ef Log[1 + e ?¥]
12d>ee® 2 x? Log|[1 + e“*9¥]
2 (1+e°) f (e+fx)?PolyLog|2,

c+dx} +24d (1+ec> £2 <e+'FX) PolyLog[
2 PolyLog[4, - 4% ] ) +

e fx?+adiec 2 +dte P x*+4id>e® Log[1+i e ]

d>e’ e fxlog[l+ie ]| +121id®ef?x?Log[l+i e ]

~12d* (-i+e®) f (e+fx)®PolyLog[2, ~ie“ ¥ +

-12d>e? fx Log[1+e“dX] -
-4d® 2 x% Log 1+ e“9X] -

c+dx] _

-4d®e e Log[l+ied] +

-12d%ee 2 x? Log[1+ i e 4] +
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24d (-i+e) f2 (e+fX) JPolyLog[B, -1 e“de] 240 F PolyLog\[4, -1&*";] 24 PolyL;g[4, -1 e“JdX]) -
1
2 (a2 + b?) d*

3d°e? fxlog[l+ie ]| -3d*ef?x?Log[1+1ie ]| -d*f3x*Log[1+i e ] -3d2f (e+fx)*Polylog[2, -ie“ ] +

3d2f (e+fx)?Polylog|[2, i e“*] +6def2Polylog|3, -i e +6df>xPolylLog|3, -ie“?*] -

6def2Polylog|3, i e<'?*| - 6d > xPolyLog|[3, i e | -6 f>PolylLog|4, -ie“ %] + 6 f> Polylog[4, i eC*dX]) +

ib (—21’1d3 e* ArcTan[e'?*] +3d*e? fx Log[1-1e“?*] +3d>efx? Log[1-ie“ "] +d® > x*Log[1-1ie9X] -

Wa (21’1d3 e*ArcTan[e“ 9] +2d° e® Log[1-e“" | +6d* e? fxLog[1-e“9*| +6d® e f2x? Log[1 - e ?*] +

2d° 2 Log[1-e“9%] -6d*e? fxLlog[l-ie“*| -6d*ef x’Log[1-1ie“ 9| -2d® 2 x*Log[1-1ie“?*| -d®e’Log[1+e? <9¥] -
6d*f (e+fx)?Polylog[2, i e“*?*]| +6d*f (e+fx)?PolyLog[2, e=®*] +12d e f*PolyLog|3, i e=*?*] +12d f*> x PolylLog|[3, i e **] -
1

2 +d 3 +d 3 : +d 3 +d
12de f?>Polylog|3, e*?*] -12d f*> x Polylog|[3, e“"9*] - 12 3 PolyLog[4, i e“**| + 12 f* PolyLog[4, e° X}) P ENIrIETD

b2 (8d4 e*e?“x+12d%e chx2+8d4ee2°f2x3+2d4 2°f3x4+4d3e3Log[l—ez(c*dx} 4d3e e Log[1-e? (9] 4
12d*e? fx Log|1 - “*dx] 12d%e 2c-FxLog[l e? (@4 ] 4 12d% e f2 x? Log[1 - e? (99| - 12d3eech2x2Log[l—ez“*dx)]+
4d®f3x% Log|1 - €? C*dx} 4 d? zc-F3x3'Log[1 e (4] _6d? (- 1+e2°)-F(e+Fx) Polylog|2, e* (¢*9%) ] +
6d (-1+e’c) 2 (e+fx) Polylog|3, e® ("% | + 3> Polylog[4, e* (“"9¥ | -3 e’ f> Polylog[4, €’ c*d>‘>])+

1

2lad*e e’ x+6d*e 2C'FX2+4d4ee2C'F2X3+d4e2cf3x4+2d3e3Log[2aec+dx+b<71+e2(c+dx>”7
4a <a2+b2) d4 (—1+ezc)
be2c+dx be2c+dx
2d°e* e’ Log[2ae“® +b (-1+e2 (99} ] +6d>e’ fx Log[1+ | -6d*e? e fxlog[l+ |+
ae‘ - (a2+b2) e3¢ ae‘ - (a2+b2) e?¢
2c+d 2c+d 2c+d
6d’ef2x?Log[1+ be ™™ | -6d*ee 2 x? Log[1 + be? ™™ | +2d® £ x° Log[1 + be " ] -
ae- <a2+b2) e?¢ ae- (a2+b2) e?¢ ae- (a2+b2) e?¢
2c+d 2c+d 2c+d
2d% e 2 x> Log[1 + be” ™ | +6d®e? fxLog[l+ be” ™ | -6d®e?e?“ fxLlog[l+ be ™ |+
ae‘ - (a2+b2) elc ae‘+ (a2+b2) elc ae‘+ (az+b2) e2¢
2c+d 2c+d 2c+d
6d>ef?x?Log|[1+ ber ™ | -6d>ee® > x? Log[1+ b | +2d® £ %3 Log |1+ ber ™™ ] -
ae‘+ <a2+b2) e?¢ ae+ (a2+b2) e?¢ ae+ (a2+b2) e?¢
beZC+dx be2c+dx
2d e 3 %3 Log[1 + | -6d* (-1+e*¢) f (e+fx)*PolyLog|2, - ]-
ae+ (a2+b2) e?¢ ae‘- (a2+b2> e?¢
be2c+dx be25+dx
6d> (-1+e2°) f (e+fx)*PolyLog|2, - | -12def?PolyLog|3, - |+
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b e2crdx b e2c+dx

12de e f2 POlyLOg[3, - }—12df3XPolyLog[3, _ ]+
ae‘ - <a2+b2) e2c aec - <a2+b2) e2¢
2c+d 2c+d
12de** f2xPolylog[3, - e ] -12def2PolyLog|3, - e ] +
ae‘ - <az+b2> e?¢ aec <az+b2) e2c
2c+d 2 csd
12de e £ Polylog[3, - — ] -12d * x PolyLog[3, - e ] +
ae+ (a2+b2) e?¢ aec 4+ (a2+b2) e2c
2c+d 2cad
12d e®“ > x PolylLog|3, - be 7" | +12 £ Polylog|4, - b g2 crdx l-
aet+./ (a%+b?) e2¢ aec - [ (a?+b?) e3¢
2c+d 2ced >
2e2¢f3 PolyLog[4, _ b e2¢c+dx ] +;|_2-F3PolyLog[4, - b e? %X } _12 @2€ 3 PolyLog[4, - b e?crdx ] )
aet- <a2+b2) et ae+ (a2+b2> e’¢ ae‘+ (az+b2> e?¢
b2x (4e*+6e?fx+defix?+fx3) Csch[i] Sech[i] Sech[c] 3aezfx2Csch[§} Sech[i
* +
32a (a%+b?) 16 (a2 + b2) (Cosh[i] - jSinh[i]) (Cosh[i} +j$inh[§])

3b2e? f x2 Csch[ } Sech[ﬂ

16 a (a2 + b?) (Cosh[ﬂ ﬂisinh[i]) (Cosh[ﬂ +jSinh[§])

aeF2x3Csch[ﬂ [ | )
8 (a2 +b?) (Cosh[i] —JiSinh[ﬂ) (Cosh{ﬂ +jSinh[§])
b2 e 2 x3 Csch[ﬂ Sech[ﬂ
g8a (a?+ b?) (Cosh[i] —J‘lSinh[ﬂ) (Cosh[i] +j$inh[§])

+

32 (a%+ b?) (Cosh[ﬂ -1 Sinh|
[

b2 f3 x* Csch

32a (a2 +b?) (Cosh[i} —iSinh[i]) (Cosh[g} +JiSinh[§])

3ae2fx2Cosh|c ]Csch[z} Sech[ ]

16 (a2 +b2) [Cosh[<] - isinh[<]) (Cosh[S] +isinh[<])

aef2x3Cosh| Csch[ | sech [ ]

c
2
8 (a2 + b?) (Cosh[;] - i Sinh| ) (Cosh +1‘15inh[§])
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af3 x4 Cosh[c] Csch[ﬂ Sech[i]

32 (a2 + b2) (COsh[ﬂ —jSinh[i]) Cosh| <] +J'lSinh[§” -

3iae?fx2Csch[$] Sech|<] sinh[c]
2 2

(
[
16 (a% + b?) (Cosh[ﬂ —iSinh[i]) (Cosh[i] +JiSinh[§”

iaef?x? Csch[ﬂ Sech[ } Sinh[c]

8 (a2+b?) (Cosh[$] -isinh[$]] (cosh[$] +isinh[<]]

iaf3x Csch[ﬂ Sech[i] Sinh[c]

32 (a2 +b?) (Cosh[ ] —J‘LSinh[i]) (Cosh[i] +JiSinh[§”

c
2
e3szch[§] Sech[i] (-a?-b?+a2Cosh[c] +1ia?Sinh[c])

8a (a2 +b?) (Cosh[ ]—J’lSinh{i” (Cosh[ | +1isinh] ])

< < <
2 2 2

Problem 436: Result more than twice size of optimal antiderivative.

j(e+fx)2Csch[c+dx] Sech[c +dx]
dx

a+bSinh[c+dx]

Optimal (type 4, 734 leaves, 33 steps):

2b (e+fx)?ArcTan[ed%] 2 (e+fx)?ArcTanh[e?cr2dx]

a-+/ a?+b?

b2 (e« Fx)?Log[1+ U] b2 (e« fx)?Log[1+ 2

a+/ a%+b? ]

(a2 +b?) d ad a(a’+b?)d a(a?+b?)d

b2 <e+fx)2 Log[l+e2(cd)] 2ibf (e+Fx) PolyLog[2, -ie®dX] 2ibf (e+Fx) PolyLog[2, i ec*dX]
+ _
a(a?+b?)d (a2 +b?) d? (a2 +b?) d?

202 f (e+fx) Polylog[2, - —2& 2b2f (e+fx) PolylLog[2, - 2=
(e+ X) oly Og[ ) ai\/m] <e+ X) oly Og[ > ‘_:H\/a2+7b2 b2 £ (e+‘FX) PolyLog{Z, _(eZ(C-v-dx)}
+

+

a (a?+b?) d? a (a%+b?) d? a (a%+b?) d?
f(e+fXx) PolyLog[2, -e2¢2dx] f (e+fx) PolyLog[2, e2¢*24X] 21 bf2PolylLog[3, -ie“?*] 2ibf2Polylog|3, i e“*dx]
+ - + +
ad? ad? (a2+b2) d? <a2+b2) d?
2 b2 f2 PolyLog[S, __bedx 2 b2 f2 PolyLog[3, _ _betdx ]
N ey . av[a21p2 . b? f2 Polylog|3, -e? (¢+¢% | . f2 PolylLog[3, -e2c2dx] . f2 PolylLog[3, e2¢-2dx]
a(a2+b2)d3 a(a2+b2>d3 2a(a2+b2) d? 2ad3 2ad?

Result (type 4, 3426 leaves):



6.1 Hyperbolic sine.nb | 219

2 1 a(—d3ecx(3e2+3efx+f2x2)+
6 (a2+b2) d3 (1+<ec>

3d? (1+e) (e+Ffx)*Log[1+e“ ] +6d (1+e°) f (e+fx) PolyLog[2, -e“?*] -6 (1+e) f2PolyLog|3, —ec*dx}) +
Log[1+jec*dx]) +

(d* -idex (-3ibefx+a(3e?+3efx+fx?))+3 (1+ief) (-2ibefx+a(e+fx)’
6d(1+ie°)f(-ibe+a (e+fx))Polylog[2, -ie“*] -6ia (-i+e)f>Polylog|3, -1 e‘*dx])/(ﬁ (a-ib) (-ia+b)d® (-i+e)) -

 — (-21d?e?ArcTan[e® "] +d* 2 x? Log[1- i e“4*] - d* > x? Log[1 + i e“'%*| - 2d £ x Polylog[2, -1 e“9*] +

2 (a%+b?) d?
2df2xPolylog[2, i e“?*] +2f?Polylog[3, -ie“4*| - 22 PolyLog[3, ie“?*]) +

1

4 (a2+b2) d? (—J'L +ez:)
2ad’e?e’“log[l-e“?*]| -4iad’efxlog[l-e“9*] +4ad’ee®“fxlog[l-e“?*]|-21iad?fx’Log[1l-e" ]+
2ad’e’“ f2x?Log[1-e“*| +4iad’efxlog[l-ie“?*] -4bd’efxLlog[l-ie"?*]-4ad’ee? fxlog[l-ie®]-
4ibd’ee’ fxlogl-ie“?*| +2iad’ fx*Log[l-1ie“*]-2ad?e® x> Log[1-1ie“ ] +iad®e’log[l+e? (@ 9]
ad?e’e?CLog[1+e? (9] -ad (-i+e’) f(ibe+a (e+fx))Polylog[2, i e ] +4ad (-i+e®®)f (e+fx) PolyLog[2, e ?*] -
41iaf?Polylog|3, ie“®*| +4ae>“ f2Polylog|3, ie“®*| +41iaf’Polylog|3, e“*] -4ae’ > Polylog|3, e“¥*]) -

(b2 (4d3 e?“x (3e?+3efx+fx?) -6d? (-1+e2°) (e+fx)?Log[1-e? (¥ ] _6d (-1+e*) f (e+fx) Polylog[2, e (“4¥ ],

3 (-1+e2¢) f2Polylog[3, e« ||| /(12a (a2 +b?) d® (-14e2)) +

(2ibd’ee®  fx*+2ad*e’ArcTan[e""*| +21iad?e?e®“ArcTan|[e“""*| -2 i ad? e’ Log[1- e ?*] +

1
6a <a2+b2) d3 (—1+ezc)

b2 6d3e2e2°x+6d3eechx2+2d3e2°f2x3+3d2e2Log[Zaec*d"+b (—1+e2(“dx))] -

be2c+dx be2c+dx

3d’e’ e’ Llog[2ae®*+b (-1+e* (9] +6d’efxLog[l+ | -6d*ee®“ fxLog[l+ |+
ae‘- (a2+b2> e%¢ ae‘- (a2+b2) e%¢
2c+d 2cad
3d2'F2X2LOg[1+ be - ]‘3d2@2cf2X2LOg{1+ b escrdx }+
aec- (a2+b2)ezc aec- (a2+b2>ezc
2c+d 2c+d 2 ced
6d’efxLog[1+ P ] -6d?ee’ fxLog[l+ 2o — ] +3d2F %2 Log[1+ S ] -
ae+ (a2+b2> e?¢ ae‘+ (a2+b2> e%¢ ae+ (a2+b2) e?¢
2c+d 2 csd
3d2@2cfzle‘°g[1+ bt ™ }—6d<—1+ezc)1‘:(e+fx> PolyLog[Z,— be ™™ ]_
ae+ (a2+b2) e?¢ ae- (a2+b2) e?¢
2c+d 2c+d
6d (-1+e’¢) f (e+fx) Polylog|2, - b e ] -6 Polylog|3, - becrax B
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beZC+dx be2c+dx be2c+dx
6 e’ 2 Polylog|3, - | -6 f2PolyLog|3, - | +6e?f*Polylog|3, - -
ae‘- <a2+b2) e?¢ ae+ (a2+b2) e?¢ ae‘+ (az+b2) e?c
b2x (3e?+3efx+f2x?) Csch[ﬂ Sech[i] Sech[c] szch[ﬂ Sech[ﬂ (a?e? + b2 e? - a2 e? Cosh[c] - i a?e?Sinh[c])
+ +
24a (a?+b?) 8a (a2 +b?) (Cosh[i] —iSinh[i” (Cosh[i] +iSinh[§])

b? e fx?Cosh[2c]

a (a?2+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])
b2 2 x3 Cosh[2 c]

3a (a?+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])

+

+

b%2e fx2Sinh[2c]
a (a?+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])

+

b2 f2x3Sinh[2c]
3a (a?+b?) (-1+Cosh[2c] +Sinh[2c]) (1+Cosh[2c] +Sinh[2c])
1

([__j—) aefXZCosh[CJ)/ ((a2+b2)

2 2
(-1-(1+1) Cosh[c] -2iCosh[2c] + (1-1i) Cosh[3c] +Cosh[4c] - (1+i)Sinh[c]-2iSinh[2c]+ (1-1i)Sinh[3c]+Sinh[4c])) +
(befx*Coshic]) /(2 (a?+b?) (-1- (1+1) Cosh[c] -21iCosh[2c] + (1-1) Cosh[3c] +Cosh[4c]- (1+1i)Sinh[c] -

: /(@ e2)

2iSinh[2c] + (1-1i) Sinh[3c] +Sinh[4c])) - ([f—i—) af?x3Cosh[c]
(-1-(1+1) Cosh[c] -21iCosh[2c] + (1-1i) Cosh[3c]+Cosh[4c] - (1+i)Sinh[c]-2iSinh[2c]+ (1-i)Sinh[3c] +Sinh[4c])) -

6 6

([l+£) ae-FxZCosh[Bc]]/ ((a®+b?) (-1- (1+1) Cosh[c] -21iCosh[2c] + (1-1i) Cosh[3c] +Cosh[4c] -
2 2

(1+1) Sinh[c] -21iSinh[2c] + (1-1) Sinh[3c] +Sinh[4c])) - (befx>Cosh(3c]) /(2 (a®+Db?)
(-1-(1+1) Cosh[c] -2iCosh[2c] + (1-1i) Cosh[3c] +Cosh[4c] - (1+1i)Sinh[c]-2iSinh[2c]+ (1-1i)Sinh[3c]+Sinh[4c])) -

([3+j—)af2x3Cosh[3c]]/((a2+b2) (-1-(1+1) Cosh[c] -21iCosh[2c] + (1-1i) Cosh[3c] +Cosh[4c] -
6 6

(1+1i) sinh[c] -2iSinh[2c] + (1-1i) Sinh[3c] +Sinh[4c])) - [(E—E aefoSinh[c})/ ((a%+b?)
2 2

(-1-(1+1) Cosh[c] -21iCosh[2c] + (1-1i) Cosh[3c]+Cosh[4c] - (1+i)Sinh[c]-2iSinh[2c]+ (1-i)Sinh[3c] +Sinh[4c])) +
(befx*sinh(c]) /(2 (a®>+b?) (-1- (1+1) Cosh[c] -21iCosh[2c] + (1-1) Cosh[3c]+Cosh[4c]- (1+1)Sinh[c] -

2isinh[2c] + (1-1) Sinh[3c]+Sinh[4c}>)—([l—j—)afzxz'Sinh[c] /((a2+b2)
6 6
(-1-(1+1) Cosh[c] -2iCosh[2c] + (1-1i) Cosh[3c] +Cosh[4c] - (1+i)Sinh[c]-2iSinh[2c]+ (1-1i)Sinh[3c] +Sinh[4c])) -
65
2 2

Cosh[4c] - (1+1i) Sinh[c] -2iSinh[2c] + (1-1i) Sinh[3c] +Sinh[4c])) -
(befx*sinh[3c]) /(2 (a®+b®) (-1- (1+1i) Cosh[c] -2iCosh[2c] + (1-1) Cosh[3c] +Cosh[4c] - (1+1i) Sinh[c] -

aefxzsinh[Bc]]/ ((a*>+b%) (-1~ (1+1i) Cosh[c] -2i Cosh[2c] + (1-1i) Cosh[3c] +
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2iSinh[2c] + (1-i) Sinh[3c] +Sinh[4c])) - ([1+j—) af2x3sinh[3c]]/ ((a%+b?)
6 6

(-1-(1+1) Cosh[c] -21iCosh[2c] + (1-1i) Cosh[3c]+Cosh[4c] - (1+i)Sinh[c]-2iSinh[2c]+ (1-1i)Sinh[3c] +Sinh[4c]))

Problem 437: Result more than twice size of optimal antiderivative.

J(ewa) Csch[c+dx] Sech[c +dx]
dx

a+bSinh[c+dx]

Optimal (type 4, 439 leaves, 26 steps):

b? (e+fx) Log[1+ L | b?(e+fx) Log[1+ b ec?

a-+/ a?+b? a+/ a?+b? ]

- +

(a2+b2)d ad a(a?+b?)d a(a2+b2)d

2b (e+fx) ArcTan[e“*?*] 2 (e+fx) ArcTanh|e?<-24x|

b2 f PolyLog|2, - —2&=
[ ’ a-4/ a’+b? }

a(a?+b?)d (a2+b2> d? (a2+b2) d? a (a?+b?) d?

b? (e+fx) Log[1+e? (<9 ] ibfPolylog[2, -ie“?*| ibfPolylog|2, ie“dX]
+

b2 f PolyLog[2, - —2c=
ytog|2, anfateb? b? f PolyLog[2, -e2? (<*4% |  fPolylLog[2, -e2<29%|  fPolylLog|2, e2-24X]
+ - +

a(a2+b2)d2 2a<a2+b2)d2 2 ad? 2ad?

Result (type 4, 1880 leaves):

ﬁ 8b%2c?f-8ia’cfn+dabcfrn+d4ib’cfn-b>fn?P+16b>cdfx-8ia’dfrx+dabdfnix+4ib®>dfrx+8b2d2Ffx%+
8a (as+b%)d

1oy (a+ib)cot[t (2ic+m+2idx)] 1
32b% fArcSin[ —————| ArcTan| 4 | -16a*deArcTanh[1- 21 Tanh| - (c+dx)H -

vz Vet 2

81’1abdeAr‘cTanh[l—ZjLTanh[l (c+dx)H —8b2deAr‘cTanh[1—2J'LTanh[l (c+dx)]] +16a2c-FAr‘cTanh[l—ZJiTanh[1 (c+dx>H +
2 2 2
1 1
Sjabc-FAr‘cTanh[l—ZjTanh[f (c+dx)H +8b2c-FAr‘cTanh[1—21'1Tanh[g(
2

c+dx)|]-21ia>frlog[2] +abfrlog[4] +

8acflog[l-e 9| +8b2cflog[l-e | +8a’dfxlog[l-e 9| +8b2dfxLlog[l-e“?*]-8a’cflog[l-ie <9+
8iabcflog[l-ie ]| +4ia’frlog[l-ie ] +4abfrlog[l-ie“?*]-8a’dfxLlog[l-ie 9]+
8iabdfxLlog[l-ie“ 9| -8a’cflog[l+ie“*|-8iabcflog[l+ie 9| -4ia’frlog[l+ie | +4abfrlog[l+ie 9|
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8a2dfoog[iL+je*C*dX] “giabdfx L—oLg[1+J'1<e’°’dJX] +8a2c-FLog—[;l+e’c’dX] .8 bchLog[1+-«;*C*dX} +8a2jd-FxLog[1+:eic’dx} +

+4/a2+b2)ec+dx <7a+4/a2+b2)ec+dx

| -4ib®frLog[l+

-a
8b2dfxlog|l+e %] +161a’frLlog[l+e®*] -8b%cflog[l+ (

b b
(—a+\/az+7bz) ecrdx 1oy (—a+m) ectdx (am/W) ecrdx
8b2dfxLog[l+ | -16 i b? f ArcSin| ————] Log[1 + | -8b*cflLog|1-
b V2 b b
(a+ VaT+ b7 ) eciax (a+VaT+ b7 ) ecvex Jite (a+VaT+ b7 ) eciex
41ib?frlog[l- | -8b*dfxLog[1l- | +16 i b2 f ArcSin| ———] Log[1 - |+
b b V2 b

8a2deLog[Cosh[% (c+dx)]] +8b2deLog[Cosh[§ (c+dx)]] 78a2c-FLog[Cosh[§ (c+dx)]] 78b2c-FLog[Cosh[§ (c+dx)]]-
161'1a2fnLog[Cosh[§ (c+dx)]] 74ja2fnLog[Sin[4l (m+21i (c+dx))]] 74abfﬂLog[Sin[i (r+2i (c+dx))]]+

41'1a21C7rLog[—Cosh[l (c+dx)] +JiSinh[l (c+dx)]] —4ab1‘:7TLog{—Cosh[l (c+dx)] +jlsinh[1 (c+dx)]]-
2 2 2 2

8a2deLog{Cosh[1 (c+dx)] +J'1$inh[1 (c+dx)]] JrSJ'labdeLog[Cosh[l (c+dx)] +J'lsinh[1 (c+dx)]]+
2 2 2 2

1 1 1 1
8a?cflog[Cosh|~ (c+dx)]+iSinh[= (c+dx)]|]-8iabcflog[Cosh|= (c+dx)]|+iSinh[= (c+dx)]]-
2 2 2 2
4iabdelog[-1+Cosh[c+dx] +1iSinh[c+dx]] +4b?>delog[-1+Cosh[c+dx] +1Sinh[c+dx]] +
4iabcflog[-1+Cosh[c+dx] +1Sinh[c+dx]] -4b%cflog[-1+Cosh[c+dx]+1Sinh[c+dx]] +4ib?frlogla+bSinh[c+dx]] -

b Sinh[c +dXx] b Sinh[c +dXx]

8b?delog|1+ | +8b%cflog[1l+ | -8 (a?+b?) fPolylog[2, -e <] +

8a (a+1ib) fPolylog[2, -ie“?*] +8a>fPolylog|2, i e “?*| -8iabfPolylog[2, i e <] -8a’fPolylog|[2, e < 4| -

(afm) ecrdx (a+\/m) ecrdx
" | -8b?fPolyLog|2, "

8 b2 f Polylog|[2, e “9%] - 8b? f Polylog|2,

]

Problem 442: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(eﬂcx) Csch[c+dx] Sech[c +dx]?2
dx

a+bSinh[c+dx]

Optimal (type 4, 442 leaves, 26 steps):
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fArcTan[Sinh[c+dx]] b?fArcTan[Sinh[c+dx]] 2fxArcTanh[e“9%] fxArcTanh[Cosh[c+dx]] (e+fx) ArcTanh[Cosh[c+dx]]
- + - + - -

ad? a (a%+b?) d? ad ad ad

b* (e+fx) Log[1+ b e % | b (e+fx) Log[1+ b e

a-+/ a?+b? a+ a?+b? bfLog[Cosh[c+dx]] fPolyLog[2, -ec*d*| fPolyLog[2, ec*dX]
+ + - + -
a (a?+b2)%%d a (a?+b2)¥?d (a2 +b?) d? a d? ad?
b3 f PolyLog |2, - 2= b3 f PolyLog[2, - —2=—
olyLog|2, a-f a2b? ) olyLog|2, as~/a?:b? (e+fx) Sech[c+dx] b?(e+fx)Sech[c+dx] b (e+fx) Tanh[c+dx]
+ + - -
a(a2+b2)3/2d2 a<a2+b2)3/2d2 ad a (a2+b2)d (a2+b2)d

Result (type 4, 922 leaves):

fAr‘cTan[Tanh[i (c+dx)]]cschic+dx] (a+bSinh[c+dx]) fAr‘cTan[TanhE (c+dx)]]Cschic+dx] (a+bSinh[c+dx])
4 - _ _

4 (a-ib)d* (b+aCschc+dx]) 4 (a+ib)d®(b+aCschic+dx])
ifCsch[c+dx] Log[Cosh[c+dx]] (a+bSinh[c+dx]) . i fCsch[c+dx] Log[Cosh[c+dx]] (a+bSinh[c+dx]) .
8 (a-ib)d? (b+aCschic+dx]) 8 (a+ib) d* (b+aCsch[c+dx])
eCsch[c+dx] Log[Tanh[% (c+dx)]] (a+bsinh[c+dx]) cfCschlc+dx] Log[Tanh[% (c+dx)]] (a+bsinh[c+dx])
4ad (b+aCsch[c+dx]) 4ad? (b+aCschlc+dx])
(i fCsch{c+dx] (i (c+dx) (Log[l-e <] -Log[1+e <]} +i (PolyLog[2, -e “?*] - PolylLog[2, e “**])) (a+bSinh[c+dx])) /
(4ad® (b+aCsch[c+dx])) + ! b*> (a® + b®) Csch[c +d x]

4a(-(a?+0?)?)”*d? (bracCschic+dx])

a+bCosh[c+dx bSinh[c+dx a+bCosh[c+dx bSinh[c+dx
2557 e arcran| T RCOMIEL DS 5 33 ¢ pancran RO S D SIMIE AL

V-at-b? VCarop?
b (Cosh[c+dx] +Sinh[c+d b (Cosh[c+dx] +Sinh[c +d
JZa? b7 f (crdx) Log[1. D lCOSNIEr X P SInNTe~dx) ) T e L d) Log[1 D COSMICTdX] ssinhledx]) )
a-/atib? aialibt
b (Cosh d Sinh d b (Cosh d Sinh d
A/ -a%*-b? fPolylog|2, (Coshic +dx] + Sinh[c XJ)]’\/faziszfPolyLog[z,f (Cosh[c+dx] +Sinh[c + X”}J
-a+Va’+b? a+\/a2+7b2

(a+bsinh[c+dx]) + (Csch[c+dx] Sech[c+dx] (a+bSinh[c+dx])

(ade-acf+af (c+dx)-bdeSinh[c+dx] +bcfSinh[c+dx] -bf (c+dx)Sinh[c+dx])) /(4 (a*+b?) d* (b+aCsch[c+dx]))

Problem 443: Result more than twice size of optimal antiderivative.

Csch[c+dx] Sech[c +dx]?
J dx

a+bSinh[c +dx]
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Optimal (type 3, 113 leaves, 10 steps):

b-aTanh| L (c+d x)
2 b3 ArcTanh |

ArcTanh[Cosh[c +d x]] \/ a2 +b? Sech[c+dx] bSech[c+dx] (b+aSinh[c+dx])
_ + + _
ad a (a?+b2)>%d ad a (a?+b?)d

Result (type 3, 233 leaves):

1 b—aTanh[%(c+dx)]

-2b%ArcTan|

| -a%+/-a*-b? Log[Cosh[% (c+dx)]]-b?+/-a%-b? Log[Cosh[% (c+dx)]]+

a(faz—bz)”zd V_aZ_b?
a?+/-a?-b? Log[Sinh[l (c+dx)]] +b%2+/-a%-b? Log[Sinh[1 (c+dx)]] +a2+/-a%>-b? Sech[c+dx] —ab+/-a%-b? Tanh[c +dXx]
2 2

Problem 444: Attempted integration timed out after 120 seconds.

Csch[c+dx] Sech[c+dx]?
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
Csch[c+dx] Sech[c+dx]?
(e+fx) (a+bSinh[c+dx])

Unintegrable |

» X]

Result (type 1, 1leaves):

PP

Problem 445: Result more than twice size of optimal antiderivative.

J(E+‘FX>2CSCh[C+dX] Sech[c +dx]3
dx

a+bSinh[c +dx]

Optimal (type 4, 1185leaves, 57 steps):
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efx f2x2 2b3 <e+-Fx)2Ar‘cTan[ec*dX] b(e+-Fx)2Ar‘cTan[eC*dX] b f2 ArcTan[Sinh[c +d x] ]

ad  2ad (a2 +b2)%d (a2 +b?) d (a% + b?) d?

b* (e+fx)?Log[1+ 2= b* (e+fx)?Log[1+ 2
<e+ X) Og[ +3,W] (e+ X) Og{ +a+m b4 (e+Fx)2Log[1+ez<c+dX>]

2 (e +fx)?ArcTanh[e2c+2dx]

- - + +
ad a(a2+b2)2d a(a2+b2)2d a<a2+b2)2d
f2Log[Cosh[c+dx]] b2f2log[Cosh[c+dx]] 2ib*f (e+fx)Polylog[2, -ie“?*] ibf (e+fx)Polylog|2, -i e ]
_ . . _
ad? a (a2+b2> d3? (az+b2>2d2 (a2+b2> d?

2b*f (e+fx) PolylLog[2, - 2~
2ib*f (e+fx) Polylog[2, ie“d*| ibf (e+fx)Polylog|2, i e dX] (e +Fx) PolyLog| N e ]

(a? + b2)? d? (a? +b2) d? a (a2 +b?)2 d?

2b% f (e + fx) Polylog[2, - 2=
(e +fx) Polylog|2, asf 2202 b*f (e+fx) PolyLog[2, -e?(<*4%) | f (e+fx) PolylLog|2, -e2c2dX]
N _

+

a(a2+b2)2d2 a(a2+b2)2d2 ad?
f (e+fx) Polylog[2, e2<*29%] 21 b f2Polylog|3, -ie*¥*| ibf2Polylog|3, -ie9*| 21ib*f2Polylog|3, i e<*dx]
ad? . <a2+b2)2d3 . (a2 +b?) d? " (az+b2)2d3 ’
§ b2 PolyLog[3, 1 ev4] 2 b* 2 PolyLog 3, f?ﬁ 2b* £2 PolyLog|3, —73% o £2 PolyLog[3, -e? 42|
(a2 +b?) d? ’ a (a?+b2)%d? ' a (a?+b2)?d? i 2a (a?+b2)%d? '

f2Polylog[3, -e2¢24X]  f2polylog[3, e2<*2¢X] bf (e+fx) Sech[c+dx] b? (e+fx)?Sech[c+dx]?

2ad? 2ad? (a2 +b?) d? 2a (a*+b?)d

f(e+fx) Tanh[c+dx] b>f (e+fx)Tanh[c+dx] b <e+fx)25ech[c+dx] Tanh[c +dx] (eJr-Fx)zTanh[Cerx]2
. _

a d? a (a?+b?) d? 2 (a?+b?)d 2ad

Result (type 4, 3699 leaves):
1
6 (a2+b2)2d3 <1+<e2c)
(-122°d’e?e®“x-24ab’d’e®e*“x+12a’de’“ P x+12ab’de’“ P x-12a’dP e fx*-24ab’dP e fx*-4a’d’ ®“ 2 x° -
8ab’d® e’ f2x?>+6a’bd’e’ArcTan[e® 9| + 18 b d? e* ArcTan[e“"?*| + 6a>bd? e? €2 ArcTan [e"9*] + 18 b® d? e? * ArcTan [e“"?¥] -
12a?b f2 ArcTan e 9| - 12b® f2 ArcTan[e® %] - 12a’ b e f2 ArcTan [e“" %] - 12b% 2 f2 ArcTan[e“9*| +6ia’bd*efxLog[1-1ie“ 9] +
18ib’d?efxlog[l-ie?|+6ia’bd?ee’ fxLlog[l-ie"?*]+18ib’°d?ee® fxlog[l-1ie“ | +31ia’bd®f>x?Log[l-1ie"9*]|+
9ib>d?> f2x? Log[1-1ie“?*] +3ia’bd?e®“f2x?Log[l-ie ]| +9ib>d?e®“fx?Log|l-ie“?*]|-6ia’bd’efxLlog[l+ie"9¥]-
18ib’d?efxlog[l+ie | -6ia’bd?ee’ fxLlog[l+ie? ] -18ib’d?ee® fxlog[l+ie“ | -31ia’bd®f x?Log[l+ie" |-
9ib>d> f2x?Log[1+ie” ] -3ia’bd’ e’ f x’Log[1+ie?*|-9ib>d’e® f2x?Log[1+1ie“?*| +6a’d?e?Log[l+e® (<]
12ab?d?e?Log[1+e? (9% | 1 ga’d?e?e®CLog[l+e? (9% | +12ab?d?e?e® Log[l+e? (9% | —6a%f?Log|[1+e? (<dX) ] -
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6ab’fLog|1 +Le2(“d")} _6a® e2c f2 Log[1+e? (<*9X) ] _6ab?ec f2 Log[1+e? (<9 ] + 12343 d e fx Log[1 +L<e2<‘*dx>} +
24ab?d’efxlog[l+e? (@] 12a%d?ee®  fxlog[l+e? (9] +24ab>d?ee? fxLlog[l+e? (] +

6a>d’> 2 x> Log[1+e® (<9 | +12ab?d* 2 x> Log[1+e? (9% | +6a°d? e®“ £ x? Log[1+e? ("9% | +12ab? d? €2 2 x? Log[1+e? (<9 | -
6ib (a®+3b%) d (1+e®¢) f (e+fx) Polylog[2, -ie“ ] +6ib (a®+3b2)d (1+e®°)f (e+fx) PolyLog[2, ie“ ] +
6a’defPolylog|2, -e?(“9¥ ]| +12ab?de fPolyLog[2, -e? (<'4%) ] +6a’dee®“ fPolylog[2, -e (<4¥ ] +

12ab*de e fPolylog[2, -e? (9% | + 6a’d > x PolyLog[2, -e? (“"9¥ | +12ab?d f2 x PolyLog |2, -e? (4% | +
6a>de?c f2x PolylLog[2, -e? (¥ | +12ab’de?“ f> x PolylLog[2, -e? (“*9¥ | + 6 i a?b f? Polylog|3, i e“*4*] +

18 i b f2 Polylog|3, -1 e“9*] +6ia’be?“ f?Polylog|3, -1 e'9*] +18 i b €2 f? Polylog|[3, -1 e“'4X] -

61ia’bf2Polylog(3, i e“"?*| - 18 i b® 2 Polylog[3, i e“"?*| -6i a’b e’ f? Polylog[3, i e“'¥*| - 18 i b’ e2° f> PolyLog|3, i e ?*| -
3a% 2 Polylog[3, -e®(“"9% | —6ab?f>Polylog|3, e (9| -3a% 2 f2 Polylog|3, -e® (“"9¥ | -6ab’e“ f2 Polylog|3, - (<9 ]} +

- J

4e2x (3e23efxif2x?) 6 (erfx)?Log[1-e? (9]  6f (erfx) Polylog[2,e? (X 3£ Polylog|[3,e? (<]
_ BT T p; + - - -
+
6 a
1
3a <a2+b2)2d3 (—1+ezc>
b* |6d®e? e’ x+6d>ee? Fx?+2d>e® 2 x>+3d* e’ Log[2ae“ ¥+ b (—1+e2<c*dx>” -
b e2crdx b e2crdx
3d*e’e’“log[2ae”®+b (-1+e* ()] +6d’efxlog[l+ | -6d?ee®  fxLog(l+ ]+
ae- (a2+b2) e?¢ aec- (a2+b2) e?¢
2c+d 2c+d
3d2'F2x2Log[1+ be” T ]—3dzechzx2Log[1+ b e }+
ae‘- (a2+b2) e?¢ ae‘- (a2+b2> e?¢
2c+d 2c4d 2 cad
6d”efxlog[l+ e | -6d?ee? fxlog[1+ e | +3d2 %2 Log[1+ e ” ] -
ae‘+ (a2+b2> e2c¢ aet+ (a2+b2> e2¢ ae 4 (a2+b2> e2c
2c+d 2c+d
BdZGZCfZXZLOg“* S }*6d<71+e2C)F<e+Fx) PolyLog[Z,f be 7" ],
ae+ (a2+b2> e?¢ ae- (a2+b2) elc
2 c+d x 2 c+d x
6d (-1+e?¢) f (e+fx) PolylLog[2, - be | -6f*PolyLog|3, - be ]+
ae‘+ (a2+b2) e2¢ ae‘ - (a2+b2) e?¢
2 c+d x 2 c+d x 2c+d
6 ¢ f*Polylog|[3, - e | -6 PolyLog|3, - be | +6e2° f2Polylog|3, - be” ™™ ]|+
ae‘ - (a2+b2> e2c aec+ (a2+b2> e2c ae 4+ <a2+b2) e2c

o

24 (a2 + b?)? d?
24ab’d’efx?+4a>d’f2x>+8ab?d>’f2x>+6a*>efCosh[2c] +6ab’?efCosh[2c] +6a>f2>xCosh[2c] +6ab?f?>xCosh[2c] +
6a’efCosh[2dx] +6ab’efCosh[2dx] +6a>f2xCosh[2dx] +6ab?>f2>xCosh[2dx] +3a*bde?Cosh[c-dx] +3b3de?Cosh[c-dx] +

Csch[c] Sech[c] Sech[c+dx]? (-6a’ef-6ab’ef+12a’d’e’x+24ab’d’e’x-6a’f>x-6ab’f>x+12a’d’efx’+
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6a’bdefxCosh[c-dx] +6b>defxCosh[c-dx] +3a2bdf?x?Cosh[c-dx] +3b3df?x?Cosh[c-dx] -3a’bde?Cosh[3c+dx] -
3b>de?Cosh[3c+dx] -6a’bdefxCosh[3c+dx] -6b3>defxCosh[3c+dx]-3a’bdf?x?Cosh[3c+dx]-3b3df?>x?Cosh[3c+dx] -
6alefCosh[2c+2dx] -6ab’efCosh[2c+2dx] +12a%d?e?xCosh[2c+2dx] +24ab’>d?’e?xCosh[2c+2dx] -6a>f>xCosh[2c+2dx] -
6ab?f?xCosh[2c+2dx] +12a®d?efx*Cosh[2c+2dx] +24ab’d?’efx?Cosh[2c+2dx] +4a>d?’f>x3Cosh[2c+2dx] +
8ab?d?f2x3Cosh[2c+2dx] +6a*>de?Sinh[2c] +6ab?de?Sinh[2c] +12a’defxSinh[2c] +12ab’defxSinh[2c] +
6a>df>x?>Sinh[2c] +6ab’>df>x?Sinh[2c] -6a’befSinh[c-dx] -6b%>efSinh[c-dx] -6a2bf2xSinh[c-dx] -

6b> f>xSinh[c-dx] -6a’befSinh[3c+dx] -6b’efSinh[3c+dx] -6a*bf>xSinh[3c+dx] -6b>f*xSinh[3c+dx])

Problem 448: Attempted integration timed out after 120 seconds.

Csch[c+dx] Sech[c+dx]3
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
Csch[c+dx] Sech[c+dx]3
(e+fx) (a+bSinh[c+dx])

Unintegrable|

, x]

Result (type 1, 1leaves):

2?0

Problem 449: Result more than twice size of optimal antiderivative.

J(e+fx)3Coth[c+dx] Cschic +dx]
dx

a+bSinh[c+dx]

Optimal (type 4, 601 leaves, 27 steps):



228 | 6.1 Hyperbolic sine.nb

b ec+dx }

b fx)?Log[1
6f(e+-Fx)2Ar‘cTanh[ec*dx} (e+-Fx)3Csch[c+dx} (e x)” Log| +a_/az+bz

b (e+fx)’Log[1+

b ectdx

a++/ a+b?

- - + +

ad? ad a’d a’d
b (e+fx)’Log[1-e?(c*d¥] 6f2 (e+fx) Polylog[2, -e*dX| 6f2 (e+fx) Polylog|2, ec*dX]
- + +
a’d ad? ad?

be(-dx

a++/ a%+b? }

becwdx

a-+/a%+b?

3bf (e+fx)*PolyLog|2, - 3bf (e+fx)*Polylog|2, -

3b-F(e+-Fx) PolyLog[2, e? (¢+d%) ]

+

+

+

a? d? a2 d2 2 32 ¢2
6 2 polylog[3, -e4%] 6 Polylog[3, e=x] 6bf2 (e+fx) Polylog|3, —aibﬁ%} 6bf2 (e+fx) PolyLog|3, _:j%]
ad* ) ad* . azd? ) azd3
codx codx
352 (a4 £x) PolyLog[3, et 0] 6b £ PolylLog|[4, —737% 6b £ Polylog[4, —af’eﬁ] 3b £ PolyLog[4, €2 (€40
2a%d3 : azd* : azd* 4 a2 d*

Result (type 4, 2646 leaves):
(e+fx)3Csch[c]
ad
1
4 3% d* (—1+e25)
24ad’ef?xLlog[l-e“9%| +24ad?ee?  f2xLog[l- "9
24ad2e-F2xLog[1+<e°*dX] 24ad2e<e2c-F2xLog[1+ce“dX]+12ad2F3x2Log[1+e°*dX}
4bd’ e’ Log[1-e? C*dx] 4bd®e’ e’ Log[l- e’ c*d"]+12bd3e2-FxLog[1 e? (crdx) |

12bd*ef2x? Log[1-e? (<9 ] —12bd*ee? 2 x? Log[1-e?(“9¥ | +4bd® > x* Log[1 -

24ad (-1+e*) £ (e+fx) PolyLog|2,
6bd2e2e2CfPolyLog[2 e? c+dx]+12bd2e-F2xPolyLog[2 e (0 ] _
6bd? f> x> Polylog|2, e (“9¥ | -6 bd? e?“ f> x? Polylog |2, e* (“*4% | -
24 a f> Polylog|3, e“dx} 24 a e > Polylog|3, e“"?¥] -
6bdf>xPolylog[3, e (<9 | +6bde?" > xPolylLog[3, e (“*9) ] +3b f>PolylLog[4, e* ("9 ] -

+

2 (c+d x) ]

24af PolyLog[

1
2a2d* (-1+e%€)

8bd*e®e?“x+12bd*e? e fx*+8bd*ee?  f2 x> + 2bd* €2 > x* + 24 a d? e? f ArcTanh [e“?*]

-24ad?e? e*“ fArcTanh[e x| -

-12ad? 2 x? Log[1-e“ | +12ad? e?“ 3 x? Log[1 - e“"?*] +
-12ad? e’ 2 x? Log[1+ e ?*] +
-12bd*e?e®“ fxLog|l-
4bd®e®c 2 x> Log[1-
e %] +24ad (- 1+e2“) f2 (e + fx) Polylog[2, e“*%¥] +6bd2e2fPolyLog[2 e? (0] _
12bd?e e?“ f2x Polylog[2, e (<% | +

e x| 4y 243 f3 PolyLog[ —etdx] 4
6bdef2PolyLog[3 e? C+dX]+6bde<e2c1czPolyLog[3 e? C*dx)]f
3be? > Polylog[4, e? C*d")])—

ez (c+d x) ] i

2 (c+dx)} _

blad*e® e’ x+6d*e?e® fx?+ad*ee® x> +d* e P x*+2d* e’ Log[2ae”+b (-1+e? (9¥) ] -

b g2 crdx b @2 c+dx
2d°e* e’ Log[2ae“ @ +b (-1+e? (99} ] +6d*e’ fxLog[1+ | -6d*e?e*“ fxlog|l+ ]+
ae® -,/ (a%+b?) e2¢ ae - (a2+b?)
2c+d 2c+d 2c+d
6d> e f?x?Log|[1+ be ™™ | -6d*ee? 2 x? Log[1+ be” ™™ | +2d® £ x° Log |1+ be 7" ] -
ae‘ - (az+b2) e2c ae_ (a2+b2) e2¢ 3ec - (a2+b2) e2¢
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2c+d 2c+d 2c+d
2d% e 2 x> Log[1 + be” ™ | +6d®e® fxLog[l+ be” ™ | -6d®e?e?“ fxlog[l+ be” ™ |+
ae- (a2+b2> e?¢ ae+ (a2+b2) e2¢ aet+ (a2+b2) e?¢
2c+d 2c+d 2c+d
6d’ef2x?Log[1+ be” ™ | -6d®ee® 2 x? Log[1 + be” ™ | +2d> £ %% Log |1+ be? ™" ] -
ae‘+ <a2+b2) e?¢ ae‘+ (a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2c+d 2c+d
2d* e 3 x3 Log[1 + be” ™ | -6d* (-1+e2¢) f (e+fx)*PolyLog|2, - be” ™™ ] -
ae+ (a2+b2> e?¢ ae‘- (a2+b2> e?¢
be2c+dx be2c+dx
6 d? (—1+e2c) f (e+Fx)2PolyLog[2, - ] -12def? PolyLog[B, - ] +
ae‘+ <a2+b2) e?c ae‘- (a2+b2) e?c
be2c+dx be2c+dx
12de e’ f2 PolyLog|3, - | -12df*xPolyLog|3, - | +12de?“ fx
ae‘ - (a2+b2) e?¢ ae‘ - <a2+b2) e?¢
2c+d 2c+d 2c+d
Polylog|3, - be’ ™ | -12def?PolyLog|3, - be’ ™ | +12dee?c £ Polylog|[3, - be ™" ] -
ae- (a2+b2) e3¢ aet+ (a2+b2> e%¢ ae+ (a2+b2) e?¢
2c+d 2c+d 2c+d
12d f* x PolyLog|3, - e ] +12de2° £ x Polylog[3, - e ] +12 £ Polylog[4, - e ] -
aec+ (a2+b2) e2¢ aec+ <a2+b2) e?¢ ae‘ - (a2+b2) e?¢
2 c+d 2c+d 2c+d
12 2“3 Polylog|4, - be” ™ | +12f*PolyLog[4, - be’ ™ | -12e*¢ 3 PolyLog[4, - be’ ™ ]|+
ae‘ - (a2+b2) e2¢ ae‘+ (a2+b2> elc ae‘+ (a2+b2> e?¢

Csch[ <] csch[ €+ 2] (e*sinh[9*] +3e? fxsinh[9*] +3ef2x2 Sinh[2X] + £25C sinh[*]]

+

2ad
sech[ <] sech[ €+ 2] (e*sinh[9*] +3e? fxsinh[9*] +3ef2x2 sinh[2X] + £25C sinh[4*]]

2ad

Problem 451: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(eﬂcx) Coth[c +dx] Csch[c +dXx]
dx

a+bSinh[c +dXx]

Optimal (type 4, 243 leaves, 15 steps):
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b(e+fx)Log[l+ 2" —] b (e+fx)Log[l+ L]
fArcTanh[Cosh[c+dx]] (e+fx) Csch[c+dx] I ey 22202
_ _ + + _
ad? ad a2d a2 d
bfPolylog[2, - —2<“—] bfPolylog[2, - 2=
b (e+fx) Log[1-e? (] a-/ a%+b? ae/a%eb? bFPolyLog[z 2 (c+dx) |
+ +
a’d ad? ad? 2 a2 d?
Result (type 4, 712leaves):
1+jl_a . 1 . .
1 b (a+1b)Cot[Z(21c+ﬁ+21dX”
-8bc?f-4ibcfrn+bfr?-16bcdfx-4ibdfrx-8bd?fx?-32bfArcSin[————] ArcTan| |-
8a%d? V2 a’ + b?

4adeCoth[1 (c+dx)] 74adfxCoth[1 (c+dx)| -8bcfLlog[1-e?("9) | -8bdfxlog[l-e? (9] +

2 2
Fas/a?eb? | ecox (-2 ot b7 | ecox ~as/a?eb? | ecex

8bcflog[l+ | +4ibfrLog[l+ | +8bdfxLog[1l+

b b b
\/1+% (—a+\/a2+b2)e°*dx (a+\/a2+b2)ec*dx (a+ \/az‘sz) crdx
16 i b f ArcSin[ ————] Log[1 + | +8bcfLog(1- | +4ibfrlog|l- |+
NS b b b
(a+m) ecrdx 2, p2 ) ecrdx

8bdfxLog[l-

| -16 i b f ArcSin| | Log[1
b T b

bSinh[c +dx]

| -8bdelog[Sinh[c+dx]] +

bSinh[c +dx]

8bcflog[Sinh[c+dx]] -4ibfrLogla+bSinh[c+dx]] +8bdelog[l+ | -8bcfLog(l+

a a
(a- Va7 b7 =
.
b

} +

8aflog|Tanh[ =~ (c+dx)]] +4bfPolylog[2, e?(<*9¥) ] +8bfPolylog|2,

N |

(a +1/a?+b? ) ecrdx
8b-FPolyLog[2J

" ]+4adeTanh[1(c+dx>]+4ad-FXTanh[l(c+dx”
2 2



6.1 Hyperbolic sine.nb | 231

Problem 453: Attempted integration timed out after 120 seconds.

Coth[c +dx] Csch[c +dx]
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 34 leaves, 0 steps):
Coth[c+dx] Csch[c+dx]
(e+fx) (a+bSinh[c+dx]) ’

Unintegrable|

Result (type 1, 1leaves):

PP

Problem 454: Result more than twice size of optimal antiderivative.

J(le-Fx>3Co‘ch[c+dx]2d1
X

a+bSinh[c+dx]

Optimal (type 4, 721 leaves, 41 steps):
Va?+b? (e+fx)?Log[1+ —bet®

(e+fx)® 2b (e+fx)>ArcTanh[ecd*] (e+fx)>Coth[c+dXx] aSarip? ]
_ . _ N _

ad azd ad a%d

/a2 + b? £x)3L 1, —bes®
a e+ Fx)" Log| +a+4/az+bz 3f (e+fx)%Log[l-e2(crdx 3bf (e+fx)?Polylog[2, —ecdx

+ + -

a’d ad? a’d?
31/aZ+b? f(e+fx)?Polylogl2, - < ] 3/aZ:b2 f (e+fx)2Polylog|2, - —2=2
3bf (e+fx)?PolyLog|2, ec*dX] " (& +x) yLog|2, Y ey ] ! e+ Fx) yLog|2, O ey
a2 d? i a2 d? ) a2 d? :
3f2 (e+fx) PolyLog[2, €2 (9¥ | 6bf2 (e+fx) PolyLog[3, -e“'?%| 6bf? (e+fx) Polylog|3, e<"d*]
_ . _
ad? a2 d? a2d3
6/a2+b? 2 (e+fx) Polylog[3, - 2= —] 6+/a?+b? f2 (e+fx) Polylog[3, - 2=
a‘ + (e+ X) oly og[ > af\/ahibl] + ( + ) y g{ ) a+\/ﬂ 343 PolyLog[B, ez(“dx)}
+ - +
a’d? a’d? 2ad*
6+/a2+b? f*Polylog[4, - 2<“—] 6+/a’+b? £3Polylog[d, -
6 b f>PolyLog|4, -e<**|  6bf>PolyLog|4, e dX| " yLog|4, a2 ] ! yLog|4, N ey
a2 d* ) a2 d* : a2 d* . a2 d*

Result (type 4, 2213 leaves):
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1
2a2d* (—1+ezc)

(12ad3 e?e?“fx+12ad’ee® 2 x*+4ad>e® 2 x> +4bd® e ArcTanh[e“"*| -4 b d?e® e ArcTanh [e“"9*] -6 b d*> e’ fx Log[1-e“"4] +
6bd’e? e fxlog[l-e"*| -6bd*ef’x’Log[1-e“"?*]| +6bd*ee? x> Log[1-e“"*| -2bd® > x® Log[1- 9] +
2bd* e 2 x% Log[1-e“9*| +6bd>e? fxLog[1l+e*] -6bd>e?e®  fxLog[l+e?*| +6bd®ef?x?Log[1+e 9] -
6bd>ee? 2 x? Log[1+e?*] +2bd> 2 x% Log[1+e“ ]| -2bd®e®“ > x* Log[1+e“"9*| +6ad?e? fLog[1-e? (9% | -
6ad’e’ e’ flog[l-e?(“99 ] +12ad’ef’xlog[1-e? (¥ ] -12ad’ee’ f2xlog[l-e? (<90 ]+
6ad?f x?Log[1-e? (9] -pad?e? > x?Log[1-e?(“?] -6bd® (-1+e2°) f (e+Ffx)*Polylog[2, -e“9*] +
6bd? (-1+e2°) f (e+fx)?Polylog[2, e“*?*| +6adef?Polylog[2, e (9] -6adee?“ f2Polylog[2, e (<*9¥ | +
6adf>xPolylog[2, e® (¥ | -6ade?“ > xPolylLog|2, e ("] ~12bde f?PolylLog[3, -e“%*| +12bd e e’ f2 PolylLog[3, -e***| -
12bd > xPolyLog[3, -e“"%*| +12bd e?“ > x PolylLog[3, -e“9*| + 12bd e f? Polylog|3, e“**]| -12bde e*“ f* PolyLog|[3, e'4*| +
12bd > x PolyLog[3, e“*?*| ~12bd e?“ f> x Polylog|3, e***] - 3a f>PolyLog[3, e* ("] + 3ae?“ > PolyLog|3, e? (4% | 4
12b f? Polylog[4, -e“9*| -12be”“ f> Polylog|4, -] - 12b f? Polylog[4, e*%*| +12b e? > PolyLog|4, e“dX]) +

+d 2c+d
= \-a?-b? |-2d%e’ ./ (a%+b?) &€ Ar‘cTan[m}—B\/—az—b2 d>e? e fx Log[1 + b e ] -

a?d* ./ (a?+b?) &€ V-aZ-p? ae -/ (a?+b?) e¢
2c+d 2csd
3vfa27b2 d3ee°F2x2Log[1+ be” ],Al7a27b2 d3@c'F3X3LOg[1+ b e*c+dX ]+
ae‘ - (az+b2) e?¢ 3ef - (a2+b2) e2c
2c+d 2 csd
34 -a%-b? d3e2<eC-FxLog[1+ b e %% ]+34/—a27b2 d3ee°'F2x2Log[1+ b e2ctdx ]+
ae‘+ (a2+b2) e?¢ ae 4+ (a2+b2) e2¢
2c+d 2c+d
md3ecf3x3'-°g[1+ e ]—3md2ecf(e+fX)2PolyLog[2,— e ]+
ae‘+ (a2+b2> e2¢ aec - <a2+b2) e2c¢
b62c+dx
BWdzecf(eﬂcx)ZPolyLog[z,— ]+
aet+./ (a%+b?) ¢
2c+d 2 cad
6+ -a?-b? dee f2Polylog|3, - be ™™ ]+64/—a2—b2 d e £ x PolyLog|[3, - b e2cdx -
aec- <a2+b2) e?c aec - (a2+b2> e2c
2c+d 2ced
6/ -a?-b? dee f2Polylog|3, - be ™™ ]—6~/—a27b2 d e £ x Polylog[3, - b e2c+dx ]
ae+ <a2+b2) e?c aec s (a2+b2> Q2c
2c+d 2c+d
6/ -a?-b? e f>Polylog|4, - be?™" | +6+/-a? b2 e £ PolyLog[4, - b e2crdx 1.
ae® -,/ (a%+b?) e2¢ aec /(a2 +b?) e2¢

Sech[<] sech[ ¢+ 9] (~e3sinh[“X] -3e2 fxSinh[2*] -3 e f2x?Sinh[9*] - £ x3 sinh[ <*])

2ad
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Csch[i] Csch[§+ dT] (e3Sinh[dTX] +3e2foinh[d7X] +3ef2xzsinh[d7x} +f3x3Sinh[dz—X])

2ad

Problem 455: Result more than twice size of optimal antiderivative.

J(e+fx>2Coth[c+dx]2
dx

a+bSinh[c +dx]

Optimal (type 4, 517 leaves, 34 steps):
VaZ+b? (e+fx)?Log[1+

(e+-Fx)2 2b (e+fx>2Ar‘cTanh[e“dX] (e+Fx)2Coth[c+dx] aa2:b2 ]
_ N _ . _

ad a%d ad a%d

~a? + b? £x)2L 1 _bettdx
a’+b? fe+fx) Log|1 asfa2eb? 2f (e+fx) Log[1-e?(<9 ] 2bf (e+fx) Polylog[2, -e“*?*] 2bf (e+fx) PolylLog|2, e<*d*]

+ +

+

azd a d? a2 d? a2 d2
2+/aZ+ b2 f (e+fx) Polylog|[2, - 2= 2+/aZ+b? f (e+fx) Polylog|[2, - 2=
< ) y g[ ) a—\/ﬁ } < ) y g[ ’ a+\/a2+T £2 PolyLog [2, @2 (c+dx) ]
_ + _
a2 d? a2 d? ad3
2+/a?+ b f2Polylog|3, - 2= 2+/a?+ b? f2Polylog|3, - —2=2
2bf2Polylog|3, -e“'9%] 2bf2Polylog|3, e“*?X] 3 Y ey ] 3, N ey
az d3 ’ az d3 N az d3 N a2 d3

Result (type 4, 1037 leaves):
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1 4ad’ee®“fx 2ad?e?cf2x?
|- ; - ; +2bd?e?ArcTanh[e“*?*] -2bd*e fx Log[1-e | -bd? > x? Log[1-e“"?*| +2bd? e fxLog|[l+e“ 9] +
a‘d -1+e°€ -1+e*€

bd* 2 x? Log[1+e“9*| +2adeflog[l-e® (9| +2adfxLlog[1-e (9| +2bdf (e+fx) PolyLog[2, —e“"9¥] -

2bdf (e+fx) Polylog[2, e“®*] + a2 PolyLog[2, e (“*9¥) | - 2b 2 PolyLog|3, -e*"*| + 2b f? PolyLog|3, ec*dx}) +

2d2e2Ar‘cTan[M] 2d2eecfoog[1+L} d? e€ 2 x? Log[l+$]
1 5 ) _a’_p? ae‘- (az+b2) e?¢ ae‘- (az+bz) e2¢
(a +b ) + + -

azd3 ~—a? - b2 (a2 + b2 e2¢ (a2 + b?) 2

2d2eecfoog[1+L] dzecfzszog[lJrL} 2de f (e+fx) PolyLog[Z,fﬁ]
ae+/ (a%+b?) e2© ae+ (a%+b?) e*° ae‘-/ (a?+b?) e2©
_ + _
(a2+b2) e?¢ (a2+b2) e?¢ (az+b2) e%¢
2def (e+fx) Polylog|2, —L] 2 e“ f2 Polylog|3, —L] 2 e“ f2 Polylog|3, —%]
ae‘+ (a2+b2) e?¢ ae‘- (az+b2) e?c ae‘+ (az+b2) e
- + +
(a% + b?) e2¢ (a2 + b?) e2¢ (a2 + b?) e2¢

Sech[ ] Sech[

< co @] [-e?sinh[X] - 2efxSinh[9*] - £2x2 Sinh[*]]

+

2ad

+4x] [e2sinh[9X] +2efxsinh[ 2]+ £2x2 sinh[2*])

Csch| <] Csch| ;

< <
2 2

2ad
Problem 458: Attempted integration timed out after 120 seconds.
Coth[c+dx]?
dx
J(eﬂcx) (a+bsinh[c+dx])

Optimal (type 9, 30leaves, 0 steps):

Coth[c+dx]?
(e+fx) (a+bsSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

???
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Problem 459: Result more than twice size of optimal antiderivative.

dx

(e+-Fx)3Cosh[c+dx] Coth[c +dx]?2
J a+bSinh[c+dx]

Optimal (type 4, 718 leaves, 48 steps):

2, p2 fx)3Log[1+ 2
b(e+fx)* (a?+b?) (e+fx)* 6f (e+fx)?ArcTanh[e*dx] (e+fx)>Cschlc+dx] (a2 +b?) e+ Fx)” Log| +a,/az+bz }
- - - + +
43%f 4a’bf a d? ad a’bd
2, p2 £x)3L 1 _betdx
(a ' ) (e+ X) og[ ' ar/a?ib? b (e+-Fx) Log[l e? C*dx>] 6 2 (e+-Fx> PolyLog[ C*dx] 6 2 (e+fx) PolyLog[Z, ec*dx}
- - + +
a’bd a%d ad? ad?
3 (a2+b2) f (e+fx)2Polylog[2, - 2] 3 (a2+b?)f (e+fx)2Polylog|2, - 2=
(a2 +b?) f (e+fx)”Poly g2, a—m] (a2 +b?) f (e+fx)*Poly og[2, e 3b-F(e+'Fx> PolyLog 2, 2 (4% ]
+ - +
a’bd? a?bd? 2a%d?
beudx

6 (a®+b?) f2 (e + fx) PolyLog|3, —&} 6 (a>+b?) f2 (e + f x) Polylog|3, -

6 > Polylog|3, -e“*9%| 6f>PolyLog|3, e*d¥| afa2eb? as/a?eb?
- - - +
ad* ad* a’bd? a’bd?
6 (a2 +b2) f3 PolylLog|4, - —2¢ 1 6 (a2+b2) f3Polylog|a, - —be™™
3bf? (e+fx) Polylog[3, e? ©*@¥ ] (2 %) yLog[4, afatib? J s (ater?) yLog[4, anfotv 3P Polylog|d, e? (©¢x |
+ +
2a%d? a’bd* a’bd* 4 a2 d*

Result (type 4, 2744 leaves):
1

4a’d* (-1+e%€)

24ad?ef?xlog[l-e“9*| +24ad’ee®“ f2xLlog[l- 9| ~12ad? > x? Log[1-e“"?*| +12ad?e®“ > x? Log[1 - e“"9¥] +

24ad2ef2xLog[1+e“dX] 24ad2eech2xLog[1+e“dx] +12ad? 3 x2 Log[1+ec+dx} -12ad*e*“ 2 x? Log |1+ e ¥ +

(8bd*e*e®“x+12bd*e?e®“ fx*+8bd*ee’ X’ +2bd* e* 2 x*+24ad? e? fArcTanh[e®"9*| - 24 ad®e? e f ArcTanh [e“"9*] -

4bd®e’ Log|1 - e? °+dX] 4bd®e’ e’ Log[1- € c*dx]+12bd3e2FxLog[1 e?(@d¥] _12bd*e’ e’ fxLog[1- 2<C+dX>]+
12bd’ef?x?Log[1-e? ] -12bd’ee?“ f2x?Log[1-e* (4] +4bd® £ x° Log[1-e® (9] -abd® e 2 X’ Log[1 - e? (*99 | -
24ad (-1+e2°) (e+fx) Polylog[2, -e“"*] +24ad (- 1+e2°) 2 (e + fx) Polylog[2, e“*%¥] +6bd2e2fpolyLog[2 e? (crdx ] _
6bd2e2e2C'FPolyLog[2 e? C*dx]+12bd2e-|:2xPolyLog[2 e? (<dx ] _12bd?ee’C f2xPolylog|2, e? (<4 | +

6bd” > x> Polylog|2, e (“9¥ | -6 bd? e’ f> x> Polylog |2, e (“"9¥ | - 2423 PolyLog[ x| + 243 3 PolyLog[ —etrdx] +

24 a f3 PolyLog|3, ec*dx} 24 ae*° 3 Polylog|[3, e“'4| - 6bdef2PolyLog[3 e? C+dX]+6bde<ezc1‘:2PolyLog[3 e? C*dx)]—
6bdf>xPolylog|3, e (“*9% | +6bde’“ > xPolylog|3, e® (<*9¥ | +3bf>Polylog|4, e® (<*9¥ | -3 be?° > PolylLog[4, e (<% ]) -

1

(a%+b%) |4d*e*e® x+6d* e’ e’ FX*+4dee® P +d* e P x*+2d% e Log[2a e X +b (-1+e® (V)] -
2a2bd* (-1+e?°)
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beZde be2c+dx

2d*e* e’ Log[2ae“ @ +b (-1+e>(“99) ] +6d> e’ fxLog[l+ | -6d®e? e’ fxlog[l+ |+
aef - (a%+b?) e*¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d 2 c+d
6d>ef? x> Log|[1+ be” ™ | -6d>ee® 2 x? Log[1+ be” ™ | +2d® £ %3 Log |1+ be ™" ] -
ae‘- <a2+b2) e?¢ ae‘ - (a2+b2) e2¢ ae‘- (a2+b2) e2¢
2c+d 2c+d 2c+d
24?3 x% Log[1+ bt | +6d*e? fxlog[l+ bt | -6d*e?e*“ fxlog[l+ ber™” |+
aec- (a2+b2> e?¢ aet+ (a2+b2) e%¢ aet+./ (a%+b?) e*¢
2c+d 2c+d 2c+d
6d>ef?x?Log[1+ be” ™ | -6d*ee? 2 x? Log[1+ be ™ | +2d* £ x° Log |1+ be ™ ] -
ae+ (a2+b2) e%¢ aet+ (a2+b2> e?¢ ae+ (a2+b2) e?¢
be2c+dx be2c+dx
2d° e? 3 x3 Log[1+ }—6d2(—1+e2°>-F(e+fx)2PolyLog[2,— | -
aec+ (a2+b2) e%¢ aec - (a2+b2> e%¢
b(82c+dx beZC+dx
6d* (-1+e’°) f (e+Fx)2PolyLog[2, - | -12def?PolyLlog[3, - |+
aet+./ (a%+b?) e*¢ aef - (a%+b?) e*¢
b62c+dx b(82c+dx
12dee®“ f2Polylog|3, - | -12d > x PolyLog|3, - | +12de*“ fx
ae® -,/ (a%+b?) ¢ aet -,/ (a%+b?) e¢
beZC+dx b(eZc+dx beZC+dx
PolylLog|3, - | -12def*Polylog|3, - | +12dee®“ > Polylog|3, -
aec - (a2+b2) e?¢ ae+ (a2+b2> e%¢ ae+ (az+b2) e?¢
be2c+dx be2c+dx be2c+dx
12d > x Polylog|3, - | +12de?*c 3 x PolyLog|3, - | +12f3PolyLog|4, -
ae+ (a2+b2) e?¢ ae+ <a2+b2) e?¢ aef- (a2+b2) e?¢
2c+d 2c+d 2c+d
12 e2¢ 3 Polylog|4, - be” ™ | +12 3 PolyLog|4, - be” ™™ | -12e?° 3 PolyLog|4, - be? ™"
ae‘- (a2+b2) e?c ae+ (a2+b2> e?¢ ae+ (a2+b2) e?¢
1bd (-4be’-12be*fx-12bef’x*-4bf>x>+4ade’xCosh[c] +6ade’fx*Cosh[c] +4adef?x>Cosh[c] +adf>x*Cosh[c])
8a

] +

+d7x] (e3sinh[de] +3e2-FxSinh[d7X] +3E'F2XZSinh{d?X} +f3X3Sinh[de])

Csch]| E} Sech]|
2

N0

Csch[i] Csch[i

+

2ad

Sech[i] Sech[§+dTX] (essinh[dTX] +3e2-FxSinh[d7x] +3ef2x2$inh[d7x} +f3xssinh[dTX])

2ad

Problem 460: Result more than twice size of optimal antiderivative.
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J<e+fx)2Cosh[c+dx] Coth[c +dx]?2
dx

a+bSinh[c+dx]

Optimal (type 4, 518 leaves, 37 steps):

(a2 +b?) (e+fx)?Log[1+ bee?

Y ]

+ +

3a2f 3a2bf a d? ad a’bd

b(e+fx)® (a?2+b?) (e+fx)> 4f (e+fx)ArcTanh[ed*] (e+fx)?Csch[c+dx]

2, p2 £x)2L 1 _betdx
(a ' ) (e+ X) og[ ' ar/a?ib? b (e+-Fx)2 Log[lﬂe2 <C*dx>] 2 f2 PolyLog[Z, —ec*dx] 2 2 PolyLog[Z, ec*dx}
- - +

a’bd a%d ad? ad?

+

2 (a2 +b?) f (e+fx) PolylLog|2, - b % | 2 (a?+b?) f (e+fx) PolylLog|2, o bt

a—/a’+b? anfarr - bf (e+fx) Polylog[2, e (x|

+ _ _
az b dz a2 b d2 a2 d2
2 (a2 +b2) £2 polylog|3, - —2e= 2 (a2 +b2) f2 polylog|3, - —2e=
( + ) y g[ a—\/m] ( + ) y g[ a+m b £2 POlyLOg[3, @2 (c+dx)}
- +

a?bd? azbd3 2a2d?

Result (type 4, 1367 leaves):
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1 12be2e?x 12befx? 4bf2x3 24aefArcTanh|esdX]
——|-12be?x + + + -

6 a2 -1+ e2¢ -1+ e2€ -1+ e2€ d?

+

6be? (2dx-Log[1-e? (9% ]) 12af? (dx (Log|[l- e %] - Log[1+e 9|} -PolyLog|2, -e*9*] + PolyLog|2, e“*dx])
+

d d3 *
6bef (2dx (dx—Log[l—ce2 (C*d”]) - Polylog|[2, e? <C*dx>])
d? ’
bf? (2d?x? (2dx-3Log[1-e?(<*9% |) -6dxPolylog|2, e? (X ] + 3 PolylLog|3, e? (¢*4X) )
d3

1
3a2bd? (-1+e29)

(a?+b%) |6d’e?e® x+6d’ee®  fx?+2d>e® 2 x> +3d?e’Log[2ae ™ +b (-1+e? (90 ] -

b62c+dx be25+dx
3d’e’e’“Llog[2ae”®*+b (-1+e* (9] +6d’efxlog[l+ | -6d*ee?“ fxLog[l+ ]+
ae‘ - (a2+b2) e?¢ ae‘ - (a2+b2) e?c
2c+d 2c+d
3d2f2x? Log[1 + be ™™ | -3d*e?“ f2x? Log[1 + be ™™ ]+
aec (a2+b2) e?¢ ae‘- (a2+b2> e?¢
2c+d 2c+d 2c+d
6d’efxlog|l+ be” ™ | -6d?ee®“ fxLog|l+ be’ ™7 | +3d*f2x? Log[1+ be”™™ ] -
aec+ (a2+b2) e%¢ ae‘+ (a2+b2) e?¢ ae‘+ (a2+b2) e?¢
2c+d 2c+d
3d?e?° 2 x? Log[1+ be” ™ | -6d (-1+e*) f (e+fx) Polylog[2, - be” ™ | -
ae+ (a2+b2> e?¢ aec- <a2+b2) e%¢
2c+d 2c+d
6d (-1+e’¢) f (e+fx) Polylog|2, - be ™™ | -6f*PolyLog|3, - be ™™ |+
ae+ (a2+b2) e%¢ ae‘- (a2+b2) e%¢
2c+d 2c+d 2c+d
6 e f2 PolyLog|3, - be” ™™ | -6f*PolyLog|3, - be” ™ | +6e2° f?Polylog|3, - be ™ RE
ae- (a2+b2) e%¢ ae+ (a2+b2) e%¢ ae+ <a2+b2) e?¢
1bd(—3be2—6befx—3bf2x2+3ade2xCosh[c]+3adefx2Cosh[c]+adf2x3Cosh[c])Csch[£} Sech[£]+
6a 2 2
Csch[ <] Csch[$+ ] (e?sinh[9*] +2e fxSinh[2*] « £252 sinh[*]]

+
2ad
X

sech[ <] sech[ ¢+ ] (e?sinh[9*] +2e fxSinh[2*] « £252 sinh[*]]

2ad
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Problem 461: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(ewa) Cosh[c +dx] Coth[c+dx]2d]
X

a+bSinh[c+dx]

Optimal (type 4, 324 leaves, 28 steps):
b(e+fx)® (a?+b?) (e+fx)? fArcTanh[Cosh[c+dx]] (e+fx)Cschlc+dx]

- +

2a’f 2a’bf ad? ad
24 p2 £x) Log[1+ 2= 2., p2 £x) Log[1+ 2
(a2 +b2) (e+fx) Log| W] (a2 +b?) (e+fx) Log| ol blesfx) Log[1-e? 0]
+ - +
a’bd a’bd a’d
2., b2) fPolylog|[2, - 2= 2, b?) fPolylog[2, - 2
(a + ) o y Og[ ) ai\/ﬂ] <a + ) (0] y Og[ 2 a+\/ﬂ b-FPolyLog[Z_, eZ(C+dX)]
. -
a?b d? a? b d? 2a% d?

Result (type 4, 1196 leaves):
(—deCosh[i (c+dx>] +c-FCosh[i (c+dx” -f (c+dx) Cosh[i (c+dx>]) Csch[i (c+dx)] beLog[Sinh[c+dx]]

+

2 ad? a’d
bcfLog[Sinh[c+dx]] eLog[1+—‘—LbSi”ha°*dx ] beLog[1+Ma“ﬂL] cflog[l+ Mac*ﬂ]-] bcfLog[l+ Ma“ﬂ]—]
+ + - - +
a2 d? bd a’d b d? a2 d?
FLog[Tanh[i (c+dx)|] ibf (1'1 (c+dx) Log[1-e2(cdx ] ,ij (, (c+dx)?+PolyLog|2, e—Z(c+dx)}))
ad? ' a2 d2 *
i(a-ib) ] 1 .
1 (c+dx) Logla+bSinh[c+dx]] 1 |1 [« 2 b (a+ib) Tan[;(;—l(CHﬂX))]
= f -1 —i(——j(c+dx) -4 i ArcSin[————] ArcTan| | -
d* b b 12 12 V2 VaZ b7
7T . a:b i (a—'\/a2+b2 ) eﬁ(%i <c+dx>)
—-1i(c+dx) +2ArcSin[ —————] | Log[1+ | -
2 VT b
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- b i (a+ a’ + b? ) ' (51 (erd)) o
—-1i(c+dx)-2ArcSin| —————]| Log[1+ " ]+(—7j(c+dx) Log[a+bSinh[c+dx]] +
2 2 2
i (37 a2 + b2 ) et (-1 (crdx)) i (a+\/m) ot (2-1 (crdx)
i |Polylog[2, - " | +Polylog|2, - . ] +
i(a-ib) ] 1 .
1, (c+dx> Logfa+bSinh[c+dx]] 1 |1 (7 . 2 . . b (a+1b)Tan[;(;—1(c+dx))]
b -1 —1(——1(c+dx) -4 i ArcSin[————] ArcTan| | -
a? d? b b 2 2 V2 JaZib?
7T . a:b i (a——\/ a2+ b? ) et (%71 <c+dx>)
—-1i(c+dx) +2ArcSin[ —————]| Log[1+ | -
2 Jz b
o } at;ib i (a+\/a2+b2 ) el (371 (esdx) .
— -1 (c+dx) -2ArcSin[ —————] | Log[1+ ]+(——Ji(c+dx) Log[a+bSinh[c+dx]] +
2 NES b 2
i (a— a2+ b2 ) ol (gfj (c+dx)) i (a+ (22 s b2 ) ol (gfi (c+dx))
i [PolyLog[2, - " | +PolyLog[2, - " ] +

Sech[i (c+dx)] (desinh[i (c+dx)] 7c-FSinh[§ (c+dx)]+f (c+dx) Sinh[% (c+dx)])

2ad?

Problem 463: Attempted integration timed out after 120 seconds.
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Cosh[c+dx] Coth[c+dx]?
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Cosh[c+dx] Coth[c +dx]?
(e+fx) (a+bSinh[c+dx])

Unintegrable|

, X|

Result (type 1, 1leaves):

2?2

Problem 464: Result more than twice size of optimal antiderivative.

J(e+-Fx>3Csch[c+dx]ZSech[c+dx} ;
X

a+bSinh[c+dx]

Optimal (type 4, 1428 leaves, 64 steps):
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2 (e+-Fx)3Ar‘cTan[ec*dX} 2 b2 (e+-Fx)3Ar‘cTan[ec*dX] 6F (e+-Fx>2Ar'cTanh[ec*dX] 2b (e+fx>3Ar‘cTanh[e2C*2dX]
_ N _ . _

ad a(a2+b2)d a d2 a?d

b* (e+fx)?Log[1+ b ecr? ] b (e+fx)’Log[1+ b e ?

a-/a’+b? a+\/ﬂ] b® (e+fx)’Log[1+e? (crdx)] i

+ + -

ad a2 (a2+b2) d a? (a2+b2) d a? (a +b2) d

(e+fx)?Cschic+dx]

6 f2 (e +fx) PolyLog[2, -e<*¢*] 3if (e+fx)?Polylog[2, -ie*] 3ib?f (e+fx)?Polylog[2, -ie“dx]
. _ _

ad? a d2 a (a2+b2) d?

3if (e+fx)?Polylog[2, ie*dX] 3ib%f (e+fx)?Polylog[2, ied*] 6f2 (e+fx) Polylog|2, e d]
+ + +

ad? a (a?+b?) d? ad3

3b% f (e« fx)?Polylog[2, - 2] 3b3f (e+fx)2PolyLog[2, - 2
(e+ X) oly Og{ ai\/ﬁ] <e+ X) oly Og[ a+\/ﬁ 3b3'F<e+'FX) POlyLOg[Z 7@ c+dx)}

a? (a’+b?) d? ’ a’ (a?+b?) d? ) 222 (a%+b?) d? '
3bf (e+-Fx) PolylLog[2, -e2:2dx|  3bf (e+~Fx)2PolyLog[2, eZC*ZdX} 6 > Polylog|3, -e“¢%| 61 f? (e+Fx) PolyLog[3, - i ec*dX]
2 a%d? ) 2 a2 d? ad* ) ad? :
61ib?f2 (e+fx) Polylog|[3, -ie“d%| 6if? (e+fx)Polylog|3, ie“?*| 6ib?f? (e+fx)Polylog|3, ie'd*| 6F>Polylog|3, e<*dX]
a (a?+b?) d? : ad? ) a(a?+b?) d? ) ad* )

6b3f2 (e+fx) Polylog[3, - 2] 6b32 (e+fx) PolylLog[3, - 2=
(e+ X> oly 08[ ai\/m] (e+ X) oly Og[ a+\/m] 3 b3 f2 (e+'FX) POlyLOg[3 _e2 C+dx)}
+

a? (a?+b?) d? a’ (a%+b?) d 2a? (a?+b?) d?
3bf2 (e+fx) Polylog[3, -e?<*24x] 3bf? (e+fx) Polylog|3, e*<*2¢X] 61 f>Polylog|4, - i e“*?*]
+ + -
2a%d3 2a%d3 ad*
6 b® £2 Polylog[4, - —2<—
6 i b2 3 PolylLog[4, -i e“?*] 61 f>PolyLog[4, ie“9*| 61ib?f>Polylog|4, i e 9] olyLog|4, Y peyrey
- + + +

a (a?+b?) d* ad* a (a%+b?) d* a? (a?+b?) d*
6 b* f3 PolyLog[4, - —2<~

olyLog|4, aia2eb2 3b* f3 Polylog[4, -e? “d’”} 3bf3Polylog|4, -e2<*24x] 3 f3Polylog|4, e?¢ 2dx]

a? (a?+b?) d* 4a? (a2 +b?) d* 4a%d* 4a%d*

Result (type 4, 4187 leaves):
1
4(a2+b2>d4<1+ezc)
8ad’e®e?“ArcTan|e“?*| ~12iad*e’ fxLlog[l-ie" ] -12iad’e? e fxlog[l-ie“ ] -12iad’ef’x?Log[1-ie® "] -
12iad’ee® 2 x*Llog[l-ie" %] -4iad®Fx’Log[l-ie"| -diad®e® x> Log[1-ie"?*] +12iad’e’ fxLog[l+ie ]+
121’1ad3e2echxLog[1+jec*dx]+1211ad3ef2x2Log[1+jec*dx]+121'1ad3ee2cf2x2Log[1+iec*dx}+4iad3f3x3Log[1+je“dX]+
d4iad®e® f x®Log[1+ie ] +4bd®eLog[1+e? (<9 ] +abd®e®e? Log[1+e? (9% ] +12bd>e? fxLog[l+e? (9] 4

(-8bd*e’e? x-12bd*e? X fx*-8bd ee? £ x’ - 2bd* €2 £ x* - 8ad® e? ArcTan[e“*¥] -
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4

12bd3e2e2°foog[1+e (erdx) ] f12bd e f2 x2 Log[1+re (exdx) | L12bdP e e2C £2 X2 Log[1+e (exdx) ] LAbd R Log[1+e (erdx) ] 4
4bd®e’ X’ Log[l+e* 9] +12iad® (1+e’C) f (e +fx)?PolyLog[2, -ie“9*] ~12iad? (1+e? ‘) f (e+fx) Polylog|2, i e“'4*] +
6bd” e’ fPolylog[2, -e? (“4¥ | +6bd?e? e’ fPolylog[2, -e*(©9¥ ]| +12bd? e f* x PolyLog[2, -e? (<*4¥) ] +
12bd2ee2°-F2xPolyLog[2, ~e? (@] 1 6bd? f3x? Polylog[2, -e? (<9 | + 6bd? e f> x? PolylLog[2, -e? (<4 | -
24iadef?Polylog[3, -ie“9*] -24iadee?® f?Polylog|3, -ie“9*| -241iadf®xPolyLog[3, -ie“9*] -
24iade’f>xPolylog(3, -ie“""*| +24iadef?Polylog(3, i e“"?*| +24iadee 2 Polylog|3, ie“ ¥ +
241iadf>xPolylog[3, ie“?*] +241iade’  f>xPolylog|[3, i e“?*] -6bdef?PolylLog|3, -e?(“9¥ | -6bdee?“ f*PolylLog[3, -e? (< | -
6bdf>xPolylog|3, -e* (¥ | —6bde’ > xPolyLog|3, -e? (<*9%) | + 241 af?Polylog|4, -ie“9*| +241iae’ £ PolylLog[4, -ie“9*] -
24 i a3 Polylog[4, i e“"?*]| - 24 i ae’“ > Polylog|4, i e“"?*] +3bf>PolyLog[4, -e?(“9¥ | +3be?“ f> Polylog|4, -e’ <°+dx>]) +
1

4a’d* (-1+e?€)
24ad?ef?xlog[l-e“9*] +24ad’ee®“ f2xLlog[l- 9] -12ad? > x? Log[1-e“"?*] +12ad?e®“ > x? Log[1 - e“"9¥] +
24ad2ef2xLog[1+e“dX] 24ad2eech2xLog[1+e“dX] +12ad? 3 x2 Log[1+ec+dx} -12ad? e’ 2 x? Log[1 + e ?*] +
4bd3ed Log[l e? C*dx] 4bd3e? echog[l @2 (c+dx) ] +12bd?e? FxLog[l e? c*d"]—12bd3e2<e2C~FxLog[ 2“*"")] +
12bd®ef?x?*Log[1-e? ] -12bd’ee® 2 x?Log[1-e* (9] +4bd® £ x° Log[1-e® (9] -4bd® e 2 x> Log[1 - ® (*99 | -
24ad (-1+e>°) (e+fx) Polylog|2, -e“*] +24ad (- 1+<e2°) f2 (e+fx) PolylLog[2, e“"?*] +6bd2e2fPolyLog[2 e (crdx ] _
6bd?e? eZC'FPolyLog[Z e? c*d)‘]+12bd2e-F2xPolyLog[2 e? C*dx} 12bd2ee2C‘F2XPolyLog[2 e? C*dx>]+
6bd* f> x? Polylog[2, e? (“9¥ | —6bd? e f> x? PolylLog[2, e (4% | - 24a-F3PolyLog[ —e“dx]+24aech3PolyLog[ —erdX] 4
24 a 3 Polylog|3, ec*dx} 24 2 e*“ 3 PolyLog[3, e %] - 6bdef2PolyLog[3 e? C+dX]+6bde<ezc1‘:2PolyLogb e? C*dx)]—
6bdf>xPolylog|3, e’ (<*9% ] +6bde’“ > xPolylog|3, e® ("% | +3bf>Polylog|4, e® (<*9¥ | —3be®c > Polylog[4, e (<% |) -

(8bd*e®e®“x+12bd* e’ e’ fx*+8bd*ee® f2x’+2bd* & 7 x* + 24 2 d? e? fArcTanh[e“9%] - 24 ad? e? €2 f ArcTanh [e“4*] -

1
2 a2 (a2+b2) d4 <—1+ezc>

b [4d*e? e x+6d'e’ e FxP+4diee® 2P +d*e® P x*+2d% e’ Log[2ae” X +b -1+ (90 ] -

b g2crdx b @2c+dx

2d*e* e’ Log[2ae“ @ +b (-1+e> (99} ] +6d> e’ fxLog[l+ | -6d®e? e’ fxlog[l+ |+
aef - (a%+b?) e*¢ ae‘ -,/ (a%+b?) ¢
2c+d 2c+d 5 cad
6d>ef?x? Log|[1+ Pt |-6d’ee’ > x*Log|1+ bt | +2d® £ x3 Log |1+ ber™ ] -
ae‘ -,/ (a%+b?) e¢ aef -,/ (a%+b?) e*¢ aet -,/ (a%+b?) e*¢
2c+d 2cad 2 cod
2d3ech3x3Log{1+ b e”r%* }+6d3e2FxLog{1+ be”ex }*6d362echXLOg[l+ b e®crdx ]+
aec- (a2+b2> e¢ aec+ (a2+b2) e?¢ aec+ (a2+b2) e?¢
2c+d 2c+d 2 c+d
6d>ef?x? Log|[1+ b | -6d*ee? 2 x?Log[1+ be” ™" | +2d® £ x° Log |1+ be”™ ] -
aec+ (a2+b2) e?¢ aet+. (a%+b?) e’¢ aef+. (a%+b?) e’¢
b g2crdx b @2 c+dx
2d° e?“ 3 x3 Log[1+ }—6d2(—1+e2c)-F(e+-Fx)2PolyLog[2,— | -

ae+ (a2+b2> e?¢ ae‘- (az+b2> e%¢
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beZC+dx beZde
6d? (-1+e2°) f (e+fx)?PolyLog|2, - | -12def?PolyLog[3, - |+
aet+./ (a%+b?) e*¢ aef - (a%+b?) e*¢
b62c+dx b62c+dx
12dee®“ f2Polylog|3, - | -12d > x PolyLog|3, - | +12de*“ fx
ae‘ -,/ (a%+b?) ¢ ae‘ -,/ (a%+b?) ¢
2c+d 2c+d 2c+d
Polylog|3, - b | -12def?PolyLog|3, - bt | +12dee®“ f* PolyLog|3, - ber ™ | -
ae‘ - (a2+b2) e?¢ aec+ (a2+b2> e?¢ aec+ <a2+b2) e?¢
2c+d 2c+d 2c+d
12d > x PolyLog(3, - e ] +12de®c £ x Polylog|3, - e ] +12 £ PolyLog[4, - e ] -
aec+ (a2+b2) e2¢ aec+ <a2+b2) e?c ae - (a2+b2) e2¢
2c+d 2c+d 2c+d
12 e’ f* Polylog[4, - ber™” | +12 3 PolyLog|4, - ber™ | -122< > PolyLog|4, - bt 1+
aec- (a2+b2) e?¢ aec+ (a2+b2> e?¢ aec+ (a2+b2) e?¢

1

—————(-4abde’x-6abde’*fx*-4abdef’x’-abdf’x*-4a’e’Cosh[c] -4b*e®Cosh[c] -12a%e® fxCosh[c] -
8a (a?+b?) d
c c
12b? e fx Cosh[c] - 12 a” e f? x> Cosh[c] - 12b” e f> x* Cosh [c] - 4a*> > x® Cosh[c] - 4 b® > x* Cosh[c]) Csch| —] Sech[ =] Sech[c] +
2 2

Csch[ ] Csch[

< Sv9x] [e2sinn[9*] +3e2 fxsinh[9*] +3ef2x2sinh[4*] 4 £33 sinh [ ] )

.
2ad

Sech[ <] Sech[ S+ 9] (e*sinh[9*] +3e? fxSinh[9*] +3ef2x2Sinh[ 2] + £, Sinh[*]]

< <
2 2

2ad

Problem 468: Attempted integration timed out after 120 seconds.

Csch[c+dx]%2Sech[c+dXx]
J( dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Csch[c+dx]?Sech[c+dx]
(e+fx) (a+bsSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

???
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Problem 469: Result more than twice size of optimal antiderivative.

J(e+-Fx>2Csch[c+dx]ZSech[c+dx}2
dx

a+bSinh[c+dx]

Optimal (type 4, 914 leaves, 51 steps):

2(e+-Fx>2 b2 <e+-Fx)2 4b-F(e+-Fx)Ar‘cTan[<ec*dX} 4b3-F(e+-Fx)Ar‘cTan[e°*dX]
_ + . _

ad a (a2+b2) d a2 d? a2 (a2+b2) d?

b* (e+-Fx)2Log[1+ b e } b* <e+'FX)2LOg[1+ b ecdx

a-+/ a?+b? a+/ a2+b?

a’d i ad : a2 (a2+b2)3/2d ) a2 (a2+b2>3/2d -

2b <e+-Fx)2Ar‘cTanh[<ec*dX} 2 (e+-Fx>2Coth[2c +2dx]

2b%f (e+fx) Log[l+e2 (@] 2f (e+fx)Log[1-e* (9% ] 2bf (e+fx)Polylog|[2, -e**| 21ibf2PolyLog|2, -i e'dX|
+ + -
a (a?+b?) d? ad? a2 d? a2 d?

+

2ib*f2Polylog|2, -i e %] 2ibf?Polylog|2, ie“?*| 2ib?f>Polylog|2, i e ?*| 2bf (e+fx)Polylog|2, e<*d¥|
N _ _
a’ (a?+b?) d? a2 d3 a? (a?+b?) d? a2 d2

+

4 3 beudx 4 B becAdx
2b*f (e+fx) Polylog|2, 73_ — | 2b*f (e+fx) PolyLog|2, 7‘% — b? £2 PolyLog 2, -2 (€% |

a? (a2 +b2) %2 @2 a? (a? + b2) %% g2 a (a?+b?) d?

+

c+d x

2 b* f2 polylog|[3, - <=

a-+/ a%+b? ]

f2 PolyLog[2, e*(¢*¢¥ |  2bf2PolylLog[3, -e“**X] 2bf2Polylog|3, e d¥|
- + - +

2ad? azd3 a’d? a? (a2+b2)3/2d3

2 b* f2 Polylog|3, L bett X 5 5
as[a2sb? b (e+fx)*Sech[c+dx] b*(e+fx)*Sech[c+dx] b?(e+fx)*Tanh[c+dx]
+

a2 (a2+b2>3/2 d3 atd a? (a2 +b?) d a(a?+b?)d

Result (type 4, 2972 leaves):

. . +d x . . +d x
4 74(a2+b2>d3(_i+ec>af(d(decx(2e+fx)—2(—1+ec) (e+fx) Log[1+ie™®*]) -2 (-i+e)fPolyLog[2, -i e *]) -

1
4 (a2+b2) d3 (7]'L+e25)
af (d(4dee®“x+2de* fx*+2e (1+ie*‘) ArcTan[e“ ]| -2 (-i+e*?) (e+fx) Log[1-e“*] +2ifxlog[1-1ie“?*|-2e*“fxLog|
1-ie“*] +ielog[l+e? (@99 ] —ee?“Log[l+e? (<9 ]) -2 (-1i+e2®) fPolyLog|2, i e*9*] -2 (-1i+e?¢) fPolyLog[2, e“*9*]) -
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1
4 32 (a2+b2) d3 <71+ezc>
2a’d?e? e?“ ArcTanh[e®*?%| - 2b? d? e? € ArcTanh [e“9*] - 2a*d?e fx Log[1 - e 9*| -2b?d? e fx Log[1 - e“"?*] +
2a2d?ee’“ fxlog[l-e“ | +2b?d?ee?“ fxlog[l-e“9*| -a?d? 2 x? Log[1-e“"9*| -b?d? f2 x? Log[1 - e ?*] +
a?d?e? 2 x? Log[1-e“9*| +b?d? e f2x? Log[1-e“?*] +2a?d? e fxLog[1l+e“?*] +2b2d*e fx Log[1+e®?*] -
2a2d2e<e2°-FxLog[1+ec*dX} -2b*d?ee?  fxlog[l+e 9] +a?d? f2x? Log[1+e“?*] +b?d? £ x? Log{1+e“dx] -

b(4abd’ee’ fx+2abd’e* f2x*+2a%d? e’ ArcTanh[e“" %] + 2b? d? e? ArcTanh [e“*4*] -

a2 d? e2¢ f2 x2 Log[1+ec*dx} b2 d? e2°¢ 2 x2 Log[1+ec*dx] +2abdeflog[l-e*©99]| -2abdee’ flog[l-e? (9]
2abdf?xlog[1-e® (9] -2abde? f2xLog[1-e” 9] -2 (a? +b2)d( 1+e*¢) f (e+fx) PolyLog[ erdx] +
2 (a +b?) d (-1+e*) f (e+fx) PolylLog[2, e®*| +abf>Polylog[2, * (“"9¥ | —abe’“ f* Polylog|2, € “dx)} -
2a’ f2PolyLog[3, -e“"¥*| -2b% > PolylLog|[3, -e“"?*] + 2a® e f2 PolyLog[3, -e“"**| + 2b%? &2 f? Polylog|3, -e“"?*] +
2a”f? Polylog|3, e“dx} +2b? 2 Polylog|3, ec*dx} -2a’e?“ 2 PolyLog|3, e“dx] -2b%e?“ 2 Polylog|3, e“dx]) +
2d2e?ArcTan[ 22" ] 2 d2eecfxlog[l+ — 2]  d2ecf2x2Llog[l+ — 2]
1 bé </ -a%-b? . ae-/ (a%+b?) e*¢ . ae-q/ (a%+b?) e B
4a% (a%+b?) d? ~—aZ_ b2 (a2 + b?) e2¢ (a2 + b?) e2°
2d2ee‘ fxlog[l+ — befedx | d?ec f2x?Log[1+ — befedx | 2de‘f (e+fx) Polylog|2, - betedx ]
act+/ (a%+b?) €€ aet+ (a%+b?) €€ aet-/ (a%+b?) ¢
_ N _
<a2+b2) e%¢ (a2+b2) e?¢ <a2+b2) e?¢
2decf (e+~Fx) PolyLog[Z, _—betedx ] 2 e€ f2 PolyLog[3, T — ] 2 e€ f2 PolyLog[3, T — ]
ae‘+ (a2+bz) e?¢ ae‘- (az+b2) e?¢ ae‘+ (az+b2) e?¢
- + +
(a% + b?) e2¢ (a%+b?) €€ (a%+b?) e*¢
aefSech[i] (Cosh[:] Log[Cosh[ | Cosh[4x ; *] +Sinh[§} Slnh[T"H - %deinh[i]) )
2 (a?+b?) d? (Cosh[i]z—sinh[ﬂ )
3 f2 CSCh[E] _ldz e—Ar‘cTanh{Coth[%H N 1

27| 4 ;
1-Coth[<]
2

1dx

2

21 %JriAr‘cTanh{Coth{;—H)} .

c,( 1
iCoth[—] (——dx
27\ 2

—7r+2j1Ar‘cTanh[Coth[£H) -nlog[1l+e?X] -2 +iAr‘cTanh[Coth[£H Log[1-
2 2

n Log[Cosh[d—X} | +21i ArcTanh [cOth[E] | Log[i Sinh[d—x + ArcTanh [cOth[E] ]]] +iPolyLog[2, &** (#37 ArcTanh [cotn[ £] | ]

2 2 2 2
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2 2 2 2

Sech| ] /[2 (a2 + b?) d3\/cSch[c]2 (—Cosh[E]ZJrSinh[E}z) ] .

efszch[i] Sech[i] (a% Cosh[c] - b2 Cosh[c] +a2Cosh[2c] - ia?Sinh[c] - ib2Sinh[c])

8a (a2+b?) d (Cosh[i] —iSinh[i” (Cosh[i} +iSinh[§]) (Cosh[c] +1i Sinh[c])
f2x2Csch| €] Sech]|

- ﬂ (a% Cosh[c] - b?Cosh[c] +a2Cosh[2c] - ia?Sinh[c] - ib?Sinh[c])

+

16a (a%+b?) d (Cosh[i] 7jSinh[§” (Cosh[ﬂ +1‘15inh[§]) (Cosh[c] +i Sinh[c])

befArcTan [ Sinh[c]+Cosh[c] Tanh{”ﬂ }

Cosh[c]?-Sinh[c]?

+

(a% + b?) dz\/Cosh[qZ—Sinh[c}2
o
2 (a?+b?) d?

1
bf? |- ————————iCschc] (i (dx+ArcTanh[Coth[c]]) (Log[1- e d*ArcTanhiCothic]]] _|og[q 4 g dx-ArcTanhiCothlc)] )
1-Coth[c]?
Sinh[c]+Cosh[c] Tanh{d—xw
2 ArcTan]| >] ArcTanh[Coth[c]]
i (PolyLog [2’ 7@7d x-ArcTanh[Coth[c]] ] _ PolyLog [2; efd x-ArcTanh[Coth[c]] ] ) ) _ Cosh[c]?-Sinh[c]? +

\/cOsh[c]tsinh[c}2

1

ﬁCsch[ZC]Csch[2c+2dx] (abe?Cosh[c-dx] +2abefxCosh[c-dx] +abf’>x*Cosh[c-dx]-abe*Cosh[3c+dx] -
4a (a+b%) d

2abefxCosh[3c+dx] -abf?x*Cosh[3c+dx] -b?e?Sinh[2c] -2b%efxSinh[2c] -b?f2x2Sinh[2c] +

2a’e?sinh[2dx] +b*e’Sinh[2dx] +4a*efxSinh[2dx] +2b%efxSinh[2dx] +2a® f2 x> Sinh[2d x] + b* > x* Sinh[2d x] )

Problem 470: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
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dx

J(ewa) Csch[c+dx]2Sech[c+dx]?

a+bSinh[c+dx]

Optimal (type 4, 499 leaves, 30 steps):

b fArcTan[Sinh[c+dx]] b3>fArcTan[Sinh[c +dx]] beXAr‘CTanh[ec*dx} b f x ArcTanh[Cosh[c +d x]]

+ - +
a2 d? a? (a2+b2) d? a2d a2d

b* (e +fx) Log[1+ b % | b*(e+fx) Log[1+ &}
b (e+fx) ArcTanh[Cosh[c+dx]] 2 (e+fx) Coth[2c+2dX] afa2:p? ar/ateb?

a%d . ad ' a? (a2+b2)3/2d - a2 (az+b2>3/2d N

b ecm x

N

+ —

b* f PolyLog|2, -
b2 f Log[Cosh[c+dx]] flog[Sinh[2c+2dx]] bfPolyLog|[2, -e<*?*] bfPolyLog|2, ec*4*]
+ + -

a (a?+b?) d? a d2 a2 d? a2 d? a2 (a2+b2)3/2 d?
b* f PolyLog|2, _—bedx
ai/a2-b? b (e+fx) Sech[c+dx] b?(e+fx)Sech[c+dx] b?(e+fx) Tanh[c+dx]
- + +
a? (a?+b?)%2d2 atd a? (a®+b?)d a(a’+b%)d

Result (type 4, 1994 leaves):

flc+dx) i((2-i)a*df+3ia’bdf-iab’df+ib>df+a?bcdf+iab?cdf) (c+dx)

T8 (acib)d® 8a(a+ib) (a2+b?) &3 i
FAPCT [aCosh[g(c+dx)}beoshH—(c+dx)]+asinh[i—(c+dx)}+bsinh[§(c+dx)]
ibf (c+dx)2 trArctan aCosh[;—(c+dx)}+bCosh{§(c+dx)]fasinh[§(c+dx)}+bsinh[§(c+dx)]
16<a2+b2)d2+ 4(a+1’1b)d2 )
afAr‘cTanh[lfzleanh[i (c+dx)]] ) bzfAr'cTanh[lfzleanh[i (c+dx)]] ) bcfAr‘cTanh[lfzleanh[i (c+dx)]] )
2 (a2+b2> d? 2a (a2+b2) d? 2 (az+b2> d?
(7deCosh[i (c+dx)] +cFCosh[§ (c+dx)] -f (c+dx) Cosh[i (c+dx)]) Csch[% (c+dx>] )
8 a d?
afLog[Cosh[% (c+dx)]] ) bZ-FLog[Cosh[i (c+dx)]] 7 chLog[Cosh[i (c+dx)]] ) fLog[Cosh[c+dx]] )
4 (a?+b?) d? 4a (a%+b?) d? 4 (a?+b?) d? 8 (a+1ib) d?

a-F(—Ji (c+dx) +2Ar‘cTanh[1—21’1Tanh[i (c+dx)]] +Log[-1+Cosh[c+dx] +JiSinh[c+dx]})

+

4 <32 + bz) d?
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Jib-F(—jl (c+dx) +2ArcTanh|[1-2i Tanh]| (c+dx)H +Log[-1+Cosh[c+dXx] +JiSinh[c+dx]])

1
2

+
8

( +b?) d?

+

)
bzf(—j(c+dx)+2Ar‘cTanh[1 21Tanh[ (c+dx)]]+Log[-1+ Cosh[c+dx]+1’1$inh[c+dx]])
a (a?+b?) d?

bcf (—J’l (c+dx) +2Ar‘cTanh[1—21‘1Tanh[; (c+dx)]]+Log[-1+Cosh[c+dx] +J'1$inh[c+dx]]) beLog[Tanh[i (c+dx)]]

8 (a2 +b?) d2 . 4 (a2 +b?) d
b3eLog[Tanh[§ (c+dx)]] ) b3c-FLog[Tanh[§ (c+dx)]] ) ibf (—ij (c+dx>2—§j (c+dx) Log[1+e<dX] +§J‘1PolyLog[2, —e‘c‘dx]) ]
4a? (a2+b?) d 43 (a?+b?) d? 2 (a%+b?) d?

1

be [—%J']. (c+dx)2+lj1 (37r (crdx)+ (1-1) (c+dx)?+mLog[2] +2 (n-21 (c+dx)) Log[1+ie <] -4rLog[1+e™ ]+

4

47rLog[Cosh[§ (c+dx)]] —ZnLog[—Cosh[g (c+dx)] +jSinh[§ (c+dx)]]+41iPolyLog|2, -i e’c’dx])] -

AENTT ibf [% (c+dx)2+% (—3n(c+dx) - (1-1) (c+dx)*-rnLog[2] -2 (n-21 (c+dx)) Log[1+1ie <]+

47 Log[1+e 9] —47rLog[Cosh[l (c+dx)]] +27rLog[—Cosh[1 (c+dx)] +JiSinh[1 (c+dx)]]-41iPolyLog|2, -ie <]
2 2 2

1

1. 1 _c-dx -c-dx
11( (c+dx) (c:+dx+4Log[1—<eC ])—2PolyLog[2,<eC ]])+4a2(a2+b2)d2

2 2
1

432 (— (a2+b2>2)3/2 d?

ib®f (i (c+dx) (Log[l—e’c’d"] - Log[1+e’°’dx]) + i (PolyLog[Z, —e’c’dx] —PolyLog[Z, e’c’dx]” -

b4<a2+b2) 5 /a2+_b2 deAr‘cTan[aerCosh[c+dx]+bSinh[c+dx]]72\/mc1‘:’B‘r\cTan[a+bCosh[c+dx}+bSinh[c+dx}]+
V-a2-b? V_aZ_b?
_ b [Cosh[c+dx] +sSinh[c+d b (Cosh[c+dx] +Sinh[c+d
/22 b?  (c+dx) Log[1 (Cosh[c+dx] +Sinh[c+ X”}, "2 6% £ (c+dx) Log[1+ (Cosh[c+dx] +Sinh[c+ x])]+
a-Vva?+b? a+a2ib?
b (Cosh[c+d Sinh[c+d b (Cosh[c+dx] +Sinh[c+d
2 b frolyLog|2, (Cosh[c+dx] +Sinh[c+ XJ)]_ "2 7 tpolyLog[2, - (Cosh[c+dx] +Sinh[c+ x])}J+
—a++Vat+b? a+Va?+b?
sech[2 (c+dx)] (-deSinh[L (c+dx)]+cFsinh[L (cedx)]-F (crdx)Sinh[L (c+dx)]) 1

+

8 ad? 4<a2+b2)d2
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Sech[c+dx] (-bde+bcf-bf (c+dx)-adeSinh[c+dx] +acfSinh[c+dx]-af (c+dx)Sinh[c+dx])

Problem 472: Attempted integration timed out after 120 seconds.

Csch[c+dx]2Sech[c+dx]?
J dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
Csch[c+dx]?Sech[c+dx]?
(e+fx) (a+bSinh[c+dx])

Unintegrable|

, X|

Result (type 1, 1leaves):
22?

Problem 475: Attempted integration timed out after 120 seconds.

Csch[c+dx]2Sech[c+dx]3
J dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
Csch[c+dx]?Sech[c+dx]3
(e+fx) (a+bSinh[c+dx])

Unintegrable [

» x|

Result (type 1, 1leaves):
22?

Problem 476: Result more than twice size of optimal antiderivative.

J(e+fx>3Coth[c+dx] Cschlc+dx]?2 i
X

a+bSinh[c +dx]

Optimal (type 4, 752 leaves, 34 steps):
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3-F(e+-Fx)2 6b-F(e+-Fx)2Ar‘cTanh[<ec*dX} 3f<e+-Fx)2Coth[c+dx] b(e+-Fx)3Csch[c+dx] <e+-Fx)3Csch[c+dx]2
_ + _ . _ _

2 ad? a2 d? 2 a d? azd 2ad
o7 (&0 Fx)7Log 1+ 2] b2 (e Fx) Log[1s ST

aatop? 22202 3f2 (e+fX) Log[1-e?(crdx ]  p2 (e+-Fx) Log[1 - e? (¢+dx |

- + + +
a’d a3d ad? a’d

b ec+d x

a-+/ a+b? ]

3b2f fx)?PolyLog|2, -
6bf2 (e+-Fx) PolyLog[Z, —ec*dx} 6bf2 (e+-Fx) PolyLog[ZJ ec*dx] (e+ X) oY og[

azd3 azd3 a’d?
3b2f (e+fx)2Polylog2, - —2==
( ) ytog 2, as] a2sp? 3 3 Polylog[2, e (<*9¥ | 3b2f (e+fx)?Polylog|2, e? (X } 6 b 3> Polylog|[3, -edx]
+ +
a’d? 2ad* 2a3d? az d*

b ecdx

6 b2 2 f x) PolylLog|3, - 6 b2 2 f x) PolylLog|3, -
6b  PolyLog[3, ec4¥] (e + fx) PolyLog|3, W (e + fx) PolyLog|3, e

+ + -
a2 d* a3 d? a3 d3

6b2 3 Polylog[4, - —2<—] b2 PolylLog[4, - 2=
3b%f2 (e +fx) PolylLog|3, e?(c+d% afato? anfatibr 3 b? 2 PolyLog |4, e? (¢*4% |

2a3d? a3 d* a3 d* 433 d4

Result (type 4, 3115leaves):

b (e+fx)>Cschc] ) (-e*-3e?fx-3ef2x? - x) Csch[$ + dTX]Zi
a’d 8ad
1

8b2d*e’e®“x+24a%d?’ee? f2x+12b%d*e?e?fx?+12a%d* e P x?+8b%d*ee® 2 x3+2b2d*® x4+
4a’d* (-1+e?°)
24abd*e? fArcTanh[e'?*] - 24abd?e? e fArcTanh[e“?*] -24abd?ef>xLog[1-e“*| +24abd*ee? 2 x Log[1 - e“"9*] -
12abd? 2 x? Log[1-e“*| +12abd*e®“ > x? Log[1-e'"*| +24abd? e f2 x Log[1+e“"?*] - 24abdzee“fzxLog[heC*dx] +
12abd2f3x2Log[1+ec+dX] 12abd? 26f3x2Log[1+ec+dX}+4b2d3e3Log[ 2<°+dX] 4b?d?>e® e’ Log[1-e? (<90 | +

12a’def?log[1-e? (] -12a%dee’“f2Log[l1-e? (9] +12b?d® e FxLog[l-e® (<9 ] -12b’d? e’ e*“ fx Log[1 - 2“*‘“)] +
12a’dfxlog[1-e? (9] -12a’de®“fxlog[1-e? (<9 ] +12b?d® e f>x? Log[1-e? (99| —12b>d> e e? f2x? Log[1-e? (<% | +
402 d®> £ % Log[1-e? (9% | —ab?d® e’ 3 x’ Log[1-e? (9] -24abd (- 1+e26) f2 (e+fx) PolyLog|2, C*dX] +

24abd( 1+e’¢) f? (e+fx) PolyLog|[2, e“?*] +6b2d2e2fPolyLog[2 e? (<d¥) | _ 6 b2 d?e? echPolyLog[Z e (¢ ]

6 a’ > PolylLog[2, e? c*dx] 6 a’ e f? PolylLog[2, e ‘*d"}+12b2d2ef2xPolyLog[2 e? (4] _12b*d*e e?“ 2 x Polylog|2, e* (9% | +
6 b d* 2 x> Polylog |2, e* (“*9%) | -6 b%d? e’ > x? PolylLog |2, e (“9¥) ] - 24abf3PolyLog[ c+"X]+24abe“f3polyLog[ —etdx] 4
24 ab 3 Polylog|3, ec*dx} 24ab e’ > Polylog[3, e“*?*] - 6b2de f?PolyLog|3, e C+d"}+6b2dee2C'F2PolyLog[3 e? c*dx>]—

6 b?d f> x Polylog[3, e® ("] + 6 b’ d e > x PolyLog[3, e® (<*%) ] + 3b? 3 Polylog |4, e (“"9¥ | -3b% e > Polylog |4, e (<9 |) +

1

b2 [4d* e e?x+6d*e?2 el fx2+4d*ee? f2x3+d*e2°FPxr+2d3e3 Log[2aec+dx+b <—1+e2 <c*dx>” -
2a3d* (—1+ezc)
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b eZde

(a2 + b2> e?¢

(a2 + b2> e?¢

]+12d<ez°'F3x

b eZ c+d x

ae

2d*e* e’ Log[2ae“ @ +b (-1+e>(“99) ] +6d> e’ fxLog[l+ | -6d®e? e’ fxlog[l+
ae- (a2+b2) e?¢
beZde beZc+dx
6d>ef? x> Log|[1+ | -6d>ee® 2 x? Log[1+ | +2d® £ %3 Log |1+
ae‘- (az+b2) e?¢ ae‘- (a2+b2) e?¢
b(eZc+dx b(eZc+dx
24?3 x% Log[1+ | +6d*e? fxlog[l+ | -6d*e?e*“ fxlog[l+
ae‘- (a2+b2> e?¢ ae+ (a2+b2) e?¢
be2c+dx be2c+dx
6d>ef?x?Log[1+ | -6d*ee? 2 x? Log[1+ | +2d* £ x° Log |1+
ae+ (az+b2) e?c ae‘+ (a2+b2) e?c
beZC+dx
2d° e? 3 x3 Log[1+ | -6d? (-1+e29) f <e+-Fx)2PolyLog[2, -
ae+ (a2+b2) e?¢ ae‘ -
b(62c+dx
6d* (-1+e’°) f (e+-Fx)2PolyLog[2, - | -12def?PolyLlog[3, -
ae‘+ <a2+b2) e?¢ ae‘
2c+d 2c+d
12dee®“ f2Polylog|3, - be” ™ | -12d > x PolyLog|3, - be” ™
ae® -,/ (a%+b?) ¢ aet -,/ (a%+b?) e¢
beZC+dx b(eZc+dx
PolylLog|3, - | -12def*Polylog|3, - | +12dee®“ > Polylog|3, -
ae‘- (a2+b2) e?¢ ae‘+ (a2+b2> e?¢
2c+d 2c+d
12d > x Polylog|3, - be? ™™ | +12de?*c 3 x PolyLog|3, - be” ™™
ae+ (a2+b2) e?¢ ae+ <a2+b2) e?¢
be2c+dx b(e2c+dx
12 €2< f3 PolyLog|4, - | +12 3 PolyLog|4, - | -12e?° 3 PolyLog|4, -
ae‘- (a2+b2) e?c ae+ (a2+b2> e?¢
(e3+3e2fx+3e1‘2x2+f3x3)Sech[9+d—}2 1 c c dx
2 2- Sech[f] Sech[7+—}
8ad 4 a2 d? 2 2 2

-2bde351nh[d—x} -3ae2fSinh[d—X} —6bde2fxsinh[d—x] -
2 2 2

6aef2xsinh[d—x} -sbdefzxzsmh[d—x} -3af3x251nh[d—x] -2bdf3x351nh[d—x]) -
2 2 2 2

csch[ ] csen[S+ 2] (—2bde? sinh[ LX) 3ae2 ¢sinh[2X] —sbde? £xsinn[ 2] 4
4a%d? 2 2 2 2 2 2

6aef2xsinh[d—x} —6bdef2xzsinh[d—x} +3af3x251nh[d—x] 72bdf3x3sinh[dfx])
2 2 2 2

C

(a2 + b2) e2¢

b ez c+d X

| +12f3PolyLog|4, -
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Problem 477: Result more than twice size of optimal antiderivative.

dx

(e+fx)?Coth[c+dx] Csch[c+dx]?2
J a+bSinh[c+dx]

Optimal (type 4, 502 leaves, 26 steps):

4bf (e+fx) ArcTanh[edX| f (e+fx) Coth[c+dx] b (e+fx)?Csch{c+dx] (e+fx)*Cschlc+dx]?

N _ _
a? d? ad? a%d 2ad
b2 (e+fx)2Log[1+ L2 | b2 (e+fx)2Log[1+ 2=
( ) [ a,W] ( ) [ afatib? b2 (e+fx)*Log[1-e? (¥ ] £2|og[Sinh[c+dx]]
- + + +
a’d a3d a3d ad?
2b%f (e+fx) Polylog|2, 7&] 2b%f (e+fx) Polylog|2, o bettr
2 b f2 PolylLog [2, - ec*dx} 2 b f2 PolylLog [2, ec*dx] ar/a2ib? 2/ a2eb?
a%d? ) a%d? ) a3 d? : a3 d? :
2b2 2 Polylog[3, - 2] 2b2f2PolyLog[3, - 2=~
b2 f (e+fx) PolyLog{Z, e? (C*d")] X y g[ R e } . y g[ R e ) b2 £2 PolyLog{B, @2 <C+dX)]
a3 d? a3 d3 a3 d? 2a3d?

Result (type 4, 1550 leaves):
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b (e+fx)*Cschlc] . (-e?-2efx-f2x?) Csch[§+d7"]2 )
a’d 8ad
1

(12de2¢ (b2 d’*e? +a? f2) x-12d (-1+e2¢) (b*d?e?+a’f?) x+12b* d> e Fx? + 4 b? d® £2 ° -
6a’d’® (-1+e’)

24abde (-1+e’¢) fArcTanh[e“?*| +6b?d?e® (-1+e’) (2dx-Log[l-e? (¥ ]) +6a (-1+e>°) f2 (2dx-Log[1-e? (<]} +
12ab (-1+e2¢) £ (dx (Log[1-e"*] - Log[1+e"9]) - PolyLog[2, -e“*?*] + PolyLog[2, " ?*]) +
6b’de (-1+e’¢) f (2dx (dx-Log[1-e® 9% ]) —Polylog[2, e (<X ]} +

b (-1+e’¢) 2 (2d?x* (2dx -3 Log[1-e® (<9 |) -6dxPolyLog[2, e (“*9% | + 3 PolyLog|3, e (“9¥ )] +
1
3a°d? (-1+e2°)

b> |6d’e’e® x+6d’ee®  fx?+2d>e® 2 x*>+3d* e’ Log[2ae ™ +b (-1+e? (9Y )] -

b eZ c+d X

2 c+d
3d’e’e’“log[2ae”®+b (-1+e* ()] +6d’efxlog[l+ | 6d2ec fxLogl+ b g2crdx .
ae‘- (a2+b2) e%¢ aet (a2+b2> e2¢
2 c+d 2ced yerd
3d>f2x? Log |1+ b e | -3d?e?< 2 x? Log[1 + b e |46 efxLog[i- b g2 c+dx |-
aef - (a2+b2) e2¢ aet - (a2+b2) e2¢ aef s <a2+b2) o2 ¢
2c+d 2ced e
6d2e<e2C15xLog[1Jr b e” % ]+3d2f2x2Log[1+ bescrdx ]f3d2echzx2Log[1+ b e2c+dx ]7
aets (a2+b2) e ae+ <a2+b2) e’c ae+ (az+b2> e?¢
b e2crdx b e2crdx
6d (-1+e’c) f (e+fx) Polylog|2, - | -6d (-1+e) f (e+fx) Polylog|2, - ] -
ae‘ - (a2+b2> e2¢ aec + <32+b2) e2¢
2 c+d x 2c+d x 2cidx
6 * PolyLog|3, - = | +6 e f2Polylog|3, - o | - 62 Polylog|3, - °e ] +
2 ety (%) e ae [ (a%+b?) e ae+,/ (a?+b?) e°
2ced e212efx+f2x?) Sech| <+ 4x]?
6 ¢ f2 PolyLog|3, - b @2c+dx ] +< ) [2 2} Lt
aet+./ (a%+b?) ¢ 8ad 2 32 g2
Sech| <] sech[ <+ ] —bdezSi"h[de]—aeFSinh[dfx]—2bdefxsinh[dfx]—afzxsinh[dfx]_bdfzxzsinh[dfx}L
2 2 2 2 5 N A ,
1
2a%d?
C c dx
Csch|—| Csch| —+ —
£ csen[ S+ %)

-bdeZSinh[d—x} +aef51nh[d—x] _2bdefxsinh[d—x] +af2xsinh[d—x] _bdfzxzsmh[d—x}
2 2 2 2 2
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Problem 478: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(G+'FX> Coth[c+dx] Csch[c+dx]2d]
X

a+bSinh[c+dx]

Optimal (type 4, 298 leaves, 19 steps):
bfArcTanh[Cosh[c+dx]] fCoth[c+dx] b (e+fx)Cschfc+dx] (e+fx)Cschlc+dx]?

+ — —

a2 d? 2ad? ad 2ad
b2 (e +fx) Log[1+ 22— b2 (e+fx) Log[1+ 2=
(e+ X) og[ +a,\/m] (e+ X) og[ +a+m] b2 <e+-Fx) Log[l—ez(“dx)]
_ . _
ald ad ad
b2 f PolyLog[2, - —2c=* b2 f PolyLog[2, - 2=
oly Og[ E Ny ] oly Og[ E N bz'FPolyLog[Z, e2 (c+dx)}
a3 d? ) a3 d? ' 2a3d?

Result (type 4, 851 leaves):
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(c+dx>] —2bc-FCosh[§ (c+dx” +2bf (c+dx) Cosh[% <c+dx)] Csch]

(—de+c-F—-F(c+dx))Csch[%<c+dx)] b2 e Log[Sinh[c+dx]] b2cfLog[Sinh[c+dx]] bzeLOg[lJbeinhamdx]
+ - - +

8ad? ad a3 d? ad

b?cflLog[l+ M;*fﬂL] . b-FLog[Tanh[i (c+dx)]] ib*f (1'1 (c+dx) Log[1-e2(cdX ] —%J’l (— (c+dx)?+PolyLog|2, e? (C*dx)]))

1 1
2bdeCosh[f (c+dx” —afCosh[
4 3% d? 2

(c+dx)]+

R R
N R

a3 d? a2 d2 a’d?
i(a-ib
dx) L b Sinh d b a+ib)Tan[2 (£-1 (c+dx
! b3 f (c+dx] Log[a+bsinh[c+dx]] 7111 11’1(17]1(c+dx) 2741'1Ar~csin[4]Ar'cTan[( ) [2 (2 ( ))]]
a3 d? b b 2 2 NEY Valib?
. . a;ib i (a— a2 + b2 ) et (-1 (erd)
— -1 (c+dx)+2ArcSin| ———— ]| Log[1+ ] -
2 Jz b
i 7‘b . s .
; B i (aeatepr) et o)
— -1 (c+dx) -2ArcSin[ ————— || Log[1+ ]+(—7j(c+dx) Log[a+bSinh[c+dx]] +
2 Jz b 2
i (af a2+ b2 ) ol (£-1 (c+dx) | i (a+m) ot (2 (crdx) |
i |PolyLog|2, - " | +Polylog|2, - . ] +

(de-cf+f (c+dx)) Sech[i (c+dx”2

1 (c+dx)] -afSinh[1 (c+dx)]+

1 1 _
+ Sech[—(c+dx)][—ZbdeSmh[2 A

8ad? 4 32 d? 2

2bcfSinh[% (c+dx)]-2bf (c+dx) Sinh[% (c+dxH)

Problem 480: Attempted integration timed out after 120 seconds.

Coth[c+dx] Csch[c+dx]?
j( dx

e+fx) (a+bSinh[c+dx])
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Optimal (type 9, 36 leaves, 0steps):
Coth[c+dx] Csch[c+dx]?
(e+fx) (a+bSinh[c+dx])

Unintegrable |

» X]

Result (type 1, 1leaves):

PP

Problem 481: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(e+fx)3Coth[c+dx]2Csch[c+dx}
dx

a+bSinh[c+dx]

Optimal (type 4, 1038 leaves, 67 steps):
b (e+-Fx)3 6 f2 (e + f x) ArcTanh e d] <e+-Fx)3Ar‘cTanh[<ec*dX} 2 b? <e+-Fx)3Ar‘cTanh[ec*dX} b <e+-FX)3Coth[c+dx]

_ + _
azd ad3 ad ad a%d

bvaZ+b? (e+fx)3Log[1+ e
I (e ) ogl1

- +

2 a d? 2ad a3d

b+/aZ + b2 (e+fx>3Log[1+&]

Y e 3bf (e+fx>2Log[1—e2 <C*dx>] 3f3 PolyLog[Z, —ec*dx]

3f (e+fx)*Cschic+dx] (e+fx)>Coth[c+dx] Cschc+dx]

a’d a?d? ad*
3f <e+-Fx)2PolyLog[2, —erdx]  3p2f (e+-Fx)2PolyLog[2, -e“dx]  3f3polylog[2, ec?¥| 3f (e+-Fx)2 PolyLog[2, ec*d¥]
- + + +
2ad? a3 d? ad* 2ad?
3b+Va?+b? f (e+fx)?Polylog[2, - —2<“—] 3b+/aZ+b? f (e+fx)2Polylog[2, - 2
3b2f (e+fx)?PolyLog[2, ecdx] ar (e Fx)"PolyLog|2, a[aop? ] a e+ fx)*PolyLog2, araton? }
add? ) a’d? : ad d? )
3bf2 (e+fx) Polylog[2, €2 (<*4¥ | 3f2 (e+fx) Polylog|3, -e“*?*| 6b2f2 (e+fx) Polylog|3, -e“"d]
+ + -
a?d3 ad3 a’d3
6b+/aZ+b? 2 (e+fx) PolyLog[3, - 2
3f2 (e+fx) Polylog|3, e=?*] 6b?f2 (e+fx) Polylog[3, e*?¥] o (e x) PolyLog]3, a—\/m}

_ + _
ad? a3 d3 a’d3

6b+/a?+ b2 2 (e+fx) PolyLog[3, - 2=
* (e £x) PolyLog 3, E+W] 3bf3Polylog|3, e?(<9¥ | 3 f3PolylLog|4, -e“* %] 6b2f>Polylog[4, -ec*dX]
N - -

+

a’d? 2a%d* ad* a3 d*
6b+/a2+b? f3Polylog|a, - 2= ] 6b+/aZ+b? f3PolylLog|a, - 2=
33 PolyLog[4, e“d"] 6 b2 3 PolyLog[4, e“dx] Y g[ 2 a2eb? } y g[ 22707 ]
+ - +

ad* a3 d* a3 d* a3 d*
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Result (type 4, 2724 leaves):

e3 Log[Tanh[i (c+dx)]] b2e? Log[Tanh[% (c+dx)]] 3ef? Log[Tanh[% (c+dx)]]

1, 1
S q + Yy + e +2ad23e-F —cLog[Tanh[;(Cerx)H—

i((ic+idx) (Log[lfe““”idx)} fLog[lJrejl (“*jd”]) + i (PolyLog[Z, —e““”id")} —PolyLog[Z, ej(“*jd”]))) +

; 23b2e21c —cLog{Tanh[l(c+dx)H—i ((ic+idx) (Log[1-e'FeidX ] _og[1+e! Feid¥])
a’d 2

i (Polylog[2, -e* 19X ] _Polylog[2, e’ <“*“‘*W>>] *

Y (7cLog[Tanh[§(c+dx)Hf

1
4 a2 d*
be fCschic] (2d?x* (2de?“x-3 (-1+e®%) Log[1-e2(“9¥]) -6d (-1+e’°) xPolylLog|[2, e (©*9% ] +3 (-1+e2) PolyLog|3, e* (“9¥ ) -

i((ic+idx) (Log[1-e e id0] _Log[1+el P id0]) 14 (Polylog[2, ~e* (*<*#9¥) | _polylog[2, e (*c+idx]))

+

1
—33ef2 (d*x* ArcTanh [Cosh[c +dx] +Sinh[c+dx]] +dxPolylLog[2, ~Cosh[c+dx] -Sinh[c+dx]] -
ad

d x PolyLog[2, Cosh[c+dx] +Sinh[c +dx]] -PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +d x] +Sinh[c+dx}]) -

6b? e f> (d* x> ArcTanh[Cosh[c +d x] + Sinh[c+dx]] +dxPolyLog[2, ~Cosh[c+dx] - Sinh[c+dx]] -

a’d?
d x PolyLog[2, Cosh[c+dx] +Sinh[c+dx]] -PolyLog[3, -Cosh[c +dx] -Sinh[c+dx]] +PolyLog[3, Cosh[c +dXx] +Sinh[c+dx1]) +
= 4-F3 (d®>x* Log[1-e“9¥] - d® x® Log[1+e*®*| -3d? x? PolyLog|[2, -e“"9*]| + 3d? x? PolyLog[2, 4| +
2ad
6deolyLog[ ~e*9%| —6dxPolylLog|3, e"*| - 6 PolyLog |4, -e“®*] + 6 PolyLog[4, e ?*]) +
b? £3 (d® %’ Log[1-e“®*] - d® x® Log[1+ e“***| -3 d? x> PolyLog |2, -e“"%*] + 3d” x> Polylog[2, "9 ] +
3d4
6 dx Polylog |3, -e“"**] - 6dxPolyLog|3, e“***| -6 Polylog[4, -e“"**] + 6 PolyLog[4, e“™®*]|) +
+d 2c+d
1 b+/-a%2-b2 |2d3e3 <a2+b2> e3¢ Ar‘cTan[w}+3 [ _a2 _ p2 d3ez(€C'FXLOg[1+ b @2 c+dx ]+
a’ d* (a2+b2) e2¢ V-a%-b? aec - <a2+b2) e2c
2c+d 2c+d
34/- 2 d®ee 2 x?Log[1+ be’ ™ | ++/-a%-b? d® e £ x* Log[1 + be” ™ | -3+/-a%-b* d®e? e fxLog]|
aet -,/ (a%+b?) e2¢ aet -, (a%+b?) e*¢
2c+d 2c+d 2c+d
1+ be” ™ ]—3md3eecf2x2mg[l+ be” ™ }—md3ecf3x3Log[1+ be” ™ |+
ae+ <az+b2) e%¢ aec+ (a2+b2) e2c ael+ (az+b2) e2c
2c+d 2c+d
34/ - 2 d?e“f (e +fx)?Polylog|2, - b e },3ﬂlfaszz ¢ ¢ £ (e + £x)2Polylog|2, - b @2 crdx ]-
ae‘- <a2+b2) e%¢ ae+ (a2+b2> e%¢

2cd 2c+d
6/ -a?-b? dee f2PolyLog|3, be 7" | -6 [_a2 _p2 d e £ x PolyLog|[3, - b g2cdx 1.

ae- <a2+b2) elc ae‘- (a2+b2) e?c
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2c+d 2c+d
6+ -a’-b? dee® f?Polylog[3, - be” ™ | +6+/-a?-b? de® > xPolylog|3, - be” ™ |+
aet+./ (a%+b?) ¢ ae®+./ (a%+b?) ¢
2c+d 2c+d
6/ -a’-b? e £ PolylLog[4, - be’ ™ | -6+/-a%-b* e > PolyLog|[4, - be” ™ ]|+
aef - (a%+b?) e*¢ aet+. (a%+b?) e*¢

3be?fCsch[c] (—dxCosh[c] + Log[Cosh[dx] Sinh[c] + Cosh[c] Sinh[d x]] Sinh[c})

+

a?d? (-Cosh[c]?+Sinh[c]?)

Csch[c] Csch[c+dx]?
4 a2 d?

(2bde’Cosh[c] +6bde*fxCosh[c] +6bdef>x*Cosh[c] +2bdf®x>Cosh[c] +3ae?fCosh[dx] +6aef’xCosh[dx] +3af®x*Cosh[dx] -
3ae’fCosh[2c+dx] -6aef?xCosh[2c+dx]-3af>x?Cosh[2c+dx]-2bdeCosh[c+2dx]-6bde?fxCosh[c+2dx] -
6bdef?x?Cosh[c+2dx] -2bdf3>x?Cosh[c+2dx] +ade3Sinh[dx] +3ade?fxSinh[dx] +3adef?>x?>Sinh[dx] +
adf’x’sinh[dx] -ade’Sinh[2c+dx] -3ade’fxSinh[2c+dx] -3adef?x*Sinh[2c+dx] -adf>x*Sinh[2c+dx]) -

3bef?Csch[c] Sech[c] |-d? e ArcTanh(Tanhlc]] y2 . ;i (-dx (-7m+21iArcTanh[Tanh[c]]) - wLog[1+e?*?¥] -
1-Tanh[c]?

2 (idx+iArcTanh[Tanh[c]]) Log[1 - e?* (+dx+iArcTanh(Tanhcl]) |\ | og[Cosh[d x]] +2 i ArcTanh[Tanh[c]]

Log[i Sinh[dx +ArcTanh[Tanh[c]]]] + i Polylog[2, e?* (tdxriArcTanhiTanhic]]) 1) Tanh[c] / (a2 d3 \/Sech[c}z (Cosh[c]?-sinh[c]?) )

Problem 482: Result more than twice size of optimal antiderivative.

dx

(e+fx)*Coth[c+dx]2Csch[c+dx]
J a+bSinh[c+dx]

Optimal (type 4, 714 leaves, 52 steps):
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b (eJr-I:x)2 <e+-Fx)2Ar‘cTanh[<ec*dX} 2 b? (e+-Fx)2ArcTanh[ec*dX} f2 ArcTanh[Cosh[c +d x] ]

azd ad a3d ad?

+

b+/a2 + b2 £x)2Log[1+ 2
b(e+fx)2Coth[c+dx] f (e+fx) Cschlc+dx] (e+fx)2Coth[c+dx} Csch[c +dx] ar (e+Fx) g +a,/az+bz]

- - - +

a%d a d? 2ad a’d

b+/aZ + b? fx)?Log[1+ 2
ar (e +Fx)"Log[1 aina2ip? 2bf (e+fx) Log[1-e?(©d) ] f (e+fx) PolyLog[2, -e<*d*| 2b2f (e+fx) PolylLog|2, -ec X

- - +
a3d a2 d? a d? a3 d?

2b~/a2+b? f (e+fx) Polylog[2, - 2=~
f (e+fx) Polylog[2, e=¥*] 2b?f (e+fx) Polylog|2, e“"®x] ar (e fx) Polylog|2, 22202 ]

+ - +
a d? a3 d? a3 d?

2b+a?+b? f (e+fx) Polylog[2, - 2~
* (e £x) PolyLog[2, anfaror -~ bf?Polylog|2, €2 (<*4¥ |  f2polylog|3, -e“*?%| 2b%f2PolylLog|3, -e“?X]
- N N -

a3 d? a?d3 ad? add3
2b+/a?+b? f2polylog[3, - 2 2b+/a?+b? f2pPolylog[3, - 2=
f2 PolyLog[3, e“*¢*| 2b%f2PolyLog|3, e*X] { a[a2eb? ] 3 R g
_ N _
ad? a’d? add? a’d?

Result (type 4, 1803 leaves):
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1
2a3d3 (—1+e2c>
4b?d? e? e ArcTanh[e® %] + 4 2% f2 ArcTanh [e“*9¥| - 4 a2 €2 f2 ArcTanh[e“" "] - 2a’d? e fx Log[1-e“?*]| -4b?d? e fx Log[1 - e"4] +
2a2d?ee’“ fxLlog[l-e™*]| +4b’d?ee?  fxLlog[l-e“?*| -a’d? f2x? Log[1- e | -2b%d? 2 x? Log[1 - e9*] +
a?d?e?“ f2x? Log[1-e“ ]| +2b2d? e  f2x? Log[1-e“ | +2a%d? e fx Log[1+e“9%] +4b*d*efxLog[l+e® | -
]
)

(Babd’ee’“fx+4abd® e’ x*+2a d eZAr‘cTanh[ec+dX} + 4 b? d? ezAr‘cTanh[e“dx] -2a%d?e? echr‘cTanh[e“dX] -

2a2d?ee’“ fxlog[l+e ]| -4b’d?ee®  fxLog[l+e | +a’d? f2x? Log[1+e | +2b%d? 2 x? Log[1 + e 4| -
a’d?e?“ f2x? Log[1+e“ ] -2b?d? e?“ f2x? Log[1+e“%*| +4abdeflog[l-e? (9] -d4abdee?  flog[l-e? (9]
4abdf’xlog[l1-e* 9] -4abde® fxlog[l-e* (9] -2 (a>+2b?)d (-1+e*) f (e+fx) Polylog|2, -e“*] +

2 (a®+2b%) d (-1+e”) f (e+fx) Polylog[2, e“*?*| + 2abf*Polylog|2, e* (<9¥ | —2abe’“f?Polylog[2, e (<"9* ] -
2a%f? Polylog[3, -e“?*] -4 b? f2PolyLog[3, -e“"9*| + 2a% e?“ f> Polylog[3, -e“**] + 4b%e?“ f2 Polylog[3, -e“*?*] +
2a% f2 Polylog[3, e“*?*] + 4b” f2 Polylog[3, e“*?*| -2a” e*“ f> Polylog|3, e“"%*| -4 b% e 2 Polylog|3, e“"**]) -

26 e Arctan[ 2257 | 2t Fxtog1s P | gierfi Logl1s |
1 b (a2 + b2 -a’-b? aef-q/ (a%+b?) e2¢ aec-[ (at+b?) ¢
add? (@ v7) v —a? _p? i (a2 + b?) e2¢ ' (a2 b?) e2¢ B
2d2eecfoog[1+%] dzec‘FZXZLOg[lJr&} Zdecf(e+fx> PolyLog[Z,—%}
ae‘+ (a +b ) e ae+ (a2+b2) e ae‘- (az+b2) e?¢
_ + _
(22207 ec (a2 -07) e a2+ 07) e¢
2def (e+fx) Polylog|2, - b T e f2polylog[3, - —2£ ] 2e¢f2PolyLlog 3, - b e2cHdx ]
ae+ (a2+b2) e’c ae‘- (a2+b2) e?¢ et (a2+b2) Q¢
_ . N
(a2+b2) e?¢ (a2+b2) e?¢ (a2+b2> e%¢

5 2Csch[c] Csch[c+dx]? (2bde®Cosh[c] +4bdefxCosh[c] +2bdf?x*Cosh[c] +2aefCosh[dx] +2af>xCosh[dx] -
4acd

2aefCosh[2c+dx] -2af?xCosh[2c+dx]-2bde?Cosh[c+2dx] -4bdefxCosh[c+2dx]-2bdf%x?Cosh[c+2dx] +
ade’Sinh[dx] +2adefxSinh[dx] +adf>x*Sinh[dx] -~ade’Sinh[2c+dx] -2adefxSinh[2c+dx] -adf>x*Sinh[2c+dx])

Problem 483: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(G+'FX> Coth[c+dx]2Csch[c +dx] 5
X

a+bSinh[c+dx]

Optimal (type 4, 413 leaves, 38 steps):

| 261
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(e + fx) ArcTanh[e<*]  2b? (e+fx) ArcTanh|[e“*?*| b (e+fx) Coth[c+dx] fCsch[c+dx]

- - +

ad a*d a’d 2ad?
le £x) Coth(c + dx] Cschc + dx) bva2+b? (e+fx) Log[1+7a7bj%} bva?+b? (e+fx) Log[1+7mb\;;;bz
2ad ) atd ' atd )

bfLog[Sinh[c+dx]] fPolyLog[2, -e<*dX] b2fPolylLog[2, -e“*¢%| fPolyLog[2, e“*¢x]

a?d? ) 2 ad? ) a3 d? : 2 ad? :
o2 £ PolyLog 2, ec4x] b+/aZ+b? fPolylog|2, - 7;&] b+/a?+b? fPolyLog|2, - a%

- +
a3 d? a3 d? a3 d?

Result (type 4, 874 leaves):

4a1d2 2bdeCosh[§ (c+dx” —afCosh[% (c+dx)] —2bc-FCosh[§ (c+dx” +2bf (c+dx) Cosh[% <c+dx)] Csch[% (c+dx)] +

(-de+cf-f(c+dx)) Csch[i (c+dx)]2 bf Log[Sinh[c +dx] ] eLog[Tanh[i (c+dx)]]
- + +

8 a d? a2 d? 2ad
bzeLog[Tanh[i(Cerx)H chog{Tanh[i(cde)H bchLog{Tanh{i(cde)H

a’d 2 ad? a3 d?
if(i(c+dx) (Log[1-e 9] -Log[1+e“9*])+i (PolylLog[2, e 9*| - Polylog[2, e <9]))
2 ad?
ib2f (i (c+dx) (Log[1-e %] -Log[1+e“9%])+i (PolylLog|[2, -e“9X| - PolyLog[2, e 4*])) 1
a’d? a3 —(a2+b2)2 d2
b (a? + b?) (2\/mdeAr‘cTan[a+bCosh[c+dx]+bSinh[c+dx]]2\/ﬁcfm‘ﬂan[a+bCosh[c+dx]+bSinh[c+dx]]+
Ner N
b (Cosh d Sinh d b (Cosh d Sinh d
o (v ax) Logla. LS SN | m ry BCome ) estonie 28]
a-Vva?+b? a++Vva%+b?
b (Cosh d Sinh d b (Cosh d Sinh d
e ponyiog[a, IO IIMCL0L ) fponyiog [, -SR]
—a+Va%+b? a+Va?+b?
“de+cf-f(c+dx))sSech[t (c+dx)]?
( ( ) [2< )] + ! Sech[l(c+dx”
8ad? 4 a2 d? 2

B

(ZbdeSinh[1 (c+dx) | +af51nh[1 (c+dx)]-2bcfsinh|[= (c+dx)]|+2bf (c+dx) Sinh[l (c+dx) ]
2 2 2 2
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Problem 485: Attempted integration timed out after 120 seconds.

Coth[c +dx]?Csch[c+dx]
J< dx

e+fx) (a+bSinh[c+dx])

Optimal (type 9, 36 leaves, 0 steps):
Coth[c+dx]2Csch[c+dx]
(e+fx) (a+bSinh[c+dx])

Unintegrable| » X

Result (type 1, 1leaves):

PP

Problem 486: Attempted integration timed out after 120 seconds.

J(e+fx)3Coth[c+dx]3 .
X

a+bSinh[c+dx]

Optimal (type 4, 972 leaves, 62 steps):
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3-F<e+-Fx)2 (e+fx)3 (e+~Fx)4 bz(eJr-Fx>4 (a2+b2) (e+1cx>4 6b-F<e+-Fx)2Ar‘cTanh[eC*dX]
- + - + + -

2ad? 2ad 4af 433F 433F a2 d?

2 b2 -F 3L 1 bec+dx
3-F<e+fx)2Coth[c+dx] <e+-Fx)3Coth[c+dx]2 b(e+Fx)3Csch[c+dx} (a7 +b%) (e Fx)” Log] +a,/az+bz]
- + - _

2 ad? 2ad azd a3d

2 b2 -F 3L 1 bec+dx
(a ' ) <e+ X) og[ ' ar/a?eb? 3 2 (e+-Fx) Log[l—e2 “*dx)] (e+-Fx)3Log[1—e2 (C*d”] b2 (e+Fx)3Log[17e2 <C*dx>]
+ + + +
a’d ad? ad a’d

3 (a?+b?) f (e+fx)?Polylog[2, - 22—
6bf2 (e+fx) Polylog|[2, -e'4*] 6b 2 (e+fx) Polylog|2, ec*dx] (a2 +6%) £ (e + £x) " Poly og[2, N e ]

a%d3 a%d3 a3 d?

3 (a2+b2) f (e+fx)2Polylog[2, - 2=
(a%+6%) e+ £x]"PolyLog|2, anfaor © 3fPolylog[2, €2 (¢ ] 3f (e+fx)?Polylog[2, e?(+d¥ |
+ + +

a3 d? 2ad* 2ad?

6 (a2+b?) f2 (e« fx) Polylog[3, - —><——

a-+/ a2+b? ]

3b2f (e+fx)?Polylog[2, e?(<*4X ]  6bf?Polylog[3, -e*¥X] 6bf>Polylog|3, e“*dX]
- + + +

2 a3 d? a% d4 a% d* a3 d3

6 (a%+b?) £2 (e + fx) Polylog[3, - —2&~—
(a2 +b2) £2 (e + £x) olyLog[3, anfateb? 3f2 (e+fX) PolyLog[3, e?(¢*dX) |  3p2 f2 (e+fx) PolyLog|[3, 2 (<14 |

a’d3 2ad3 233 d3

6 (a2 +b2) f3Polylog[4, - —2<“—] 6 (a%+b?) 2 Polylog[4, - —2=
(a i ) o og[ a—\/m] (a : ) o og[ arfaib? 3f3 PolyLog[4, e? (C*d")} 3b2f3 PolyLog[4, e? “*d")]
- + +

a3 d* a3 d* 4ad* 433 d*

Result (type 1, 1leaves):

2?2

Problem 487: Result more than twice size of optimal antiderivative.

J(e+fx>2Coth[c+dx]3 .
X

a+bSinh[c+dx]

Optimal (type 4, 689 leaves, 47 steps):
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efx f2x? (e+-Fx)3 bz(eﬂcx)3 (a2+b2> <e+fx>3 4bf(e+-Fx)Ar‘cTanh[eC*dX]
+ - - + + -

ad 2ad 3af 3a3f 3a3f a2 d?

(a2+b2) (e+fx)2Log[l+ 2

a-+/ a%+b? }

— + — —

f (e+fx) Coth[c+dx] (e+-Fx)2Coth[c+dx}2 b (e+fx)2Csch[c+dx]

a d? 2ad a’d a’d
2, p2 f 2L 1 _betdx
(a%+b?) (e+Fx] og| +8+W (e+-Fx) Log[1-e?(cxdx ]  p2 (e+-Fx) Log[1-e? (¢4 |  f£2|og[Sinh[c+dx]]
+ + + +
a*d ad atd ad3
2 (a?+b?) f (e+fx) Polylog[2, - 2~
2bf2Polylog[2, -e*9%]  2bf2PolylLog|2, e4X] (a7 +b%) £ (e Fx) Polylog|2, N e }
a2d3 h a2d3 - a3dZ N
2 (a2 +b2) f (e+fx) Polylog[2, - —2=
(% + 0] F (e« Fx] PolyLog[2, anfarsr ~ f (e+fx) Polylog|2, €2 (4] b2 f (e+fx) Polylog|2, e? (¢4 ]
+ + +
a’d? a d? a’d?
2 (a?+b?) f2Polylog[3, - 2] 2 (a?+b?) 2 Polylog|3, - 2
(a%+ b7) £ PolyLog| a,m] (a+ b%) £ PolyLog| afaor 2 Polylog(3, * (9| b?f2Polylog(3, e (Y]
N
a’d? a’d? 2ad? 2a3d3

Result (type 4, 2137 leaves):

b (e+fx)?Cschc] ) (-e?-2efx-f2x?) Csch[$ + dTX]Z )

a?d 8ad
1
6a>d® (-1+e’°)

4% d* e 2 x> +4b>d* e f2 x>+ 24abdefArcTanh[e“?*] -24abdee’  fArcTanh|[e“?*]| ~12abdf2x Log[1 - e“*?¥] +
12abde?“ 2 x Log[1 - e %] +12abdf2xLog[1+eC*dX} 12abde2Cf2xLog[1+e°+dX] +6a’d?e? Log[1-e? (<40 ] 4
6b2d2e2Log[ Z(C*d"] 6a2d?e? e Log[1 - e? “dx} 6b?d?e? e Log[1 - e? c*‘“‘]JrGazwchog[ @2 (crdx) ] _
6a’e’“ f’ Log[1l- e’ C*d"}+12a d’efxLlog[l-e? c+d"}+12b2d2e1:xLog{1 e? C*dx] 12a’d’ee?“ fxLlog[l-e’ C*d’”]—
12b?d?ee®“ fxlog[l-e® (<9 ] +6a’d? f2x? Log[1 - € c+dX}+6b2dzfzx2Log[1 e? (@40 ] _ga?d?e?c 2 x? Log[1-e? (9] -
6b2d> e’  f2x? Log[1-e? (<% ]| -12ab (- 1+e2C)f2PolyLog[ e ] +12ab (- 1+e25)szolyLog[2 et dx] 4
6a’defPolylog|2, e c+d"]+6b2de1:PolyLog[2 e? C*dx] 6a’dee?” fPolyLog|2, e? C*dx] 6b2dee?® fPolyLog|2, e? °*dx>}+
6 a2 dfszolyLog[Z e? c+d"}+6b2d1°2xPolyLog[2 e? (14X ] _ 6 a2 de“fszolyLog[Z e? (¢+dx) ] _ 6b2dech2xPolyLog[2 e? (crdx) ] _
3a%f? Polylog|[3, e (“"9¥ | —-3Db? f2 Polylog|3, e’ (“*9% | +3a% e’ f2 Polylog[3, e® (“"9¥ | + 3b? e’ f> Polylog[3, e* (<9 |) +

12a%d3e?e? x+12b%d*>e? e?“x+12a%de?“f2x+12a%d>ee®  fx?+12b%d3ee? x>+

1
3a3d? (—1+ezc)

(a?+b%) |6d’e?e®“ x+6d’ee® fx*+2d>e® 2 x> +3d*e’Log[2ae“ ™ +b (-1+e® (9 )] -

bezudx bez::+dx
3d*e’e’“log[2ae”®+b (-1+e* ()] +6d’efxlog|l+ | -6d?ee®“ fxLog|l+ |+

ae® -,/ (a%+b?) ¢ ae® -,/ (a%+b?) ¢
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beZCerx
3d2f2x? Log[1+

b62c+dx
| -3d?e®“f2x? Log[1+

2c+d
| +6d*efxLog[l+ be” ™ |-

ae‘- (a2 +b2) e?¢

aec (a2+b2> e2¢ aet+ <a2+b2) e?¢
2c+d
6d’ee’“fxlog[l+ be” ™

b 2c+dXx
| +3d*f2x? Log |1+ =

2c+d
e | -3d?e?“f2x? Log[1+ be 77
aet+ a‘ +b?%) e*€

] -

ae+ <a2+b2) e?¢

ae‘+ (a2+b2) e?¢
be2c+dx beZC+dx
6d (-1+e’¢) f (e+fx) Polylog[2, - | -6d (-1+e) f (e+fx) Polylog|2, - | -
ae‘- (a2+b2) e?¢ ae‘+ (az+b2) e?c
2c+d 2c+d 2c+d
6 2 PolylLog|3, - be ™ | +6e2c f?Polylog|3, - be” ™ | -6f*PolyLog|3, - be” ™™ |+
aec - (a2+b2) e2¢ aec- (a2+b2) e?c aec+ (a2+b2) e?c
2c+d e?+2efx+f2x?) Sech[ <+ ¢x]?
6 e’ f2 PolyLog|3, - be” ™ ] +( ) [2 2} + 1
ael+ (a2+b2> e2c 8ad 2 a2d?
C c dx 2 s . dx . dx i dx . dx
Sech[—]Sech[—Jr—} -bde Slnh[—]—aeFSmh[—]—ZbdeFxSmh[—]—a-F2x51nh[—]—bdf2x251nh[—])+
2 2 2 2 2 2 2 2
1
2a%d?
C c dx
Csch|—| Csch| —+ —
sc [2] sc [2+ 2}

(—bdezsinh[—} +aefSinh[d—X] 72bdefoinh[d—X] +af2xsinh[d—x] 7bdF2xzsinh[d—X}
2 2 2 2 2

Problem 488: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J(G-%—'FX) Coth[c+dx]3

a+bSinh[c+dx]

dx

Optimal (type 4, 435leaves, 36 steps):
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fx (e+fx)? b2 (e+fx)? (a2+b?) (e+fx)® bfArcTanh[Cosh[c+dx]]
+

- - +

2ad 2af 2a3F 2a3f a2 d?

(a2 +b?) (e+fx) Log[1+&}
fCoth[c+dx] (e+fx)Coth[c+dx]? b (e+fx)Csch[c+dx] afatb?

— + — —

2ad? 2ad a%d a*d
2 b2 f L 1 &
(a ’ ) (e+ X) og[ ' ar/a?eb? <e+-Fx) Log[l—e“c*dx)} b? (e+-Fx) Log[l—ez“*dx)]
+ + -
a*d ad a’d
2., b2) fPolylog|2, - 2= 2, b2) fPolylog[2, - 2=
(a + ) oly Og[ ] N peyre ] <a + ) oly Og{ E] ey -FPolyLogP, e? (c+dx)] bZ-FPolyLog[Z, ez(c+dx)}
- + +
a3 d? a’d? 2ad? 2a3d?

Result (type 4, 1420 leaves):

Py 2bdeCosh[§ (c+dx)} —afCosh[% (c+dx)] —2bc-FCosh[§ (c+dx)} +2bf (c+dx) Cosh[% <c+dx)] Csch[% (c+dx)] +

1 2
(fde+c-F—-F(c+dx))Csch[g(c+dx)] elog[Sinh[c+dx]] b?elog[Sinh[c+dx]] cfLlog[Sinh[c+dx]]
+ +

8ad? ad a3d ad?
bZC'FLOg[Sinh[C+dX}] ELOg[1+M;M~} bZeLog[l+w} C'FLOg[l-FMM} bZC‘FLOg[1+MaC+&‘]
B B + + _
a3 d? ad atd ad? a3 d?

bfLog[Tanh[% (c+dx)H if (J’l (c+dx) Log[1-e2(c+dx) ] —%]'l (— (c+dx>2+PolyLog[2, e‘““dx)”)

azdz adZ

ib2f (i (c+dx) Log[1-e? (@] - Li (- (c+dx)?+Polylog[2, e2(©¥]]]
a3 d? )
o (a=1b) Tan[2 (% [cedx)]]
dx) L b Sinh d b a+ib)Tan|= (£ -1 (c+dx

Lb1‘: (c+dx) Log[a +bSinh[c+dx]] —11'1 lJi(E—Ji<c+dx))2—4j1Ar‘cSin[7}Ar‘cTan[ 2 2 ] -
ad? b b [2 |2 NEY Jali ot

= : at;ib 1(a—\/a2+b2)el(§’““dx>)

—-1i(c+dx) +2ArcSin| ———] | Log[1+ " ] -

2 2
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b b i (a+ a’ + b? ) ' (51 (erd)) o
—-1i(c+dx)-2ArcSin| —————]| Log[1+ " ]+(—7j(c+dx) Log[a+bSinh[c+dx]] +
2 2 2
i (37 a2 + b2 ) et (-1 (crdx)) i (a+\/m) ot (2-1 (crdx)
i |Polylog[2, - " | +Polylog|2, - . ] _
i(a-ib ] 1 .
1 (c+dx> Logfa+bSinh[c+dx]] 1 |1 (7 . 2 . . b (a+1b)Tan[;(;—1(c+dx))]
b -1 —1(——1(c+dx) -4 i ArcSin[————] ArcTan| | -
a3 d? b b 2 2 V2 JaZib?
7T . a:b i (a——\/ a2+ b? ) et (%71 <c+dx>)
—-1i(c+dx) +2ArcSin[ —————]| Log[1+ | -
2 Jz b
o } at;ib i (a+\/a2+b2 ) el (371 (esdx) .
— -1 (c+dx) -2ArcSin[ —————] | Log[1+ ]+(——Ji(c+dx) Log[a+bSinh[c+dx]] +
2 NES b 2
i (a— a2+ b2 ) ol (gfj (c+dx)) i (a+ (22 s b2 ) ol (gfi (c+dx))
i [PolyLog[2, - " | +PolyLog[2, - " ] +

(de-cf+f (c+dx)) Sech[% (c+dx”2

g +4a1d25ech[§ (c+dx)] [—Zbdesinh[% (c+dx” —a-FSinh[% (c+dx>] +
2bcfSinh 1 c+dx)| -2bf (c+dx) Sinh 1 c+dx
2 2

Problem 490: Attempted integration timed out after 120 seconds.
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Coth[c+dx]3 dx
J(eﬂcx) (a+bsinh[c+dx])
Optimal (type 9, 30leaves, 0 steps):

Coth[c+dx]3
(e+fx) (a+bSinh[c+dx])

Unintegrable| , X|

Result (type 1, 1leaves):

2?2

Problem 491: Attempted integration timed out after 120 seconds.

J(e+-Fx>3Csch[c+dx]3Sech[c+dx} ;
X

a+bSinh[c+dx]

Optimal (type 4, 1795 leaves, 87 steps):
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3f <e+-Fx)2 (e+fx)3 2b (e+'FX>3Ar‘CTan[<eC*dX} 2 b3 (e+-Fx)3Ar‘cTan[eC*dX] 6bf (e+-Fx)2Ar‘cTanh[ec*dX]

2ad2  2ad a2 d _ a? (a2 + b2) d ' a? @2 '
2 (e+-Fx)3Ar‘cTanh[e2C*2dX} ) 2 b2 (e+Fx)3ArcTanh[e2“2dX] ) 3f (e+-Fx)2Coth[c+dx] ) (e+-FX)3Coth[c+dx]2 .
ad atd 2 ad? 2ad
cdx cdx
b (e +fx)*Cschic+dx] i <e+fx)3Log[1+a-bJﬂ i <e+fx>3Log[1+a+fazﬁ 3f2 (e+fx) Log[1-e? (c+dx ]
ad ) a® (a?+b?) d ) a® (a?+b?) d i ad? i
b* (e+fx) Log[1+e?(©dX] 6bf? (e+fx)Polylog[2, -e“'?%] 3ibf (e+Fx)2PolyLog[2, -1 ecrdx]
a® (a?+b?) d ' azd? ) a2 d? ’

31b3f (e+fx)2PolyLog[2, —iewdX] 3ibf (e+-Fx)2PolyLog[2, ietdx] 3ib’f (e+-Fx)2PolyLog[2, iecrdx]
. _ _

a? (a2+ b?) d? a2 d? a? (a2+b2) d?

3b*f (e+fx)?Polylog[2, - —2<“—] 3b*f (e+fx)?Polylog[2, - <
6b 2 (e +fx) PolylLog|2, e<*d¥] (e +Fx)* PolyLog| a /az+bz] e+ fx)* PolyLog] aufae0?

- - +

a?d? a® (a?+b?) d? a® (a?+b?) d?
3b*f (e+fx)?Polylog[2, -e? (<¢¥ ] 33 polylog[2, e?(<*4¥ | 3f (e+fx)*Polylog[2, -e?<24X] 3b2f (e+fx)?Polylog[2, -e2c+2dx]
2a% (a%+ b?) d? : 2ad : 2ad? ) 2a3d? )
3f <e+-Fx)2PolyLog[2, e2c2dx]  3p2 f <e+fx)2PolyLog[2, eZC*ZdX] 6bf>PolylLog[3, -e“**] 6ibf2 (e+Fx) PolyLog[3, - i ec*dX]
2ad? : 2a%d? a2 d* ' a?d? )
6ib>f2 (e+fx) Polylog[3, -ie“d%| 6ibf? (e+fx)Polylog[3, i e?X] 61ib>f (e+fx)Polylog|3, ie“d*| 6bf>Polylog|3, e d¥]
a? (a%?+b?) d ) a?d3 ' a? (a2 +b?) d? ' a2d* '

6b*f2 (e +fx) Polylog[3, - —2<—] 6b*2 (e+fx) Polylog[3, - —2¢
(e+ X> Oyog[ af\/azﬁ (e+ X) O)/Og[ a+\/ﬁ] 3 b4 f2 (e+'FX) POlyLOg[3 _e2 C+dx)]

c+dx

a’ (a?+b?) d? ' a® (a%+b?) d 2a° (a?+b?) d? )
3f2 (e+fx) Polylog[3, -e?<-2dx] X 3b%f2? (e+fx) Polylog|3, -e2c24%] X 3f2 (e+fx) Polylog|3, e?c*2dx] )
2ad 2a3d3 2ad?
3b2f2 (e+fx) PolyLog[3, e?<*24%] 61 b f>Polylog[4, -ie9*| 61ib*>f>Polylog[4, -ie9*| 61ibf>PolylLog|4, ie“?¥]
2ad3 ) a?d* : a? (a?+b?) d* : aZd* :
. . 6 b* 3 Polylog [4, _ _betd 6 b* 3 PolylLog [4, __betd
6 i b3 3 PolylLog [4, i ec*dx] afatib? an/aeb? 3 b* f3 Polylog [4 — g2 (c+dx) }
a? (a?+b?) d* : a® (a?+b?) d* ) a® (a?+b?) d* : 4a% (a%+b?) d*
33 PolyLog[4, -e2<29%]  3b? f3Polylog|[4, -e?<*24X]  3f3polylog[4, e?<*29%] 3b%f>PolylLog|4, e224X]
4 ad* ) 4a3d* ) 4 ad* : 4a3d4

Result (type 1, 1leaves):
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???

Problem 492: Result more than twice size of optimal antiderivative.

J(e+-Fx>2Csch[c+dx]3Sech[c+dx}
dx

a+bSinh[c+dx]

Optimal (type 4, 1219leaves, 71 steps):
efx f2x2 2b (e+-Fx>2Ar‘cTan[ec*dX} 2 b3 (e+-Fx)2Ar‘cTan[e°*dX] 4bf <e+-Fx) Ar‘cTanh[eC*dX] 2 (e+-Fx)2Ar‘cTanh[e2“2dX]
+ + - +

+ —

ad 2ad a%d a2 (a2+b2)d a2 d2 ad

5 X b* (e+1cx)2Log[1+7"“9“dx ]
2 b2 (e+Fx)2Ar‘cTanh{e2°+2d"] f (e+fx) Coth[c+dx] (e+fx)*Coth[c+dx]? b (e+fx)®Cschlc+dx] afateb?
_ _ N _ _

add ad? 2ad a2d a® (a?+b?) d

b* (e+fx)%Log[1+ 2
(&) Log] e | b* (e fx)?Llog[1+e? (0] 2 og[sinh[cdx]] 2bF Polylog|2, -]
+ + -

a® (a?+b?) d : a® (a?+b?) d ad3 a2 d?

2ibf (e+fx) Polylog([2, -ie“d%] 2ib3f (e+fx)Polylog[2, -ie“?*] 2ibf (e+fx)PolyLog[2, ie“dX]
+ + -
a%d? a? (a2 +b?) d? a?d?

2b*f (e+fx) PolyLog|2, ,L} 2b%f (e +Fx) PolyLog|2, _ _becdx

a-+/ a2+b? ai/aZsb2 ]

2ib*f (e+fx) Polylog|2, i e %] 2bf?Polylog|2, e**?¥]
- - - +

a? (a2 +b2) d? a2 d? a3 (a2+b2) d? a3 (a2 + bz) d?

b f (e+-Fx) PolyLog[Z, —ez“*dx)] f (e+-Fx) PolyLog[Z, —ezc*“x] b2 f (e+-Fx> PolyLog[Z, —ezc*“x]
+ _ _
a3 (a2+ bZ) d? ad? a3 d?

f(e+fXx) PolyLog[2, e2¢*2dX| b2 f (e+Fx) PolyLog[2, e2<*24X] 21 bf2Polylog[3, -1 e X| 2ib>f2Polylog|3, -iedX]

+ +

ad? a3 d2 a?d3 a? (a?+b?) d?
2b* f2Polylog|[3, - —2<"—] 2b*f2Polylog[3, - 2
2ibf?PolylLog [3, i ec*dx} 2 i b3 f?Polylog [3, i ec*dx] a-+/a?+b2 as/ a2+b?
+ + + -
a2 d? a? (a?+b?) d? a’ (a?+b?) d? a’ (a?+b?) d?

b* 2 PolylLog [3, — @2 (c+dx) } f2 PolylLog [3, —e? C*de} b2 2 PolylLog [3, —e? C*de] f2 PolylLog [3, e? C*de} b2 f2 PolylLog [3, e? C*de}
_ + + _
2 a3 (a2+b2)d3 2ad3 2a3d3 2ad? 2a3d?

Result (type 4, 2726 leaves):

(-e?-2efx-f2x?) Csch[§+d7x}2

+

8ad
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1
6 ( 2+b2) d? (1+<ezc>
(2dx-Log[1+e? (¥ ]) +12ibde (1+e*°) f (dx (Log|1 qie“d"] Log[1+1e“9]) - PolyLog[2, -i e"®*] + PolyLog|[2, i e“*4*]) -
6ade (1+e’¢) f (2dx (dx-Log[1+e® “®¥]) -Polylog[2, -e* @ ]) +61ib (1+e°“) f> (d*x* Log[1- i 9] -
d>x?Log[1+1e“9*| -2dxPolylog|2, -ie“*] +2d xPolylog|2, i e“"®*] + 2PolyLog|3, -i e“"9*]| - 2 PolyLog[3, i e“?*]) -
a(1+e’c) f (2d2x* (2dx-3Log[1+e® (<9 ]) -6dxPolylog[2, -e*(<9¥ | +3Polylog[3, -e? (<9 ])) -
1
6a>d® (-1+e’°) -
4b’d® e’ f2x>+24abdefArcTanh[e“ | -24abdee?® fArcTanh[e®*| ~12abd 2 x Log[1 - e“®¥] +
12abd<e2C-F2xLog[1—<ec*dX] +12abd-F2xLog[1+<ec*dX} —12abd<e2C-F2xLog[1+e“dx] 6a’d?e? Log[1-e? (<90 ] 4
6b?d?e? Log[1-e? (<% | +6a2d?e? e Log[1 - e? “*dx} 6b?d?e? e®“ Log[1-e? (9| +6a%f? Log[1-e? (9] -
6 a2 eZCFZLog[l e? “d"} 12a’d?efxLlog[l-e? c*C”‘}Jrlzbzdze-FxLog[l e? c*d"]+12a dzeechxLog[l e? c*d’”]—
12b?d*e e’ fxlog[l-e? (99| —6a?d? f2 x> Log[1-e? (9] +6b>d> f2x? Log[1-e? (¥ | +6a%d? e?“ 2 x? Log[1 - e? ("9% | -
6b>d> e’ f2x? Log[1-e? (<% ]| -12ab (-1+e’c) £ PolyLog[ e x| +12ab (- 1+e25) f2 PolyLog[2, e“"9¥] -
6a’defPolylog|2, € c*d"]+6b2de1cPolyLog[2 e? c+dX]+6a de e fPolyLog[2, e? C*dx] 6b2de e’ fPolyLog|2, e? “‘“)}—
6 a’ dfszolyLog[Z e? (crdx ]y 6b2dfszolyLog[2 e? (14X ] 1 6 a? de“fszolyLog[Z e (¢+dx) ] _ 6b2de2C'F2XPolyLog[2 e? (crdx) ]
3a%f? Polylog|[3, e (“"9¥ | - 3b? f2 Polylog|3, e® (9% | -3 a’ e’ f? Polylog[3, e* (“"9¥ | +3b? e’ £ Polylog[3, e* (<9 |} +

(-12ad’e®e*“x+12ad’e? (1+e*“) x+12ad’efx’+4ad’ 2 x> +12bd*e® (1+&? )Ar‘cTan[ c+dX}fGadze2 (1+€*9)

12a2d?e?e?“x+12b%d>e?e?“x+12a%2de? 2 x-12a%d>ee®“Fx?+12b%d*ee?“Ffx?-4a*d®>e?“ 2 x3 +

1
333 (a2+b2) d3 (—1+e2c>

b* [6d®e? e x+6d’ee?  fx?+2d> e f2x>+3d?e’Log[2ae™ b (-1+e? (49X ] -

beZC+dx bezc+dx

3d?e? e’ Llog[2ae™®*+b (-1+e* ()] +6d’efxLog[l+ | -6d*ee®“ fxLog[l+ |+
ae‘- (a2+b2> e%¢ ae‘- (a2+b2) e?¢
2c+d 2c+d
3d2'F2X2LOg[1+ be - ]—3d2€2CfZX2LOg[1+ be % }+
aet -,/ (a%+b?) e*¢ ae® -,/ (a%+b?) ¢
2c+d 2c+d 2ced
6d*efxLog[1+ e | -6d?ee fxLog[1+ e | 32 £ Log 1 + et ] -
ae+ (a2+b2> e?¢ ae‘+ (a2+b2) e?¢ aec+ (az+b2) e?¢
2c+d 2c+d
3d%e? 2 Log[1+ S | -6d (-1+e*) f (e+fx) Polylog|2, - be 7" ] -
ae+ (a2+b2> e?¢ ae‘- <a2+b2) e?¢
2c+d 2c+d
6d (~1+e2) £ e+ x) Polylog[2, - ——— ] -6 Polylog[3, - .
ae+ (a2+b2) e?c ae‘- (a2+b2) e?c
2c+d 2c+d 5 ced
6 e f2 Polylog|3, - R | -6f*PolyLog|3, - be” ™™ | +6e2< £ polyLog[3, - b 2 cdx 1.

ae‘- (a2+b2) e?¢ ae+ (a2+b2) e?¢ ae+ (a2+b2) elc
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ﬁ(—3a3dezx—3a3defxzfa3df2x3+3azbe2Cosh[c]+3b3e2Cosh[c]+6a2befxCosh[c]+6b3e-FxCosh[c]+
6ac (a“+b“)d

s 42

c c (e?+2efx+f2x?) Sech| 1
3a’bf>x?Cosh[c] +3b?f?>x* Cosh[c]) Csch| —| Sech| —] Sech[c] + 22 -
2 2 8ad 2a%d?
sech[ <] sech[ S+ 9X] [bde?sinn[9X] ~aessinn[2X] —2bdefxsinn[ 2] —arxsinn[ 2] _ba e x2sinn[2X]) .
2 2 2 2 2 2 2 2
1
2a%2d?
c c dx
Csch|—| Csch|—+ —
[ Jcsen] €+ 2,

[—bdeZSinh[dfx} +aefSinh[de] —2bdefoinh[de] +a-F2xSinh[de] —bdfzxzsinh[dfx}
2 2 2 2 2

Problem 495: Attempted integration timed out after 120 seconds.

Csch[c+dx]3Sech[c+dx]
J( dx

e+fx) (a+bsSinh[c+dx])

Optimal (type 9, 36 leaves, 0steps):
Csch[c+dx]3Sech[c+dx]
(e+fx) (a+bSinh[c+dx])

Unintegrable | » X]

Result (type 1, 1leaves):

???

Problem 496: Result more than twice size of optimal antiderivative.

J(e+-Fx>2Csch[c+dx]3Sech[c+dx}2 4
X

a+bSinh[c+dx]

Optimal (type 4, 1245Ileaves, 88 steps):
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2b (e+Fx)2 b3 (e+-Fx)2 4-F2xAr‘cTan[eC*dX] 4b2f (e+-Fx) Ar‘cTan[ec*dX} 4b*f (e+-Fx) Ar‘cTan[eC*dX]

a2d a’ (a®+b?)d : ad? a3 d? : a3 (a2+b2) d?

+

2efArcTan[Sinh[c+dx]] 3 (e+fx)?ArcTanh[ecd*] 2b? (e+fx)?ArcTanh[e*d*|  £2AnrcTanh[Cosh[c+dx]]
. _ _

+

ad? ad a’d ad?
5 b> (e+fx)?Log[1+ b et | b° (e+fx)2Log[1+&
2b (e+fx)“Coth[2c+2dx] efCsch[c+dx] f2xCschlc+dx] a-+/ a?+b? a+ a?+b?
- - - + +
a*d ad? ad? a® (a?+b2)*'%d a® (a?+b?2)>'%d

2b3f (e+fx) Log[1+e2(d¥ ]| 2bf (e+fx) Log[l-e* (9] 3f (e+fx)Polylog[2, -e*| 2b2f (e+fx) Polylog|2, -e4X]
_ N _

a? (a +b2) d? a2 d? ad? a3 d?

21 f2Polylog[2, -ie9%| 2ib?f2Polylog|2, -ied*] 2ib*f2Polylog|2, -ie“?*] 2if2Polylog|2, ieX]
- . -

.
ad3 add3 a3 (a2+b2) d3 ad3

21 b2 f2Polylog|2, i ed*| 2ib*f2Polylog|2, ie“d*| 3f (e+fx)Polylog|2, e=d*| 2b2f (e+fx) Polylog|2, ec*d]
+ - + -

a’d? a3 (a2 + bz) d3 ad? a3 d?

b ec+dx b ec*dx

2b°f (e+fx) Polylog[2, -

2b°f (e +fx) Polylog[2, - —>——
a-/a’+b? asfa?b? b3 f2 Polylog[2, -e? (¢+dx |

+ —

a® (a2 +b?)%? d2 a® (a?+b?)¥2d? a’ (a?+b?) d?
b f2 PolyLog[2, e* (<4 | 3 f2polylog|3, -e“*4%| 2b%f2PolylLog|3, -e“*?*| 3f2PolyLog|3, e“*d]
- N N -
2a2d? ad? add? ad?
2b% f2Polylog[3, - —2<~] 2b5 f2Polylog[3, - 2=
2b2 £2 Polylog[3, ec'dX] yLog[3, Ny yLog|3, a3 (e+fx)?Sech[c+dx]
. - -

+

a’d’ a® (a?+b?)%% a® (a?+b?) %% 2ad

b2 (e+-Fx)ZSech[c+dx] b4(e+Fx)ZSech[c+dx] (e+~Fx)2Csch[c+dx]ZSech[c+dx] b3 (e+-Fx)2Tanh[c+dx}

a’d a3 <a2+b2)d 2ad a2 (a2+b2)d

Result (type 4, 2850 leaves):
1

2a3d? (—1+e2c>
4b?d? e? e?C ArcTanh[e® %] + 4 2% f2 ArcTanh [e“"9%| - 4 a2 2 f2 ArcTanh [e“"*| +6a’d? e fx Log[1-e“"9*| -4b?d? e fx Log[1 - e“"4*] -
6a’d’ee’  fxlog[l-e“ 9| +a4b?d’ee®  fxLlog|[l-e“?*| +3a2d?f2x?Log[1l- e "] -2b%d? 2 x? Log[1 - e ?*] -
3a%d? e f2 x? Log[1-e“ %] +2b?d? e 2 x? Log[1-e'?*] ~6a’d’efxLog|[l+e ]| +a4b>d?efxLog[l+e"?X] +
6 a’ dZEGZCfXLOg[1+eC*dX] 4b2dze<ezc'FXL0g[1+<ec*dX} 3a%d®f*x? Log[1+ec+dx} +2b2d2'F2X2LOg[1+eC*dX] +
3a?d? 2C-szzLog[lJrec*dx] 2 b2 d? 2C1czx2Log[1+<e“‘“‘]+4abde-FLog[1 e? C+d“}—4abdecechLog[l—aez(c*d")]+
4abdf’xlog[l1-e* 9] -d4abde?“f2xlog[l-e? (9] +2(3a2-2b?)d (-1+e®°) f (e+fx) Polylog[2, -e“4] -
2 (3a -2b%) d (-1+e>¢) f (e+fx) PolylLog[2, e“®*] +2ab > PolylLog[2, e (“*®¥ | -2abe’  f? Polylog[2, e® ("4¥ | +
6 a2 f2PolylLog|3, -e“4%| -4 b2 f2PolylLog|3, -e“4%]| -6 a2 e2¢ 2 PolyLog|3, -e“*4*] + 4b? e2¢ f2 PolyLog|3, -] -

(Babd’ee’“ fx+4abd® e’ f x> -6ad e? ArcTanh[e®"?*] + 4b? d? e? ArcTanh[e“"9*| + 6 a> d® e? e ArcTanh[e“*4*| -
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6 a’ 2 Polylog[3, e“"®*] + 4 b? f2 PolylLog[3, e“"“*| + 6 a® e f> PolylLog[3, e“*9*| -4 b% &2 £ Polylog|3, e~ 4|} -
2d?e? Ar‘cTan[M] 2d2ee°'FXLog“+ —befolr ] d? e 2 x? Log[1+ — betedx
1 b5 _32_p? aeS- (az+b2)e2‘ aet- (az+b2>e“
+ + -

a’ (a?+b?) d? NEFYY: (a + b?) e2¢ (a2 + b2) e*¢

2d2eecfoog[l+L] dzecfzszog[lJr&} Zdec‘F(e+'FX> PolyLog[Z,—%}
ae‘+ (az+b2) e?¢ ae‘+ (a2+b2) e?¢ ae‘- (az+b2) e?¢
_ + _
(a2+b2) e?¢ (a2+b2) e?¢ (az+b2) e?¢
2def (e+fx) Polylog|2, —L] 2 e“ f2 Polylog|3, —L] 2 e“ f2 Polylog|3, T — ]
aec+ (a2+b2) e%¢ ae- (a2+b2) e%¢ ae+ (a2+b2) e%¢
_ N _
(a2+b2) e?c (a2+b2) e?c (a2+b2) e?c

2befSech[c] (Cosh[c] Log[Cosh[c] Cosh[d x] + Sinh[c] Sinh[d x]] 7deinh[c])
(a2 +b?) d? (Cosh[c]?-Sinh[c]?)

+

4 aefArcTan

[ Sinh[c]+Cosh[c] Tanh“z—xw ]

Cosh[c]?-Sinh[c]?

(a2 +b?) d? \/Cosh[c]2 -Sinh[c]?

b _FZ Csch [C] 7d2 e—Ar‘cTanh[Coth[c]] XZ + 1
1-Coth[c]?

iCothlc] (-dx (-r+2iArcTanh[Coth[c]]) - mLog[1+e?®*] -2 (idx+iArcTanh[Coth[c]]) Log[1-e>* (*dx+iArcTanhiCothlcl]) |,

mLog[Cosh[dx]] +2 1 ArcTanh[Coth[c]] Log[i Sinh[d x + ArcTanh[Coth[c]]]] + 1 PolyLog[z, @21 (idx+iArcTanh[Cothlc]]) ] )

1

Sech[c] /((a2+b2) d3\/Csch[c}2 (-Cosh[c]?+Sinh[c]?) ) + m

1
2af?|-——————iCsch[c] (i (dx+ArcTanh[Coth[c]]) (Log[1- e dxArcTanhiCothic]]] _ | og[1 + g dx-ArcTanhiCothic]] )

1-Coth[c]?

| 275
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dx

7| | ArcTanh [Coth[c]]

Sinh[c]+Cosh[c] Tanh {
2 ArcTan|

Cosh[c]?-Sinh[c]?
i (PolyLog[Z, 7e7dx7Ar‘cTanh[Coth[c]]] fPolyLog[Z, edx—ArcTanh[Coth[c]]])) osh([c]”-sinh[c]

\/Cosh[c]z—sinh[c}2

1
16 a2 (a2 + bz) d?

Cschlc] Cschc+dx]?Sech[c] Sech[c+dx] (2a’efCosh[2dx] +2ab’efCosh[2dx] +2a®f?xCosh[2dx] +

2ab?f2xCosh[2dx] +4a’bde?Cosh[c-dx] +8a’bdefxCosh[c-dx] +4a’2bdf?>x?Cosh[c-dx] +2b3>de?Cosh[c+dx] +
4b3defxCosh[c+dx] +2b3df2x?>Cosh[c+dx] +2b3de?Cosh[3c+dx] +4b3defxCosh[3c+dx]+2b3df?>x?Cosh[3c+dx] -
2a*efCosh[4c+2dx] -2ab?efCosh[4c+2dx] -2a°>f?xCosh[4c+2dx] -2ab’f?>xCosh[4c+2dx] -
4a’bde?Cosh[c+3dx]-2b>de?Cosh[c+3dx] -8a’bdefxCosh[c+3dx]-4b>defxCosh[c+3dx] -
4a%bdf?x?Cosh[c+3dx]-2b>df?>x?Cosh[c+3dx]-2b3>de?Cosh[3c+3dx]-4b3defxCosh[3c+3dx]-
2b3df2x?Cosh[3c+3dx] +2a*de?Sinh[2c] -2ab?de?Sinh[2c] +4a*defxSinh[2c] -4ab?defxSinh[2c] +
2a3df?x?>sinh[2c] -2ab?df?>x?>Sinh[2c] +3a*>de?Sinh[2dx] +ab®de?Sinh[2dx] +6a*defxSinh[2dx] +
2ab’defxSinh[2dx] +3a®df?x?>Sinh[2dx] +ab?df?x?>Sinh[2dx] -3a®de?Sinh[4c+2dx] -ab®de?Sinh[4c+2dx] -
6a’defxSinh[4c+2dx] -2ab’defxSinh[4c+2dx] -3a’df’x*Sinh[4c+2dx] -ab’>df>x*Sinh[4c+2dx])

Problem 497: Result unnecessarily involves imaginary or complex numbers.

(e+fx) Csch[c:+dx]3Sech[c+dx]2dl
X
J a+bSinh[c+dx]

Optimal (type 4, 699 leaves, 44 steps):
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fArcTan[Sinh[c+dx]] b?fArcTan[Sinh[c+dx]] b*fArcTan[Sinh[c+dx]] 3fXxArcTanh|e®dx]
+

+ —

ad? a3 d? a® (a%+ b?) d? ad
2b% fx ArcTanh|[e“*?%] 3 fxArcTanh[Cosh[c+dx]] b?fxArcTanh[Cosh[c+dx]] 3 (e+fx) ArcTanh[Cosh[c+dx]]
- + + -
a*d 2ad a‘d 2ad

b* (e +fx) Log[1+&]
b? (e + fx) ArcTanh[Cosh[c+dx]] 2b (e+fx)Coth[2c+2dx] fCschc+dx] 22202
+ - - +
ald a%d 2ad? a3 (a2+b2)3/2d

bS (e + fx) Log[1+ 2=
as/ a?+b? b3 f Log[Cosh[c+dx]] bflog[Sinh[2c+2dx]] 3FPolyLog[2, fec*d"] bszolyLog[Z, —e“d"]
+ - + -

a3 (a2+b2)3/2d a2 (a2+b2) d? a2 d? 2 ad? a3 d2

b% f PolyLog[2, - &} b® f PolyLog|[2, - b

Y ey aia2ip? 3 (e+fx) Sech[c+dx]

3 fPolylLog|2, e*dX| b2 fPolylog|2, e“*?X]
+ + - +

2ad? a* d? . a® (a2 + b?)%/% d2 a® (a?+b?)2d2 2ad

b? (e+fx) Sech[c+dx] b*(e+fx)Sech[c+dx] (e+fx)Csch[c+dx]?Sech[c+dx] b?(e+fx)Tanh[c+dx]

a’d a3 <a2+b2)d 2ad a2 (a2+b2)d

Result (type 4, 1012 leaves):
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fAr‘cTan[Tanh[% (c+dx)]] +FAr‘cTan[Tanh[% (c+dx)]] ) 1
(a—ib) d? (a+ib) d? 432 d2
1 1 1 1 1
2bdeCosh[E(c+dx”—a-FCosh[;(c+dx>]—2chCosh[E(c+dx”+2bf<c+dx)€osh{;(c+dx)] Csch[;(c+dx)]+

1 2
(—de+c-F—-F(c+dx))Csch[;(c+dx)] i flog[Cosh[c+dx]] 1flog[Cosh[c+dx]] bflog[Sinh[c+dx]]
N _

8ad? 2 (a-ib)d? 2 (a+ib) d? a’ d?
3eLog[Tanh[%(c+dx)H bZeLog{Tanh[i(c+dx)H 3chog[Tanh[%(c+dx)H bzc-FLog[Tanh[%(c+dx)H
2ad : a*d : 2ad? ) a3 d? :
3if (i (c+dx) (Log[l-e 9] -Log[1+e %]} +i (PolylLog[2, -e < %] - PolyLog[2, e ?x]))
2ad?
ib?f (i (c+dx) (Log[1-e<9%] -Log[1+e 9]} +i (PolyLog[2, -e <] - PolyLog[2, e < ¢x])) 1
.
a’d? a3 (7 (a2+b2>2)3/2d2
+d +d +d
b> (a? + b?) [Zx/a2+b2 deAr‘cTan[w} -2+/a?+b? cfAr‘cTan[w} +4/-a®-b® f (c+dX) Log[1+L} -
NPTy ~a2 - b? a-Va?+b?
b ec+dx b ec+dx b ec+dx
-a?-b? f (c+dx) Log[l+ —————] ++/-a’-b? fPolyLog[2, —————] -+/-a*-b? fPolylog|2 —]]+
V (o) togltr g N N
“de+cf-f(c+dx))sech[ (c+dx)]?
( ( ) [2< )] + 1 Sech[l(c+dx”
8ad? 4 a2 d? 2

+

[ZbdeSinh[1 (c+dx)] +a1cs1nh[1 (c+dx)] 72bcfSinh[1 (c+dx)]+2bf (c+dXx) Sinh[l (c+dx)]
2 2 2 2

NS 2Sech[c+dx] (-ade+acf-af (c+dx)+bdeSinh[c+dx] -bcfSinh[c+dx] +bf (c+dx) Sinh[c+dx])
a‘+b%)d

Problem 499: Attempted integration timed out after 120 seconds.

Csch[c+dx]3Sech[c+dx]?
J dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
Csch[c+dx]3Sech[c +dx]?

(e+fx) (a+bsinhfc+dx])’

Unintegrable|

x]

Result (type 1, 1leaves):

222
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Problem 500: Result more than twice size of optimal antiderivative.

J(ewa) Csch[c+dx]3Sech[c+dx]3 4
X

a+bSinh[c+dx]

Optimal (type 4, 1122 leaves, 65 steps):

b2fx 3bfxArcTan[ed*] 2b° (e+fx)ArcTan[ed*| b® (e+fx)ArcTan[e“*?*] 3bfxArcTan[Sinh[c+dx]]

+ —

+

2ad azd a2 (a2+b2>2d a’ (a?+b?) d 2a%d
3b (e+fx) ArcTan[Sinh[c+dx]] 2b2 f x ArcTanh[e2¢2dx] 4 (e+Fx) ArcTanh[e2¢*2¢X]| b ArcTanh[Cosh[c +dx] ]
2a%d } atd : ad : a2 d? :
cadx
3b(e+fx)Csch[c+dx] fCsch[2c+2dx] 2 (e+fx)Coth[2c+2dx]Csch[2c+2dx] o (e Fx) Log[1+fﬁ
2a%d ) ad? . ad ) a3 (a2+b2)2d .

bé (e +fx) Log[l+&
22202 b (e +fx| Log[1+e? (¢4 ] p2fxlog[Tanh[c+dx]] b? (e+fx) Log[Tanh[c+dx]]

a3 (a2+b2)2d : a3 (a2+b2)2d a’d : add .

3ibfPolylog|2, -ie“?*] ib°fPolylog|[2, -ie“?*] ib®fPolylog|[2, -ie“*?*| 3ibfPolylog|[2, i edX|
+ + -

2a2d? a2 (a2+b2)2d2 232 (a2+b2) d? ' 2a2d?
bS £ Polylog[2, - —2==“—] b fPolylog[2, - 2
i b fPolylLog[2, i e“*?%] ib?fPolylLog[2, i e*dX] olyLog[2, a_\/ﬂ} olytog|2, ar/a%ib?
- - - +
a? (a2 +b?)? d2 2a? (a?+b?) d? a3 (a2 +b2)? d? a® (a2 +b?)? d2

bsfPolyLog[Z, -e? “*dx)] -FPolyLog[Z, —eZC*ZdX] bz-FPolyLog[Z, —eZC*ZdX] -FPolyLog[Z, eZC*ZdX}
+ _ _
2 a3 (a2+b2)2d2 ad? 2 a3 d? a d2

+

bZ-FPolyLog[Z, ezc*z‘”] bfSech[c+dx] b3fSech[c+dx] b* (e+-Fx) Sech[c +dx]2 b(e+-Fx) Csch[c+dx] Sech[c+dx]?2
+ _

2 a3 d2 2 a2 d? 2 a2 (a2+b2)d2 2a3 (a2+b2)d 2a%d

b2fTanh[c+dx] b*fTanh[c+dx] b?>(e+fx)Sech[c+dx]Tanh[c+dx] b? (e+fx) Tanh[c+dx]?
. _
2a3d? 22’ (a?+b?) d? 2a% (a?+b?) d 2ad

Result (type 4, 3282 leaves):

o i(2a°+3a%*b?+b®) (de-cf) (c+dx) i (2a°+3a*b2+bf) f (c+dx)? aSEAPCTa"h[l’ziTa”h[i(C*dX>H
+ + +

16a° (a% +b2) 2 d? 322° (a?+b?)% d? 2 (a2+b?)%d
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3ab2eAr‘cTanh[1—ZjTanh[i(c+dx)]] bseAr‘cTanh[l—ZjTanh[i(c+dx)H a3c-FAr‘cTanh[1—2j1TanhE(c+dx)]]

4 (a?+b?)%d 42% (a2 +b?)?d 2 (a2 +b?)?d?
3ab’cfArcTanh[1-2iTanh[J (c+dx)]] b®cfArcTanh[1-2iTanh[> (c+dx)]|] elog[Cosh[> (c+dx)]]
4 (a?+b?)*d2 ' 4a% (a2 + b2)? d? 7 4ad '
b>eLog[Cosh[> (c+dx) || bflog[Cosh[ (c+dx)]] cflog[Cosh[} (c+dx)]] b’>cflog|Cosh| (c+dx)]]
+ + - +
8a’d 8 a% d? 4ad? 8 a® d?

ale (—%i (c+dx) +Log[Cosh[§ (c+dx)] +iSinh[i (c+dx)]]) ) 3able (—ii (c+dx) +Log[Cosh[i (c+dx)] +jSinh[§ (c+dx)H) _

4 (a?+b?)%d 8 (a2+b?)*d

alcf (—%i (c+dx) +Log[Cosh[% (c+dx) ] +iSinhE (c+dx)H) 3ab2c-F( 21 (c+dx) +Log[CoshE (c+dx)] +jSinh[§ (c+dx)H)

4<a2+b2)2d2 8(a2+b2>2d2

b'FLog[Sinh[i (c+dx)]] boe (71'1 (c+dx) +2Ar‘cTanh[1—21’1Tanh[§ (c+dx)]] +Log[-1+Cosh[c+dx] +jSinh[c+dx]})

+ —

8 a2 d? 16 a3 (a2+b2)2d
bé ¢ f (71'1 (c+dx) +2ArcTanh[17211Tanh[§ (c+dx)]]+Log[-1+Cosh[c+dXx] +]isinh[c+dx}]) bfeLog|1+ M:“&L]
- +
16 a3 (a2+b2)2d2 8 a3 (a2+b2)2d

b® ¢ f Log[1+ Mac*ﬂ]-] ) if (—ii <c+dx)2—§i (c+dx) Log[1+e<d%] +§iPolyLog[2, —e’cfdx}) )

8a’ (a?+b?)%d? 2ad?

a® |
ibzf( ii (crdx)? i]ll(C+dX> Log[1+e‘c‘dx]+§J‘1PolyLog[2,—e‘c‘dx}) ) 1

433 d2 8a® (a?+b?)*d?

b® f (—lj <C+dx)2+11'1 (37r(C+dX) + (1—1'1) (C+dx>2+7rLog[2] +2 (ﬂ—ZJl (C+dx)> Log[1+je’c’dx} —47TLog[1+<ec*dX} +
2 4

jasf(i (cedx)?s s (—37r(c+dx) (1) (crdx)? rlog[2] -2 (r-2i [c+dx)) Log[1+ie <X 4
4 4

47rLog[Cosh[1 (c+dx)]] —ZJTLog[—Cosh[E (c+dx)] +Jisinh[1 (c+dx)]]+41iPolyLog[2, -ie < 9]
2 2 2

-
4 (a?+b?)%d2

47 Log[l+ e 9¥] —471Log[Cosh[l (c+dx)]] +271Log[—Cosh[1 (c+dx)] +J'1Sinh[1 (c+dx)]] -41iPolylog[2, -ie <]
2 2 2

St (@) (crdx atog[i-e=i]) 2polylog2, ] || — =
2 |2 8 (a%+b?)%d?

3iab’f [1 (c+dx)?+ = (=37 (crdx) - (1-) (c+dx)?-rlog[2] -2 (-2 (c+dx)) Log[1+ie <] +4rLog[1+esdx] -
4 4
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47TLog{Cosh[1 (c+dx)]] +27rLog[—Cosh[l (c+dx)] +JiSinh[l (c+dx)]]-41Polylog[2, -ie <]
2

2
Zi (1 (c+dx) (c+dx+4Llog[1-e “9*]) -2Polylog|2, e*C*dX]]) ¥ !
2 12 8a’ (a?+b?)*d2
ibsf(l(c+dx)2+1 -3 (c+dx) - (1-1) (c+dx)*-mLog[2] -2 (m-21i (c+dx)) Log[l+ie <] +4rLog[1l+e™d¥] -
4 4
4nLog[Cosh[1(c+dx)H+27rLog[7Cosh[1(c+dx)]+jsinh[1(c+dx)H74jPolyLog[2,ﬂie‘c‘dx}
2 2 2
1 1 1
— (— (c+dx) (c+dx+4Llog[1-e “?*]) -2Polylog|2, e’c’dx]]) +
2 12 2+/2 (a?+b?)2d?
jagf[lelzxn(c+dx)2+ ! (lﬁ(c+dx)fnLog[1+ec*dx}—2(I+ljl(c+dx) Log[l—ezi(%%j‘(c*dx))]+
4 J2 \4 4 2
ﬂLog[Cosh[l(c+dx)H+l7rLog[Sin[£+li(c+dx)H+1’1PolyLog[2, e21(3+§i(c+dx))]J + !
2 2 4 2 4\/?<a2+b2)2d2
3iab?f —le%(c+dx>2+ = {1H<c+dx)—ﬂLog[1+ec*dX}—2[£+lj(C+dx> Log[l—eu(%*%i(mdx))}+
4 J2 \4 4 2
1 1 Lot 1 . 23 (Z+14 (cvdx))
JTLOg[COSh[ <c+dx)H+27TLog[Sln[4+21(c+dX>H+1PolyLog[2,e 4 2 ] -
2
i(a-ib)
d L b Sinh d b
= b’ f (c+dx] Log[a+bsinh[c- XH—EJ'L 1J'L[E—Ji(c+dx))2—41'LAr‘cSin[7]
8 a’ (a2+b2)2d2 b b 2 2 V2
i (a-ib) e
(a+ib)Tan[l(1—j(c+dx)H ﬁ N " ]'1(afx/a2+b2)<el(z"“c*dx))
ArcTan | 2 12 |- |=-1i(c+dx)+2ArcSin[ ————]| Log[1+ | -
Va?+b?2 2 V2 b
: a:b i (a+ a2+b2)el(%i<c+dx>)

7T . 7T .
—-1i (c+dx) -2ArcSin[ —————] | Log[1+ A ]+(Efj(c+dx) Log[a+bSinh[c+dx]] +
2 2
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i (a—4/a2+b2 ) ol (2-i (c+dx)) i (a+m) &t (%1 (crdx) | .
| +PolyLog[2, - ] .

b b 16 (a% + b?)? o

i [PolyLog[2, -

b (3a*+5b?) (2 (de-cf+f (c+dx))ArcTan[Cosh[c+dx] +Sinh[c+dx]] -ifPolylog|[2, -i (Cosh[c+dx] +Sinh[c+dx])] +

i fPolylog[2, i (Cosh[c+dx] +Sinh[c+dx])]) +
1

128 a? (a? + b?) d?
8a’deCosh[2 (c+dx)|-4ab*deCosh[2 (c+dx)|+8a’cfCosh[2 (c+dx)]|+4ab>cfCosh[2 (c+dx)]-
8a’f (c+dx) Cosh[2 (c+dx)]|-4ab>f (c+dx) Cosh[2 (c+dx)]|+2a’bfCosh[3 (c+dx)]|-2a’bdeSinh[c+dx] +
4b*desSinh[c+dx] +2a’bcfSinh[c+dx] -4b>cfSinh[c+dx] -2a’bf (c+dx) Sinh[c+dx] +4b>f (c+dx) Sinh[c+dx] -
4a’fsinh[2 (c+dx) ] -2ab?fSinh[2 (c+dx)]| +6a’bdesSinh[3 (c+dx)] +4b>deSinh[3 (c+dx)]|-6a’bcfSinh[3 (c+dx)] -

Cschlc+dx]?Sech[c+dx]* (-4ab*de+4ab’cf-4ab’f (c+dx)-2a’bfCosh[c+dx] -

4b%cfsinh[3 <c+dx)] +6a’bf (c+dx) Sinh[3 (c+dx)] +4b>f (c+dx) Sinh|[3 (c+dx” —abz-FSinh[4(c+dx)])

Problem 502: Attempted integration timed out after 120 seconds.

Csch[c+dx]3Sech[c+dx]3
J dx

(e+fx) (a+bSinh[c+dx])

Optimal (type 9, 38leaves, 0steps):
Csch[c+dx]3Sech[c+dx]3
(e+fx) (a+bsSinh[c+dx]) ’

x]

Unintegrable|

Result (type 1, 1leaves):
22?

Test results for the 102 problemsin "6.1.3 (e x)"m (a+b sinh(c+d x*n))*p.m"

Problem 3: Result more than twice size of optimal antiderivative.

jx Sinh[a + bxz] dx



Optimal (type 3, 15leaves, 2 steps):
Cosh[a+bx?]|
2b

Result (type 3, 31 leaves):
Cosh[a] Cosh|[bx?| Sinh[a] Sinh[bx?]
+
2b 2b

Problem 24: Result more than twice size of optimal antiderivative.

J(e x)"Sinh[a+bx?]” dx

Optimal (type 4, 214 leaves, 8 steps):

3757 @32 (e x)+m (7bx2)§('1‘m) Gamma[lgm, -3bx?] 3¢ (ex)lm (7bx2)§<'1‘m) Gamma[lgm, -bx?|
. 16 e : 16 e .
3e2 (ex)t™ (b xz);‘('l'm) Gamma[lgm, b x?] 3757 e 3 (ex)tm (b x2>§('1'"‘) Gamma[lz’", 3bx?|
16 e i 16 e

Result (type 4, 735leaves):

x™ (ex)™Cosh[a]? (—i (
8

—lxl“" (—bxz)i“l’m) Gamma[1+m, ~bx?] + lxl”" <bx2)§(’1’m) Gamma[1+m
2 2 2

1 [—l 33 (1M e (—bxz);“l’m) Gamma[1+m, -3bx?] + I ogierm (b xz)if(’l’m> Gamma[1+m, 3 b x?]
8 2 2 2 2

1+m

— 32 zx(ex)'"(—bzx“)z(lm)Cosh[a]2 - (bx?) = Gamma| m,—3bx2]+3hTm(bx2)%mGamma[ , ~bx?] +
16
(-bx?) ES Gamma | , bx?| - Gamma [ , 3bx?] ) Sinh[a] - T (ex)" (-b? x4)§<’1’m) Cosh[a]
16
R} o1 Jimo o oam m . , T (L 1+m
(bx?) = Gamma | , -3bx?] +3% (bx?): Gamma| , -bx?] - (-bx?) = |3 Gamma|

x™ (ex)™" 3 —lxl*m ( bxz)g(’1 " Gamma | m’ -bx?] - lx1+n1 (b x2>§(’1’"‘) Gamma[1+m, bx?] | +
8 2 2 2
1(1 32 (1M ydem ( bxz)é< Y™ Gamma | , -3bx?] - = 33 (71 ylum (b xz)g(’l’m> Gamma[m, 3bx?]
8 2 2

, bx?] +Gamma[1+7m, 3bx?]
2

JSinh[aJ3

6.1 Hyperbolic sine.nb | 283

] Sinh[a]?+
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Problem 37: Attempted integration timed out after 120 seconds.

b3
J(ex)msinh[aJrf} dx
X

Optimal (type 4, 146 leaves, 9 steps):

1 bym 3b 3 bym b

- = 31*mbe3a(——) (ex)"Gamma[-1-m, -— |+ =be? |[-—| (ex)"Gamma[-1-m, -—|+
8 X X 8 X X
3 bym b 1 bym 3b
Zhe? _) (ex)"Gamma[-1-m, —| -~ 3""pe32 —) (ex)"Gamma[-1-m, — |
8 X X 8 X X

Result (type 1, 1leaves):
22?

Problem 53: Result more than twice size of optimal antiderivative.

J(e x)"Sinh[a + :—2]3 dx

Optimal (type 4, 194 leaves, 9 steps):

1+m 1+m

= 37 el LA x (ex)"Gamma| = (-1-m), —ﬁ] —iea (—3 oy (ex)'"Gamma[l (-1-m), —3} +
16 x?2 2 x2 16 x? 2 X2
hl 1+m 1;’“
ie’a LA x(ex)'“Gamma[l(—l—m),3}—l 37 e3° LA x(ex)mGamma[l(—l—m),ﬂ]
16 x2 2 X2 16 x2 2 x2
Result (type 4, 1291 leaves):
n n
x™ (ex)"Cosh[a]? BES ENIRUA xl*r"Gamma[l(—l—m),—i]—l LA xl*mGamma[l(—l—m),E] +
8 |2 x2 2 X2 2 \x? 2 x2
Lem . Lem
1t 35 b Xl*mGamma[l(—l—m%—E]—l 35 LA xl”“Gamma[l(—l—m),ﬂ] +
8 |2 x? 2 X2 2 X2 2 X2
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3.2V x ™ (ex)™Cosh[a] Sinh[a]? |2762mxI™m | _plmpy | — TGamma[l (-1-m), -—]+2""m | — TGamma[1 (-1-m), —] -
X 2 x? X 2 x2
o b o b 1
22+m ~)2 Gamma[ _ , _—] p2m [ |2 Gamma[ _ , —} + 23 Slnh[—} +
x2 2 X2 x2 2 X2 X

Problem 101: Result is not expressed in closed-form.

Jsinh[aer (c+dx)1/3} 4
X

X

Optimal (type 4, 232 leaves, 13 steps):

| 285
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CoshIntegral|b (c1/3— (c+dx)1/3)} Sinh[a+bc?3] + CoshIntegral[b ((—1)1/3 3 (c+dx)1/3)} Sinh[a- (-1)*?b 3] +
CoshIntegral[-b ((—1)2/3 3 (c+dx)1/3)} Sinh[a+ (-1)*?bc'/?] - Cosh[a+bc'/?] SinhIntegral[b (c1/3— (c+dx)1/3)] -
Cosh[a+ (-1)*?bc'/?] sinhIntegral|[b ((—1)2/3 cl/3 (c+dx)1/3)] +Cosh[a- (-1)*?bc'?] sinhIntegral|b ((—1)1/3 3 (c+dx)1/3)]
Result (type 7, 233 leaves):

1 (7RootSum[c7ml3 &, Cosh[a+bn1] CoshIntegral|b ((c+dx)1/3 7111)} - CoshIntegral|b ((c +dx)1/37111)} Sinh[a+bnl] -

2
Cosh[a+b#1] SinhIntegral[b ((c +d x)1/3 -l

| +Sinh[a+b#1] SinhIntegral|b ((c +dx)1/3—nl)] &] +
RootSum|c - #1% &, Cosh[a + b #1] CoshIntegral[b ((c+dx)1/3—ml)} + CoshIntegral [b ((c+dx)1/3—ml>} Sinh[a+bHl] +
Cosh[a+b#1] SinhIntegral[b ( (c+dx)? - 1:(1) | +sinh[a+bl] SinhIntegral|b ( (c+dx)? - 111) ] &] )

Problem 102: Result is not expressed in closed-form.

dx

Jsinh[aer (c+dx)1/3}
2

X

Optimal (type 4, 329leaves, 14 steps):

bdCosh[a+bcl/?] CoshIntegral|[b (c1/3 - (c+d x)1/3) ] (-1)*?bdcCosh[a+ (-1)*?b /3] CoshIntegral|-b ( (-1)*2 3~ (c+d x)1/3) ]
3?3 ’ 3 ¢2/3 -

(—1)1/3deosh{a— (—1)1/3bc1/3} CoshIntegral[b ((—1)1/3 cl/3 4 (c+dx)1/3)] Sinh[a+b <c+dx)1/3]

3C2/3 X

bdSinh[a+bcl/?] SinhIntegral|b (c1/3— (c+dx)1/3)} (-1)*?bdsinh[a+ (-1)?bcl/3] SinhIntegral[b ((—1)2/3 /3. (c+dx)1/3)]

3¢%3 3¢2/3

(_1>1/3bdsinh[a_ (_1)1/3bc1/3} SinhIntegral|b ((_1)1/3 cl/3 . (c+dx)1/3)]

3 C2/3

Result (type 7, 210leaves):

e***"1 ExpIntegralki[b ( (c+rdx)™? - 111) ] ) /
3 e—b (c+dx)¥/3 _ 3 eZ a+b (c+dx) Y3

1 3
— |bdxRootSum|c - 1113 &,

&} +e@
6 X 112

bd x RootSum|c - #1° &, %(Cosh[b #1] CoshIntegral [b ((c erx)l/3 —Hl)} - CoshIntegral [b ((c erx)l/3 —Hl)] Sinh[bnl] -
i |

Cosh[b#1] SinhIntegral|b ( (c+dx) 13 111) | +Sinh[b#1] SinhIntegral [b ( (c+dx) 13 Hl) ]) &] )




Test results for the 33 problems in "6.1.4 (d+e x)"m sinh(a+b x+c x"2)An.m"

Problem 19: Attempted integration timed out after 120 seconds.

Sinh[a+bx+cx2]2
J dx
X

Optimal (type 9, 32leaves, 2 steps):
Log[x]

1 Cosh[2a+2bx+2cx?]
+ = Unintegrable|

2 2 x ]

Result (type 1, 1leaves):

???

Problem 23: Attempted integration timed out after 120 seconds.

Jsinh[a+bx—cx2]2 5
X

X

Optimal (type 9, 32leaves, 2 steps):

Log [X] Cosh[2a+2bx-2cx?|

1
+ = Unintegrable|

2 2 X X

Result (type 1, 1leaves):

?P?

Test results for the 369 problems in "6.1.5 Hyperbolic sine functions.m"

Problem 1: Result more than twice size of optimal antiderivative.

Jsinh [a+bx] dx

Optimal (type 3, 10leaves, 1 step):
Cosh[a +bx]
b
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Result (type 3, 21 leaves):
Cosh[a] Cosh[bx] Sinh[a] Sinh[b x]
+
b b

Problem 43: Result more than twice size of optimal antiderivative.
J Sinh[x] dx
i+ Sinh[x]
Optimal (type 3, 14 leaves, 2 steps):
Cosh[x]

i+ Sinh[x]

Result (type 3, 29leaves):
2sinh[ %]

X —

Cosh[f] -i Sinh[ﬂ

Problem 44: Result more than twice size of optimal antiderivative.
J Csch[x] dx
i+ Sinh[x]
Optimal (type 3, 19leaves, 3 steps):
Cosh[x]

i ArcTanh[Cosh[x]] +
i+ Sinh[x]

Result (type 3, 50 leaves):
2Sinh|*
i Log[Cosh[~]] - i Log[sinh[]] + H
2 2 Cosh[f] —iSinh[f]

Problem 45: Result more than twice size of optimal antiderivative.
J Csch[x]? dx
i+ Sinh[x]
Optimal (type 3, 23 leaves, 5 steps):

Coth[x]

-ArcTanh[Cosh[x]] +2 1 Coth[x] + ————
i+ Sinh[x]
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Result (type 3, 70leaves):

2iSinh|%
5 coth[ %] - Log[cosh[ X]] + Log[sinh[X]] + ] i Tanh[X]
2 2 2 2 Cosh[f] —iSinh[f] 2 2

Problem 46: Result more than twice size of optimal antiderivative.
3
J Csch[x] dx
i+ Sinh[x]
Optimal (type 3, 37 leaves, 6 steps):
Coth[x] Csch[x]

3 3
- — 1 ArcTanh[Cosh[x]] - 2Coth[x] + — 1 Coth[x] Csch[x] +
2 2

1+ Sinh[x]
Result (type 3, 94 leaves):
16 Sinh| %
= |-acoth[ =] +icsch[>]*- 121 Log[Cosh[ =] ] +12 i Log[Sinh[~]] + i Sech[~]*- 2] ~4Tanh[ ]
8 2 2 2 2 2 Cosh[f] —iSinh[f] 2

Problem 47: Result more than twice size of optimal antiderivative.
J Csch[x]* dx
i+ Sinh[x]

Optimal (type 3, 47 leaves, 6 steps):

3 . 4 ; 3 Coth[x] Csch[x]?
— ArcTanh[Cosh[x]] -4 1 Coth[x] + — 1 Coth[x]® - — Coth[x] Csch[x] +
2 3 2 i+ Sinh[x]

Result (type 3, 124 leaves):

X X2 X X
= |-20i Coth[Z] -3Csch[~]”+36 Log[Cosh[ - ]] - 36 Log[sinh[ ] ] -
" i Coth[~] -3 Csch| ]" + 36 Log[Cosh[ ] og[sinh[ ~]]
48 sinh[*
3sech[~]*- H _giCschix)®sinh[X]*+ 2 i csch[ 2] sinh[x] - 201 Tanh[ %]
2" Cosh[}] -isSinh[}] 27 2 2 2

Problem 50: Result more than twice size of optimal antiderivative.

Sinh[x]?
J(— dx

i+ Sinh[x] )2
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Optimal (type 3, 32leaves, 3 steps):

1 Cosh[x] 5 Cosh[x]
X + -

3 (J'1+Sj_nh[x])2 3 (i +Sinh[x])

Result (type 3, 74 leaves):

3(-4i+3x)Cosh[>]+ (101-3x) Cosh[2*] -61i (-3i+2x+xCosh[x]) Sinh[X]

6 (Cosh[*] - i sinh[*])’
Problem 53: Result more than twice size of optimal antiderivative.
J Csch[x]? dx
(11+Sinh[x])2

Optimal (type 3, 42 leaves, 6 steps):
10 Coth [X] Coth[x] 2 i Coth[x]
+ + -

2 i ArcTanh[Cosh[x] ] .
3 3 (i+Sinh[x])? 1i+Sinh(x]

Result (type 3, 88 leaves):

4Sinh[ %] (81 +7Sinh[x]
* 3coth[ %] +121 Log[cosh[X]] - 12 1 Log[sinh[X]] + — 2 Hi >+3Tanh[5}

6 2 2 2 i+ Sinh[x] (iCosh[i] +sinh[§])3 2

Problem 54: Result more than twice size of optimal antiderivative.

Csch[x]3
J— dx
(i +sinh[x])?

Optimal (type 3, 58 leaves, 7 steps):

7 16 7 Coth[x] Csch[x] 81 Coth[x] Csch[x]
- —ArcTanh[Cosh[x]] + — 1 Coth[x] + — Coth[x] Csch[x] + -

2 3 2 3 (i+Sinhx])2 3 (i+Sinh(x])

Result (type 3, 140leaves):
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1 X X2 X X
— |24 i Coth[ =] +3Csch|[ =] -84 Log[Cosh|[~]] +84 Log[Sinh|[ =
” iCo [2]+ sc [2] og|Cos [ZH+ og[sin [2]]+
X .2 8 160 i Sinh[ % | 16 sinh[ 2] . «
3Sech|[~]| "+ S + ,+24iTanh[ ]
2 (cOsh[f] - jls;'mh[ﬂ) Cosh[ 2] -iSinh[2] (i Cosh [ %] +Sinh[§]) 2

Problem 55: Result more than twice size of optimal antiderivative.

4
J Csch[x] dx
(

i+ Sinh[x] )2

Optimal (type 3, 64 leaves, 7 steps):

Coth[x] Csch[x]? 1@1i Coth[x] Csch[x]?

-5 1 ArcTanh[Cosh[x]] - 12 Coth[x] +4 Coth[x]3+5 i Coth[x] Csch[x] +

3 (J'L+Sinh[x])2 3 (i+Sinh[x])
Result (type 3, 143 leaves):
X X,2 1 X4
— |-44Coth|—] +6iCsch[ =] + =Csch[ =] Sinh[x] +2
24 2 2 2 2
8Sinh|*| (14 i + 13 Sinh[x]
—601‘1Log[Cosh[iH +60iLog[Sinh[EH +3JiSech[i}z—4Csch[x]3Sinh[£]4— : _4 + [2] ( ) —22Tanh[£]
2 2 2 2" i+sinh(x] (i cosh[ %] + sinn[ %] )’

Problem 68: Result more than twice size of optimal antiderivative.

J\/a+iaSinh[c+dx] dx

Optimal (type 3, 31leaves, 1step):
21 acCosh[c+dx]

d+va+1iaSinh[c+dx]

Result (type 3, 74 leaves):

2 (iCoshE (c+dx)] +Sinh[§ (c+dx>]) va+iaSinh[c+dx]
1
2

d (Cosh[% (c+dx)] +isinh|
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Problem 92: Result more than twice size of optimal antiderivative.

1
J dx
5+31Sinh[c +dXx]

Optimal (type 3, 37 leaves, 1 step):

i Ar‘cTan[ Cosh[c+d x }
3+1 Sinh[c+d x]

4 2d

Result (type 3, 171 leaves):

ZCosh[g (c+d x) ] —Sinh{% (c+d x) }

J'LAr‘cTan[ cOshB<c+dx)}+zsmh[§<c+dx)]

Cosh{% (c+d x)]—z Sinh{% (c+d x)} . i ArcTan [ 2CoshB— (c+d x)%Sinh[; (c+d x)] }

4d 4d )
Log[5Cosh[c+dx] -4Sinh[c +dx]] Log[5Cosh[c+dx] +4Sinh[c +dx]]
+

8d 8d

Problem 93: Result more than twice size of optimal antiderivative.

1
J dx
(5+3isinh[c+dx])?

Optimal (type 3, 66 leaves, 3 steps):

. Cosh[c+d x
5_X SlAr‘CTan[%jSinh[mdx]} 31 Cosh[c+dx]
64 32d 16d (5+31iSinh[c+dx])

Result (type 3, 183 leaves):

2Cosh[? (c+dx) ]| -sinh[2 (c+dx) Cosh[? (c+dx)] +2Sinh[2 (c+dx)]
241 - 50 i ArcTan]| 2 2 | +50@1i ArcTan 2 2 ] -
640 d Cosh[%(c+dx)]—2$inh[%(c+dx” 2Cosh[%(c+dx”+$inh[§(c+dx)]
. . 120 Cosh[c + d x]
25Log[5Cosh[c+dx] -4Sinh[c+dx]] +25Log[5Cosh[c+dx] +4Sinh[c+dx]] -

-51+3Sinh[c+dx]

Problem 94: Result more than twice size of optimal antiderivative.

1
J dx
(5+3isinh[c+dx])’
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Optimal (type 3, 95leaves, 4 steps):

. Cosh[c+d x
59 x SQIAPCTan[aqsmh[mdx]} 31 Cosh[c +dx] 45 i Cosh[c +dx]
2048 1024 d 32d(5+3jSinh[c+dx])2 512d(5+31’1$inh[c+dx1)

Result (type 3, 277 leaves):

1 2Cosh[2 (c+dx)]|-sinh[> (c+dx) ] Cosh[ 2 (c+dx) ]| +2Sinh[> (c+dx) ]
~118 i ArcTan| 2 2 | +118 i ArcTan| 2 2 ] -
4096 d Cosh[i(c+dx)]fzsinh[§(c+dx” 2Cosh[i(c+dx)]+sinh[§(c+dx)]
59 Log[5Cosh[c+dx] -4Sinh[c+dx]] +59Log[5Cosh[c+dx] +4Sinh[c+dx]] + 48 +
[(1+2i) Cosh[2 (c+dx)] - (2+1i) Sinh[% (c+dx)])°

144 sinh[2 (c+dx)] (-3iCosh[ (c+dx)] +5sinh[2 (c+dx)])

-51+3Sinh[c+dx]

48

((2+1) Cosh[X (c+dx)]+ (1+2i) Sinh[2 (c+dx)])°

Problem 95: Result more than twice size of optimal antiderivative.

1
J dx
(5+3isinh[c+dx])*

Optimal (type 3, 124 leaves, 5steps):

. Cosh[c+d x
385 x 3851APCTan[3+ﬁSinh[c+dx]} 1 Cosh[c +dx] 251 Cosh[c +dx] 311 i Cosh[c +dx]
32768 16384d 16d (5+3iSinh[c+dx])®> 512d (5+3iSinh[c+dx])®> 8192d (5+3iSinh[c+dx])

Result (type 3, 308 leaves):
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1 2Cosh[i(c+dx”—sinh[§(c+dx)]
—_— 738501'1Ar‘cTan[ ] "
327680 d Cosh[? (c+dx)] -2Sinh[2 (c+dx)]
2 2
Cosh[2 (c+dx)] +2Sinh[2 (c+dx)
3850 i ArcTan | 2 2 | -1925 Log[5 Cosh[c+dx] -4Sinh[c+dx]] +
2C05h[l (c+dx)] +Sinh[l (c+dx)]
2 2
A 2656 - 192 1
1925 Log[5Cosh[c+dx] +4Sinh[c+dx]] + +
((1+2i) Cosh[2 (c+dx)] - (2+1) Sinh[% (c+dx)])°
2656 + 192 1 1

S : ;2 (-235150 + 166 615 Cosh[c +d x] +
((2+4) Cosh[2 (c+dx)]+ (1+2i)Sinh[2 (c+dx)]]" (-5i+3Sinhlc+dx])

82536 Cosh|[2 (c+dx) ] -13995Cosh|[3 (c+dx) ] -298563 i Sinh[c+dx] +89364iSinh[2 (c+dx)] +8397iSinh[3 (c+dx)])

Problem 119: Result more than twice size of optimal antiderivative.
JA+ B Sinh[x]

1 -Sinh[x]

dx

Optimal (type 3, 27 leaves, 2 steps):

(i A-B) Cosh[x]
-Bx+

i - Sinh[x]
Result (type 3, 59 leaves):

(J’lCosh[f] -Sinh[f}) (BxCosh[f] +i(2A4B (21+x)) Sinh[ﬂ)

-1+ Sinh[x]

Problem 167: Result more than twice size of optimal antiderivative.

2
J Sech[x] dx

i+ Sinh[x]

Optimal (type 3, 25leaves, 3 steps):
1 Sech[x] 2

-—————————— - = iTanh[x]
3 (i+sSinh[x]) 3

Result (type 3, 65leaves):
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Cosh[x] -2Cosh[2x] -4 1 Sinh[x] - 1 Cosh[x] Sinh[x]

6 (Cosh[f] —JiSinh[i])3 (Cosh[f} +iSinh[§])

Problem 169: Result more than twice size of optimal antiderivative.

4
J Sech [x] dx

i+ Sinh[x]
Optimal (type 3, 37 leaves, 3 steps):
i Sech[x]3

4
-———————— _ —iTanh[x] + — i Tanh[x]?3
5 (i+Sinh[x]) 5 15

Result (type 3, 95leaves):

—((—54Cosh[x1 +128 Cosh[2 x] - 18 Cosh[3 x] + 64 Cosh[4 x] + 384 1 Sinh[x] +18 1 Sinh[2 x] + 128 1 Sinh[3 x] +91’1$inh[4x1>/
)
Problem 175: Result more than twice size of optimal antiderivative.

Cosh[x]?
j— dx
(i +Sinh[x] )2

(960 (cosh[g} —iSinh[E]]s (Cosh[i] +iSinh[§])

Optimal (type 3, 14 leaves, 2steps):
2 Cosh[x]

i+ Sinh[x]

Result (type 3, 29 leaves):
4Sinh|[>]

X —

Cosh[f] i Sinh[ﬂ

Problem 178: Result more than twice size of optimal antiderivative.

Sech[x]?
J— dx
(i +sinh[x])?

Optimal (type 3, 37 leaves, 4 steps):
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i Sech [x] Sech [x] 2 Tanh [X]

5(]‘1+Sinh[x])275<1'1+Sinh[x]) 5
Result (type 3, 81leaves):
-151 Cosh[x] +321 Cosh[2x] +3 1 Cosh[3x] -40Sinh[x] -12Sinh[2Xx] +8Sinh[3 X]

80 (Cosh[*] - i sinh[*])” (Cosh[*] + i Sinh[*]]

Problem 180: Result more than twice size of optimal antiderivative.

4
J Sech[x] dx
(

i+ Sinh[x] )2

Optimal (type 3, 49 leaves, 4 steps):

i Sech[x]3 Sech[x]3 4Tanh[x] 4Tanh[x]3
- +

7 (i+Sinh(x])? 7 (i +Sinh[x]) 7 21

Result (type 3, 109 leaves):

—((ZlejCosh[x] -512 i Cosh[2x] +45 1 Cosh[3 x] - 256 1 Cosh[4 x] - 15 i Cosh[5x] + 896 Sinh[x] +

X X
120 Sinh[2 x] + 192 Sinh[3 x] + 60 Sinh[4 x] - 64 Sinh[5 X] )/ (2688 (Cosh[f] - i Sinh[~]
2 2

’ [cOsh[z} +j$inh[5]]3))

Problem 206: Result unnecessarily involves imaginary or complex numbers.

Sech[x]?
J dx
(a+bsSinh[x])?

Optimal (type 3, 136 leaves, 7 steps):

(a*+6a2b?-3b*) ArcTan[Sinh[x]] 4ab3Log[Cosh[x]] 4ab3Log[a+bSinh[x]] b (a2 - 3 b2) Sech[x]? (b+aSinh[x])
- + + +

2 (a? + b2)° (a2 +b?)? (a? +b2)? 2 (a?+b?)? (a+bsinh(x]) 2 (a®+b?) (a+bSinh(x])

Result (type 3, 171 leaves):

1 (2 (a-3ib) Ar‘cTan[Tanh[fH 2 (a+3ib) Ar‘cTan[Tanh[fH (a+31ib) Log[Cosh[x]]
= + + +
4 (a—ib)3 (a+jlb)3 (—Jia+b)3
(a-31ib) Log[Cosh[x]] 16ab3Logla+bSinh[x]] 4 b3 2Sech[x]? (2ab+ (a?-b?) Sinh[x])
+ - +

(ia+b)? (a2 +b?)? (a?+b?)? (a+bSinh[x]) (a2 +b?)?
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Problem 208: Result more than twice size of optimal antiderivative.

a4
J Tanh [x] dx

i+ Sinh[x]
Optimal (type 3, 31leaves, 6 steps):
2Sech[x]3® Sech[x]®

-Sech[x] + - - = 1iTanh[x]®
3 5 5

Result (type 3, 96 leaves):

—((2@0—534Cosh[x1 +288 Cosh[2x] -178 Cosh[3 x] + 24 Cosh[4 Xx] +64 1 Sinh[x] +178 1 Sinh[2 x] - 192 i Sinh[3 X] +89jlsinh[4x])/

Problem 210: Result more than twice size of optimal antiderivative.

2
J Tanh [x] dx

i+ Sinh[x]

(960 (Cosh[g} ﬂlsinh[g]]s (Cosh[g] +j$inh[§])3

Optimal (type 3, 23 leaves, 5steps):
Sech[x]® 1 | 3
-Sech[x] + ———— - — i Tanh[X]
3 3
Result (type 3, 67 leaves):

-3-Cosh[2x] +Cosh[x] (5-541Sinh[x]) +4 i Sinh[x]

6 (Cosh[*] i sinn[*]]” (cosh[*] + i sinh[*]]

Problem 213: Result more than twice size of optimal antiderivative.

Coth[x]?

J -
i+ Sinh[x]

Optimal (type 3, 12leaves, 4 steps):

-ArcTanh[Cosh[x]] + i Coth[X]

Result (type 3, 41 leaves):

1 X X X 1 X
—1iCoth|—|-L Cosh| — L Sinh| — — 1 Tanh| —
21 o [2] og|Cos [2H+ og[sin [2H+21 an [2}
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Problem 214: Result more than twice size of optimal antiderivative.

3
J Coth[x] dx

i+ Sinh[x]
Optimal (type 3, 15leaves, 5steps):

1
—-Csch[x] + — 1 Csch[x]?
2

Result (type 3, 49 leaves):

1 X 1 . X,2 1 X,2 1 X
- =Coth[ =] + =iCsch[=] - =iSech[ =] + =Tanh[~]
2 2 8 2 8 2 2 2

Problem 215: Result more than twice size of optimal antiderivative.

Coth[x]*
Jidlx

1+ Sinh[x]
Optimal (type 3, 26 leaves, 5 steps):

1 1 1
- = ArcTanh[Cosh[x]] + — 1 Coth[x]® - = Coth[x] Csch[x]
2 3 2

Result (type 3, 111 leaves):
xq2 1 X xq2 1 X 1 X 1 X

1 X 1 2 1 X 1 X 52 X
— 1 Coth|—| - —Csch — 1 Coth Csch - — Log|Cosh — Log|Sinh - — Sech — 1 Tanh| —| - — 1 Sech| —| Tanh| —
~icoth| 7] - ~csen[ 2|7« i cotn[ 2] csch[ 7] -~ Logcosh[ )]« ~ vog[sinn["]] -~ sech|*]*s > i Tanh[ ] - i sech[*]*Tann ]

Problem 216: Result more than twice size of optimal antiderivative.
J Coth[x]® dx
i+ Sinh[x]
Optimal (type 3, 23 leaves, 5 steps):

1 4 Csch[x]?
— 1 Coth[x]*-Csch[x] - ————
4 3

Result (type 3, 113 leaves):

5 X 3 x.2 1 X x.2 1 X4 3 x.2 1 X.4 5 X 1 X2 X
- —Coth[=] + —iCsch[ =] - —Coth[=] Csch[ =] + —iCsch[=] - —iSech[~] + —iSech[=] + —Tanh[=]| - —sSech[=]|" Tanh|~]
12 27 32 27 24 2 2" 64 27 32 2" 64 27 12 27 24 2 2
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Problem 217: Result more than twice size of optimal antiderivative.

6
J Coth[x] dx

i+ Sinh[x]
Optimal (type 3, 36 leaves, 6 steps):

3 1 3 1
- = ArcTanh[Cosh[x]] + — 1 Coth[x]® - = Coth[x] Csch[x] - = Coth[x]3 Csch[x]
8 5 8 4

Result (type 3, 175leaves):

1 . X 5 X2 ) X X,2 1 X 4 1 . X X4 3 X
—iCoth[ =] - ——Csch[~]"+ iCoth|[ =] Csch[=] - —Csch[=] + iCoth|[ =] Csch[ =] - = Log[Cosh|[=]] +
10 2 32 2 160 2 2 64 2 160 2 2 8 2
> Log[sinh[X]] - = sech[X]”+ L sech[X]*+ = i tanh[X] - i sech| X]* Tanh[X] + 1= i sech[X]* Tanh[ X]
8 2 32 2 64 2 10 2 160 2 2 160 2 2

Problem 218: Result more than twice size of optimal antiderivative.

4
J( Tanh [x] dx

i+Sinh([x])?

Optimal (type 3, 47 leaves, 10 steps):

2 ; 4. s 2. , Tanh[x]® 2Tanh[x]’
— 1 Sech[x]® - —1Sech[x]”+ — 1Sech[x]’ - +

3 5 7 5 7

Result (type 3, 112leaves):
- ( (-672 i + 1442 i Cosh[x] - 1664 i Cosh[2x] +3@9 i Cosh[3 x] + 288 i Cosh[4 x] - 103 i Cosh[5x] + 1232 Sinh[x] +

824 Sinh[2 x] - 1896 Sinh[3 x] + 412 Sinh[4 x] + 72 Sinh[5 X] )/ (13449

Cosh[z] -jls,inh[g})7 (Cosh[g] +j51nh[§])3])

Problem 220: Result more than twice size of optimal antiderivative.

Tanh[x]?2
J— dx
(i +sinh[x] )2

Optimal (type 3, 37 leaves, 10 steps):

2 ;3 2 s Tanh[x]?® 2Tanh[x]®
— 1 Sech[x]° - — 1 Sech[x]” - +
3 5 3 5

Result (type 3, 84 leaves):
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801 - 551 Cosh[x] -16 1 Cosh[2x] +111i Cosh[3 x] +140Sinh[x] -44Sinh[2Xx] -4 Sinh[3X]

240 (cosh[ ] -jSinh[g])S (cosh[X] + i sinh[*]]

Problem 223: Result more than twice size of optimal antiderivative.

Coth[x]?
J(—dlx

i+ Sinh[x] )2

Optimal (type 3, 26 leaves, 7 steps):

) 2 i Coth[x]
2 i ArcTanh[Cosh[x]] + Coth[x] + ———
i - Csch[x]
Result (type 3, 66 leaves):
8Sinh| %
= |coth[ =] +4i Log[Cosh[~]] -4 Log[sinh[~]] + 2] + Tanh[ > ]
2 2 2 2 Cosh[i] 7jSinh[ﬂ 2

Problem 224: Result more than twice size of optimal antiderivative.

3
J( Coth[x] dx

i+ Sinh[x] )2

Optimal (type 3, 29 leaves, 3 steps):

. Csch[x]? . . .
2iCsch[x] + ————— +2Log[Sinh[x]] -2Log[1 +Sinh[x]]
2

Result (type 3, 66 leaves):
X X 1 X2 1 X2 X
—4JiAr‘cTan[Coth[E]] +J'1Coth[£] +ngch[;} ~2Llog[Cosh[x]] +2Log[Sinh[x] ] —gSech[;] —iTanh[;}

Problem 225: Result more than twice size of optimal antiderivative.

Coth[x]*
J(— dx

i+ Sinh[x] )2

Optimal (type 3, 28 leaves, 9steps):

. Coth[x]3® |
-1 ArcTanh[Cosh[x]] -2 Coth[x] + ——— + 1 Coth[x] Csch[x]
3
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Result (type 3, 107 leaves):
X Xq2 X X 1 X125 5} 1 X

5 X 1 X 52 1 2 X
- —Coth| — — 1 Csch|— — Coth Csch -1 Log|Cosh 1 Log|Sinh — 1 Sech|—| - —Tanh - — Sech Tanh| —
- coth| *] s i csch| *]%s - coth[”] cach[7]" - i Log[cosh| > ]+ og[stnh[ *]] + i sech| >]*- > Tanh[ X] - sech| X" Tanh| 7]

Problem 226: Result more than twice size of optimal antiderivative.

Coth[x]®
J—dlx
(1 +sinh[x])?

Optimal (type 3, 27 leaves, 3 steps):

1 , 2. ; Csch(x]*
- —Csch[x]“+ —1Csch[x]”+ —————
2 3 4

Result (type 3, 113 leaves):
Licoth[X] - 2 eseh[ X7 L i cotn[ ] esch[ 2] Seseh[ 2] 2 sech[ X170 Ssech[ 210 L itann[X] « 1 i sech[ %] Tanh[X]
6 2 32 2 12 2 2 64 2 32 2 64 2 6 2 12 2 2

Problem 227: Result more than twice size of optimal antiderivative.

Coth[x]®
j— dx
(j-FSinh[X])z

Optimal (type 3, 48 leaves, 11 steps):

1 2Coth[x]3® Coth[x]® 1 . 1 3
- — 1 ArcTanh[Cosh[x]] - + + — 1 Coth[x] Csch[x] + — 1 Coth[x] Csch[x]
4 3 5 4 2

Result (type 3, 175leaves):
~ L coth[ 2]+ 2 icsen[X)7 - 2 coth[ 2] eseh[X]7+ L i csen[ 2]+ 2 coth[ 2] esch[X]* - 2 i Log[cosh[X]] +
30 2 16 2 480 2 2 32 2 160 2 2 4 2

1 . . X 1 . X,2 1 X4 7 X 19 X 42 X X4 X
~ilog[Sinh|[=]]+ —iSech[~] - —isSech[~]| - —Tanh[=]+ ——Sech[~]| Tanh|[—] + Sech|[ =] Tanh| =]
4 2 16 2 32 2 30 2 480 2 2 160 2 2

Problem 237: Result unnecessarily involves imaginary or complex numbers.

Tanh[x]3
J‘ dx
(a+bsinh[x])?

Optimal (type 3, 135leaves, 7 steps):
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ab (3a?-b?) ArcTan[Sinh[x]] a2 (a?-3b?) Log[Cosh[x]]

+ —

(az+b2)3 (a2+b2)3
a? (a®-3b?) Log[a +bSinh[x]] a3 Sech[x]? (a?-b?-2absinh[x])
+ +
(a2+b2)3 (a2+b2)2 (a+bsinh[x]) 2 (a2+b2)2

Result (type 3, 156 leaves):

1 2 1 aArcTan [Tanh[i] ] 21 aArcTan [Tanh [ ﬁ ] aLog[Cosh[x]]
2| (a-ib)® (a+ib)®  (a-ib)®
alog[Cosh[x]] 2a2 (a2—3b2> Log[a+bSinh[x]] . 2a3 . Sech[x]? (az—bZ—ZabSinh[x}>
(a+1’1b)3 (a2+b2)3 (a2+b2>2 (a+bsinh[x]) <a2+b2)2

Problem 244: Result more than twice size of optimal antiderivative.
JCoth [Xx] Va+bSinh[x] dx
Optimal (type 3, 37 leaves, 4 steps):

\a+bSinh([x]
Va

Result (type 3, 75leaves):

b+aCsch[x] —\/?WArcSinh[@j;E] A/Csch[x] |1+ %m_ ] va+bSinh[x]

b+aCsch[x]

~2+/a ArcTanh| | +2+a+bSinh[x]

2

Problem 245: Result more than twice size of optimal antiderivative.

Coth[x]
J dx
v/ a+bSinh[x]

Optimal (type 3, 24 leaves, 3 steps):

2ArcTanh[ a+bsinh[x] ]
Va
Result (type 3, 59 leaves):
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24/b Ar‘cSinh[\E j%chm | 1+ acScbh[x]

v/a +/Csch[x] +/a+bSinh[x]

Problem 248: Result more than twice size of optimal antiderivative.

JA+ B Cosh [x] g
1 -Sinh[x]

X

Optimal (type 3, 27 leaves, 5 steps):
A Cosh[x]

-Blog[i-Sinh[x]] + ——————
1+ 1 Sinh[x]

Result (type 3, 81 leaves):
1

-1 +Sinh[x]

X, . . X X X . . X X
(Cosh[;] +1$1nh[;]) (BCosh[E] (ZAr‘cTan[Tanh[;H -1 Log[Cosh[x]]) + (2A+218Ar‘cTan[Tanh[;H +BLog[Cosh[x1]) Slnh[g])

Problem 249: Result unnecessarily involves imaginary or complex numbers.

X

JA+ B Tanh [x] q
a+bSinh[x]

Optimal (type 3, 89leaves, 11 steps):

2AArcTanh[ﬂu]
b BArcTan[Sinh[x]] A a?+b? aBLog[Cosh[x]] aBLog[a+bSinh[x]]
_ " _
a?+b? Val: b2 a2 4 p? a2 4 b2
Result (type 3, 149leaves):
x b-aTanh|*]
Cosh([x] |2b+/-a>-b> BArcTan|[Tanh|—]] +2A (a*+b?) ArcTan| 2 | +a~/-a>-b* B (Log[Cosh[x]] - Log[a+bSinh[x]])
2 V-az-bp?

(A+BTanh[x])

/((a—ib) (a+ib) A/ -a? - b? (ACosh[x] +BSinh[x])




304 | 6.1 Hyperbolic sine.nb

Problem 259: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J;dx
a+bSinh[x]?

Optimal (type 4, 215leaves, 9steps):

b e2* b e2X B b e2X _ b e2X
xLog[1+ —Za—zﬁm—b} ) xLog[1+ —2a+2\/?x/af7b} ) PolyLog[Z, —Za—zﬁ\F—b] ) PolyLog[Z, —2a+2\/?m—b]
2+/a Va-b 2+/a Va-b 4+/a \Ja-b 4+/a \Ja-b

Result (type 4, 576 leaves):
NP
ot 4xAr‘cTan[7‘a Coth [x] | -21ArcCos[1- 2_a] ArcTan | a’+ab Tanh[x] |+
4./a(-a+b) ~a(a-b) b a
2a aCoth[x] v/ -a2+ab Tanh[x] V2 \Ja(-a+b) e*
ArcCos[1- —] +2 [ArcTan[———————] +ArcTan| |11 Log| |+
b -a(a-b) a Vb \/2a-b+bCosh[2x]
Ny 2 iJa(-a+b X
Ar‘cCos[l—z—a] ) Ar‘cTan[iaCOth[x] | +ArcTan| a’rab Tanh[x]] Log| (-a+b) e
b -a(a-b) a Vb v/2a-b+bCosh[2X]
o 2a(—1’1a+1’1b+ a(—a+b))(—1+Tanh[x})
Ar‘cCos[l— zi] +2Ar‘cTan[ a“+ab Tanh(x] ] Log[ ] -
b a -iab+b./a(-a+b) Tanh[x]
’a J"aZ+ab Tanh[x] 2a(1‘1a—1‘1b+ a(—a+b>)(1+Tanh[x}>
ArcCos[1- —] - 2ArcTan| || Log| |+
b a -iab+by/a(-a+b) Tanh[x]

(—2a+b—21’1m
~iab+b.fa(-a+b) Tanh[x]
(—2a+b+21m
7jab+meanh[x]

(J‘La+ a(-a+b) Tanh[x]

i —PolyLog[Z,

] +

(Jia+ a(-a+b) Tanh[x]

PolyLog|2,

]
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Problem 274: Result more than twice size of optimal antiderivative.

Jsinh[a +bLlog[cx"]]
X

dx

Optimal (type 3, 18leaves, 2 steps):
Cosh[a+blLog[cx"]]
bn

Result (type 3, 37 leaves):
Cosh[a] Cosh[bLog[cx"]] Sinh[a] Sinh[bLog[c x"]]

+

bn bn

Problem 295: Result more than twice size of optimal antiderivative.

. a+bx
Slnh[ ]dlx
c+dx

Optimal (type 4, 101 leaves, 5steps):

(bc-ad) Cosh[g} CoshIntegr‘al[ﬁ] ) (c+dx) Sinh[%] (bc-ad) Sinh[ﬂ SinhIntegr‘al[db(E%:;]

d? d d?

Result (type 4, 373 leaves):

1 bc-ad b . b -bc+ad b X b
—— | (bc-ad) CoshIntegral| ————] |Cosh|[~]| -Sinh[=]| + (bc-ad) CoshIntegral| —————] [Cosh|[ =] +Sinh[=] |+
2 d? cd+d?x d d d(c+dx) d d

X a+bx ) . a+bx b X -bc+ad b . -bc+ad
2cd51nh[ ]+2d xSlnh[ }+bcCosh[f] SlnhIntegr‘al[i] —adCosh[f} SlnhIntegPal[i
c+dx c+dx d d(c+dx) d d(c+dx)
. b . -bc+ad . b X -bc+ad b . bc-ad
bc Slnh[*} SlnhIntegr‘al[i} -ad Slnh[*] SlnhIntegral[i] +bc Cosh[f} SlnhIntegr‘al[i -
d d(c+dx) d d(c+dx) d cd+d?x
b . bc-ad . b X bc-ad . b . bc-ad
adCosh[—| SinhIntegral[————] - bcSinh|—| SinhIntegral| ————| +adSinh| —| SinhIntegral| ———
d cd+d?x d cd+d?x d cd+d?x

Problem 297: Result more than twice size of optimal antiderivative.

. a+bx,s
JSlnh{ |"ax
c+dx

Optimal (type 4, 194 leaves, 9steps):
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3(bc-ad) Cosh{g] CoshIntegral| °><29-] 3 (bc-ad) Cosh{:fb} CoshIntegral|2(®c2dl|

B d (c+dx) . d (c+dx)
4 d? 4 d?
(c+dx) Sinh[%r ) 3(bc-ad) Sinh[g] SinhIntegr‘al[%} ) 3 (bc-ad) Sinh[%b} SinhIntegr‘al[%ﬁL]
d 4 d? 4 d?
Result (type 4, 599 leaves):
1 3b 3 (-bc+ad) b bc-ad
—— |6 (bc-ad) Cosh[ ~—] CoshIntegral[——————"| -3bcCosh|—| CoshIntegral| +
8 d? d d(c+dx) d cd+d?x
b bc-ad bc-ad . b bc-ad
3adCosh|[—| CoshIntegral| | +3bcCoshIntegral| | sinh[ =] -3 adCoshIntegral| Sinh[—] -
d cd+d?x cd+d?x d cd+d?x
-bc+ad b ) b ) a+bx 9 s a+bx
3 (bc-ad) CoshIntegral[——————| |Cosh[—] +Sinh[~]| -6 cdSinh| | -6d*xSinh]| +
d(c+dx) d d c+dx c+dx
3 b 3 b -
2cdSinh[M} +2d2xSinh[M] —3bcCosh[E] SinhIntegr‘al[M
c+dx c+dx d d(c+dx)
b . -bc+ad . b . -bc+ad . b X -bc+ad
3adCosh|—| SinhIntegral|——————] -3bcSinh|—] SinhIntegral|—————| +3adSinh|[~] SinhIntegral| ————] +
d d(c+dx) d d(c+dx) d d(c+dx)
3b 3(7bc+ad) 3p 3(7bc+ad) b b
6bc Sinh[f} SinhIntegr‘al[i} -6ad Sinh[f] SinhIntegr‘al[i] -3bc Cosh[f} SinhIntegr‘al[
d d(c+dx) d d(c+dx> d
b . bc-ad . b . bc-ad . b . bc-ad
3adCosh|—| SinhIntegral| | +3bcsinh|[ =] SinhIntegral| | -3adsinh|[ ] SinhIntegral| ]
d cd+d?x d cd+d?x d cd+d?x

Problem 298: Result more than twice size of optimal antiderivative.

f b
Jsinh[e+ M] dx
c+dx

Optimal (type 4, 121 leaves, 6 steps):

cd+d?x

(bc-ad) fCosh|e+ bdi} CoshIntegral [{bc-2dlf] (c+dx) Sinh[ceafdexibfx]  (bc-ad) fsinh[e+ bdi} SinhIntegral[{bc2dlf

d (c+dx) c+d X

d (c+d x)

d? d d?

Result (type 4, 449 leaves):
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1 (bc-ad)f bf, . bf
—— | (bc-ad) fCoshIntegral|[-~—————| |Cosh[e+ —] - Sinh[e + —}) +
2 d? d(c+dx) d d
-bcf+adf b f . b f . ce+af+dex+bfx
(bc-ad) fCoshIntegral| — | (Cosh[e+ —] +Sinh|e + —]] +2cdSinh| |+
d(c+dx) d d c+dx
., ce+af+dex+bfx bf, . (bc-ad) f bf, . (bc-ad) f
2d2x51nh[ ] +bc-FC05h[e+ 7] SlnhIntegr‘al[i} fad'FCosh[eJr 7] SlnhIntegr‘al[i -
c+dx d d(c+dx) d d(c+dx)
bf (bc-ad) f bf (bc-ad) f
bcfSinh|[e+ —] SinhIntegral|~———————| +adfSinh[e + — | SinhIntegral|[-——"—
d d(c+dx) d d(c+dx)
bf, _bcfradf bf, _bcfradf
bcfCosh|e+ —] SinhIntegral| ——————| -adfCosh|e + — | SinhIntegral| —————| +
d d(c+dx) d d(c+dx)
, bf, _bcfradf _ bf, _bcfradf
bcfSinh[e+ —] SinhIntegral[———————] -adfSinh|e+ —| SinhIntegral [ —————
d d(c+dx) d d(c+dx)

Problem 300: Result more than twice size of optimal antiderivative.

-F(a+bx) 3
Jsinh[e+7] dx
c+dx

Optimal (type 4, 226 leaves, 10 steps):

3 (bc-ad) fCosh[e+ bd—‘c] CoshIntegr‘al[iﬁz)—f} 3 (bc-ad) fCosh[3 (e+ bd—fH CoshIntegr‘al[%‘jﬁi—‘c] (c+dx) Sinh[%f +
2

d

4d2 4
3 (bc-ad) fsinh[e+ 2] sinhIntegral|[ 2<29f] 3 (hc-ad) fSinh[3 (e+ ﬁ)} SinhIntegral[3lecadif]

d d (c+dx) B d d (c+dx)

4 d? 4 d?

Result (type 4, 671 leaves):



308 | 6.1 Hyperbolic sine.nb

bf 3(-bcf+adf)
—— |6bcfCosh[3 |e+ — || CoshIntegral| | -
8 d2 d(c+dx)
bf 3(-bcf+adf) (bc-ad) f bf bf
6adfCosh[3 |e+ — || CoshIntegral| | +3 (bc-ad) fCoshIntegral|[—————| |-Cosh[e+ —| +Sinh[e+ — || -
d d(c+dx) d(c+dx) d d

-bcf+adf bf . bf . ce+af+rdex+bfx
7} Cosh[e+f} +Slnh[e+7] 76cd51nh[ }
d(c+dx) d d c+dx

3 (ce+af+dex+bfx>

3 (bc-ad) fCoshIntegral|

3 (ce+af+dex+bfx)

9 e ce+af+dex+bfx ) )
6 d? x Sinh| | +2cdsinh| | +2d*xsinh] | -
c+dx c+dx c+dx
bf (bc-ad)f bf (bc-ad) f
3bcfCosh[e+ —] SinhIntegral[~————"—] +3adfCosh[e+ —] SinhIntegral[—"—] +
d d(c+dx> d d(c+dx)
bf (bc-ad) f bf (bc-ad) f
3bcfSinh[e+ —| SinhIntegral[~————| -3adfSinh[e+ —| SinhIntegral [ ———"—| -
d d(c+dx) d d(c+dx)
bf., _bcfradf bf., _bcfradf
3bcfCosh[e+ —] SinhIntegral[———————] +3adfCosh[e+ —| SinhIntegral ————| -
d d(c+dx) d d(c+dx)
, bf., _bcfradf , bf, _bcfradf
3bcfSinh[e+ —] SinhIntegral[———————] +3adfSinh[e+ —| SinhIntegral| —————
d d(c+dx) d d(c+dx)
3(-bcfradf 3(-bcfradf)

]

. bf . ) b f )
6bc-F51nh[3 e+ 7)} SlnhIntegr‘al[ ] —6adF51nh[3 e+ 7)} SlnhIntegr‘al[

d(c+dx) d(c+dx)

Problem 312: Result more than twice size of optimal antiderivative.

Jex Csch[2 x] dx

Optimal (type 3, 11leaves, 5steps):
ArcTan[e*| - ArcTanh|e* |

Result (type 3, 27 leaves):

ArcTan[e*| + 1 Log[1-¢*] - : Log[1 +e*]
2 2

Problem 320: Result is not expressed in closed-form.

jex Csch[4 x] dx

Optimal (type 3, 113 leaves, 15steps):



Ar‘cTan[l—\/?eX] Ar‘cTan[1+ﬁeX] ArcTanh[eX] Log[l—\/?exwe“]

—lArcTan[eX} - +

Log[1+\/7<ex+ezx]

2 2+/2 2+/2 2 42
Result (type 7, 56 leaves):

X - Log[e* - #1]
13

1 (—2Ar‘cTan[eX} +Log[1-e*| - Log[1+e*] - RootSum |1+ =1* &,

4 &

Problem 321: Result is not expressed in closed-form.
Jex Csch[4 x]?dx

Optimal (type 3, 131 leaves, 16 steps):

o ArcTan[eX] ArcTan[1-+/2 eX| ArcTan[1++/2 €| ArcTanh[e]
_ N _ _

+

42
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Log[l—\/?eXJrezx} Log[1+\/?ex+ezx}

+

2 (1-e®) 8 8~/2 82 8
Result (type 7, 68 leaves):

- 2ArcTan|e*| + Log[1-e*] - Log[1+e*| + RootSum[1 +11* &,

16 | —1+e8x 113

Problem 327: Result more than twice size of optimal antiderivative.

JFC (@bx) cschd + e x]3 dx

Optimal (type 5, 122 leaves, 2 steps):
Fc (a+bx) Coth[d+ ex] Csch[d+ex] bcFc(@bx) Csch[d+ex] Log[F]

+
2e 2 e?

edreX F¢ (1bX) Hypergeometric2Fl[1, SLCLoBlfl i 34 belorlFl) | g2 (drex) | (e-bclog[F])

)

2e e

i[ 8 e* X - Log[e* - 1]

e2

Result (type 5, 416 leaves):

162

162
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4 d 2 4 d 2
FaevexCsch[ 2+ )" pcracbexcschid] Log[F] FC ("% Cschid] (-e?+b2c?Log[F]?) F <"<*Sech[ 7+ <]

- - + - +
8e 2 e? 2bce?log[F] 8e
(FC (2:6%) (o2 _p2 2 Log|[F)?) (1+Hyper~geometric2F1[1, beloglF] ), 2CLoBIF] coshidsex] +Sinh[dsex]] (~1+Cosh[d] +Sinhm)])/
(2bce®Log[F] (-1+Cosh[d] +Sinh[d])) + ; )
(FC (a+bx) (ez_bz c2 Log[F]Z) (1—Hypergeometr‘ic2F1[1, bclLog(F] , 1+ beLog[Fl , —Cosh[d+ex] —Sinh[d+ex}] (1+Cosh[d] +Sinh[d])])/
e e

(2bce®Log[F] (1+Cosh[d] +Sinh[d])) +
bcFaebexcsch[ ] Csch[+ <*] Log[F] Sinh[¢*] bcFacb<*Log[F] Sech[ ] Sech[$+ <*] Sinh[<X]

+
4 e? 42

Problem 356: Result more than twice size of optimal antiderivative.

Jfa*”z Sinh[d + ex+-Fx2]3d1x

Optimal (type 4, 300 leaves, 14 steps):

9e?

3@-d+47‘c74“0g,ﬂ fa TT Er"F[eQX f-c Log[f] ] e'3d+712f74cmgﬂ £a ﬁn EPF[38+2X(3F{ Log[ﬂ)]

2+/f-cLog[f] 2+/3f-clog[f]
16 v/ f - c Log[f] 16 V3 f -clog[f]
e? 9e?
3 edfai{ﬂcmg{f]\ £ \/? Erfi [ e+2x (frclog[f]) } e 4 [3fcrogl]) fa \/7 Erfi { 3e+2x (3f+clogl[f])
24/ f+cLog[f] 2+/3f+clog[f]
+
16/ f + c Log[f] 16 V3 f+clog[f]

Result (type 4, 2303 leaves):
1
16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+cLog[f])

e2 e?

—_— e+2fx-2cxlLog[f e
£/ |27 e*[r<wslil] £2 Cosh[d] Erf[— . xLogl }]\/'F—cLog[f] +27 c e*lr<wlvl] £2 Cosh[d]

2+/f-clLog[f]
e+2fx-2cxLog[f] ) e e+2fx-2cxLog[f] )
Erf| | Log[f] Vf-clog[f] -3c?e*l"etslfl] fCosh[d] Erf| | Log[f12+/f-clog[f] -
2+ f-clog[f] 2+ f-clog[f]
e 2fx-2cxLlog[f ——2 3e+6Ffx-2cxlog[f
3 c? e*[rewell] Cosh[d] Ef"F[e+ x-2cxloglr] ] Log[f]3V/f-clog[f] -3e*lreeelfl] £3 Cosh[3d] Er‘F[ er6ix-2cxloglt] }
2+ f-clog[f] 2+/3f-clog[f]

—__ 3e+6Ffx-2cxLlog[f]
V3f-clog[f] -ce*lreelfl] £2Cosh[3d] Erf| | Log[f] V/3f-clLog[f] +
2+/3f-clog[f]
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9e?

]Log[ﬂz 3f-clog[f] +c3e*3F<welfl] Cosh[3d]

9e?

e 3e+6fx-2cxLog[f]
3¢ (eal3ch0€ 'FCOSh[?’dJ EP-F[

2+/3f-clog[f]

3e+6fx-2cxlog[f] 3 T o3 re+2fx+2cxLog[f]
] Log[f]° V3 f-clog[f] _27 e 4lfeslel] f Cosh[d] Er‘-Fl[ } Vf+clog[f] +
2+/3f-clog[f] 2+/f+clog[f]

: e+2fx+2cxLlog[f]

Er'-F[

2

e e

e+2fx+2cxLog[f]

27 ce “lFewsll) £2 Cosh[d] Erfi| | Log[f] Vf+clog[f] +3c%e “a(rcwslf]] £ Cosh[d] Erfi|
2+ f+clog[f] 2+ f+clog[f]
) 3 ,L .re+2fx+2cxLog[f] 3
Log[f]2~/f+cLlog[f] -3c*e *[F<welfl] Cosh[d] Erfi]| | Log[f13+/f+clog[f] +
2+/f+clog[f]

9e?

| V3f+clogl[f] _ce *lF<wli] £2 Cosh[3d] Erfi|
2+/3f+clog[f] 2+/3f+clog[f]

) ,L r3e+6fx+2cxlog[f] )
Log[f] V/3f+cLog[f] -3c?e el fCosh[3d] Erfi] | Log[f12/3f+clog[f] +

9e?

e .r3e+6fx+2cxlog[f]
3¢ 4[] £3 Cosh[3d] Erfi|

3e+6fx+2cxlog[f]

]

2+/3f+clog[f]

2 3e+6fx+2cxLlog[f —< 2fx-2cxlog[f

c® e *Petelfl] Cosh[3d] Erfi| erofxracxlogl ]}Log[f]3 3f+clog[f] —27@“(f*°L°gW>-F3Er'F[e+ x-2cxlog] J}
2+/3f+clog[f] 2+/f-clog[f]
X e N e+2fx-2cxLog[f] .
V£ -clog[f] Sinh[d] - 27 ce*[*<ulfl] f2Erf| | Log[f] /f-clog[f] Sinh[d] +
2+/f-clLog[f]

L e+2fx-2cxlog[f L e+2fx-2cxlog[f

32 e fremin] fEpf| STET X2 CXEOBIT Y o2 CLog[F] Sinh[d] + 33 etlremin) prf| ST 2T X2 CXLOBIT]
2+ f-clog[f] 2+ f-clLog[f]

3 . ; 3 e+2fx+2cxLog[f] .

Log[f]?Vf-clog[f] Sinh[d] -27 e *[fctelf]] EP‘Fl[ ]\/-F+cLog['F] Sinh[d] +
2+/f+clog[f]

L ) e+2fx+2cxlog[f] X L e+2fx+2cxlog[f]

27 ce “lFewelfl) £2 Erfi| | Log[f] V/f+clog[f] Sinh[d] +3c?e “[F<welf]) fErfi] ]
2+/f+clog[f] 2+/f+clog[f]

N . L e+2fx+2cxLog[f] 3 .

Log[f]2~/f+cLlog[f] Sinh[d] -3c?e “[Feteelfl] Erfi | Log[f13+/f+clog[f] Sinh[d] +
2+/f+clog[f]
2 3e+6fx-2cxLlog[f —— 3e+6fx-2cxLlog[f
3 erferemr]) @ ppp[ 2o O TX2CXLOBIT) ) 3 og ] Sinh[3d] + c et resin] £2 ppf | 2o Ot X - 2CXLOBIT]
2+/3f-clog[f] 2+/3f-clog[f]

E2

Log[f] V3f-clog[f] Sinh[3d] -3 c? e*[>Feeelf]] fEP -F[

3e+6fx-2cxlog[f]

2+/3f-clog[f]
9e?

3e+6fx-2cxLog[f] 3 . T o3 3e+6fx+2cxlog[f]
| Log[f1®V/3f-clLog[f] Sinh[3d] +3e *[ewesll) £3 Epfi|
2+/3f-clog[f] 2+/3f+clog[f]

| Log(f12V/3f-clLog[f] Sinh[3d] -

9e?

c3 @4 [3fcLoglf ) Ep .F{

| 311
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9e?

T o 3e+6fx+2cxlog[f]
V3 f+clog[f] Sinh[3d] -ce *(Fewsldl] £2 Epfi [
2+/3f+cloglf]

| Log[f] V3 f+cLog[f] Sinh[3d] -

9e?

—— 3e+6fx+2cxlog[f]
32 4 [Fctonls -FEr‘-Fl[

2+/3f+clog[f]
9e?
3 o tprewmld] Epfi {3e+6Fx+2chog[f]
2+/3f+clog[f]

| Log(f12V/3f+cLog[f] Sinh(3d] +

| Log[f]1®~/3f+clog[f] Sinh[3d]
Problem 362: Result more than twice size of optimal antiderivative.
Jff“bm * sinh[d+fx?]” dx

Optimal (type 4, 323 leaves, 14 steps):

g ot Losle)?

12

B b2 Log [f

3 e Maracioe] €2/ Er'f[ blog[fl-2x (f-clog[fl]) } e 3d+712”mg NS Er‘{_-[bLog[ﬂ ~2x (3f-clog[fl]) ]
f-c Log[f] 3f-clog(f]

_ 4 _

16 \/f - c Log[f] 16 /3 f-clog[f]
d- b? Log[f]? 3d- bZLog[}
3 e 4[fcloglf]] Fa /7 Er..Fi[bLOR[ﬂ*‘ZX(‘F*‘CLOE[ﬂ) } e a(3fecroglf]] £a /5 EI"'Fl[bLog [f1+2x (3f+cLlog[f]) }
f+cLog[f] 3f+clog[f]
+

16 \/f + c Log[f]
Result (type 4, 2511 leaves):

1
6 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+clogl[f])

b? Log[f]?

16 V3 f+clog[f]

L U 2fx-bLlog[f] -2cxLog[f Pesle] 2fx-bLlog[f] -2cxLog[f
f2/n |27 e“lewsll) £3 Cosh[d] Erf| X og[f] ~2cxlogl }}\/'F—cLog['F] +27 cet[rewsll] £2 Cosh[d] Erf| X 0g[T] ~2cxlogl }]
2+/f-clog[f] 2+ f-clLog[f]
% 2fx-blog[f] -2cxLog[f] )
Log[f] Vf-clog[f] -3c?e*fewelfl] fCosh[d] Er‘-F[ } Log[f]“Vf-clog[f] -

2+ f-clog[f]

b? Log [f]?

2fx-blog[f] -2cxLog[f
33 etlFetslfl) Cosh[d] Erf| glf] glf]

b2 ch[ 2

| Lo 3/f-clLog[f] -3e*lfeeelfl] £3 Cosh[3d]
2+ f-clog[f]
6fx-blog[f] -2cxLog[f b Los[r]” 6fx-blog[f] -2cxLog[f
Erf X o8] cxLogl }] V3f-clog[f] -ce*lrewslfl] £2Cosh[3d] Erf]| X og(t] cxlogl }]Log[f] V3f-clog[f] +
2+/3f-clog[f] 2+/3f-clog[f]
b? Log[f]?

6fx-blog[f] -2cxLog[f
3c? e Preeld]] £ Cosh[3d] Erf| X 0g[7] - 2cxLog(f]

| Log[f]1?~/3f-clog[f] +
2+/3f-clog[f]



b? Log []?

6fx-blLog[f] -2cxLog[f]

C @4 [3FcLoglf

|| Cosh[3d] Erf|

| Log[f12+/3f-clog[f] -

| £2 Cosh[d] Erfi]

2+/3f-clog[f]
,% 2 f b ,%
3 . x+blog[f] +2cxLog[f]
27 e *[f<reelfl] £3 Cosh[d] EI’"Fl[ } Vf+clLog[f] +27ce *[fecrelf
2+ f+clog[f]

b? Log[f]?

S 2fx+blog[f] +2cxLog[f]

Log[f] V/f+clog[f] +3c?e “[Fcislfl] fCosh[d] Erfi]
2+/f+clog[f]

b2 Log[f]?
S 2fx+blog[f] +2cxLog[f
3ce *(rewalil] Cosh[d] Erfi[ S gLt + gl
2+/f+clog[f]
6fx+blLog[f] +2cxLog[f]

2+/3f+clog[f]

6fx+blog[f] +2cxLog[f]

B bZLog[}
3 e 4| Bf cLog

| £3Cosh[3d] Erfi|

| V3f+cloglf] -

bZLog[J
4(3f cLog

| Log[f13+/f+clog[f] +

6.1 Hyperbolic sine.nb

2fx+blog[f] +2cxLog[f]

2+/f+clog[f]

| Log[f12+/f+clog[f] -

] Log[f] V3f+clLog[f] -

ce | £2Cosh[3d] Erfi]
2+/3f+cloglf]
b? Log[f]?
6f bLog[f] +2cxLog[f
3c2e “[clfl] £Cosh[3d] Erfi| X glt] racxlogl ]]Log[f]zx/3f+cLog[f] +

2+/3f+clog[f]

6fx+blog[f] +2cxLog[f]

2+/3f+clog[f]
2fx-blog[f] -2cxLlog(f ]Wmnh

b? Log|[f J

e “breld] Cosh[3d] Erfi]

b? Log[f]?

27 e*[feuelfl) £3 Epf|

2+ f-clLog[f]
bZLog{J
— 2fx-blog[f] -2 Log[f
27 c e (Feteelf]) £2 Ep -F[ X o8 [ ] cxlogl }}Log[ﬂ vV f-clLog[f] Sinh[d] +
2+/f-clog[f]

b? Log [f]?

— 2fx-blog[f] -2cxLog[f
32 etlreald]] fEpf[ glf] ~2cxlog(t]

2+/f-clog[f]
2fx-blog[f] -2cxLog[f]

2+ f-clog[f]

| Log[f]

b? Log [ J

33 etlfesldl] Epf

b2 Log|f ]

2fx+blog[f] +2cxLog[f]

| Log[f1%+/f - cLog[f] Sinh[d] -

2y/f-clog[f] Sinh[d] +

| Log[f12+/3f+clog[f] -

27 @ 4[frctLoglf -F3E fi [ ] \/'F+CLOg['F] Sinh[d} +
2+ f+clog[f]
7% 5 2fx+blog[f] +2cxLog[f] .
27 c e “l[fcroelf]) £ Er‘fl[ ]Log[ﬂ f+clog[f] Sinh[d] +
2+/f+clog[f]
b? Log[f]?
S L 2f bLog[f] +2 Log[f
3c?e “lfernldl) £EPFL| x+blog[t] r2cxlogl ]}Log[ﬂzx/ﬂcLog[ﬂ Sinh[d] -

2+/f+clog[f]

| 313
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b Log[f]?

336 WE £i [ZfX+bLOg[‘F] +2CXLOg[‘F]

2/Frclogf]
6fx-blog[f] -2cxLog[f]

2+/3f-clog[f]
6fx-blLog[f] -2cxLog[f]

2/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
6fx-blog[f] -2cxLog[f]
2+3f-clog[f]

[6-Fx+bLog[f] +2cxLog[f]

| Log[f13+/f+cLog[f] Sinh[d] +

b Log[f]?

3e4(31’cLog ) ‘F3E 'F[

| V3f-cLog[f] Sinh[3d] +

b? Log[f]?

C @*[3FcLog[f] .FZE 'F[

| Log[f] /3 f-clog[f] Sinh[3d]

b2 Log[f]?

3c2etlretnldl) FEPF|

| Log[f12V/3f-clLog[f] Sinh[3d] -

b? Log [f]?

C3(E [3f-cLog[f ) Er .F[

| Log[f12+/3f-clLlog[f] Sinh[3d]

b? Log [ J

3674(3chog .FBE fi

| V3f+cLog[f] Sinh[3d] -

2+/3f+clog[f]
b? Log[f]?
- el 6f b Log[f 2cXxLog[f
ce <3chog )-FZE -F [ X+ g[ ]+ X g[ }]Log[f] \/3'F+CLOg['F] Sinh[3d]_
2+/3f+clog[f]
—% 6fx+blog[f] +2cxLog[f] 5 .
3C e 4 (3f+clog[f 'FEP‘Fl[ ]LOg['F] 3-F+cLog[-F} Slnh[3d]+
2+/3f+clog[f]
b? Log[f]?
- 6f bLog[f 2cxLog[f
e “Prewld) Erfi| X glf] »2cxlogl ]]Log *\/3f+clogl[f] Sinh[3d]
2+/3f+clog[f]

Problem 364: Result more than twice size of optimal antiderivative.

Jfam*cxz Sinh[d+ex + fx?]*dx

Optimal (type 4, 239 leaves, 10 steps):

(2e-bLog[f])? (2e+bLog[f])?
‘ L _|2esbloglf])

_2d+ it LA B _ 2d .
ﬁEr"Fl[ (b+2 cx) -/ Log[f] } e 8f-aclog[f| .Faﬂ/ﬂ, Er,_F[Ze blog[fl+2x (2f cLog[ﬂ)] e sfacloglf] £2 /7T Er‘_Fl[Ze+bLog[ﬂ+2x(2f+cLog[ﬂ)}

2+/c 2f-clog[f] 2+/2f+clog[f]
- + +
4\/?\/Log[-F] 8vV2f-clog[f] 8+V2f+clog[f]

Result (type 4, 912 leaves):



1
8clog[f] (2f-clog[f]) (2f+clog[f])

(b+2cx) +Log[f]

(b+2cx) +Log[f]

b? b2
o -8V £ Erfi| ] VLog[f] +2c52f s Erfi]

| Log[ 1%/ +

2+/c 2+/c
- hetrabelog[f] ¥ Loglr]? 2e+4fx-blog[f] -2cxLog[f]
2ce 4 (2f-c Log[f]) f Cosh[2d] Erf| | Log[f]1 V2 Ff-clog[f] +
2+/2f-clog[f]
~4e2:4beLog[f]-b? Log[f]?
— 2e+4fx-blog[f] -2cxLlog[f
e 4 (2 -croglf]) Cosh[2d] Erf] h glt] Bl ]} Log[f]2V2f-clog[f] +
2+/2f-clog[f]
Laelbeioe £ ovien £ .r2e+4fx+blog[f] +2cxLog[f]
2ce ¢leretslfl] £ Cosh[2d] Erfi] | Log[f] V2 f+clogf] -
2+/2f+clog[f]
4e?+4belog[f]+b? Log[f]?
— 2e+4fx+blog[f 2cxlLog[f
cle  +hrewsi]  Cosh[2d] Erfi[ +hloglt)+ gl ]]Log[f]zx/2f+cLog[-F] _
2+/2f+clog[f]

_ -4e?iabelog|f]-b? Log[f]?

e + (rrcLoglf]) fErF[2e+4fx_bL0g[f] -2cxLog[f]

2+/2f-clog[f]
2e+4fx-blog[f] -2cxLog[f]
2+/2f-clog[f]

2e+4fx+blog[f] +2cxLog[f]

| Log(f] V2 -cLog[f] Sinh[2d] -

CZ e 4(21’ cLogrfJ) Er\f[

| Log[f12V/2f - cLog[f] Sinh[2d] +

74e2wabeLog[f] +b2 Log:f]z

2ce  clrewld]  fERFQ|

] Log[f] V2 F+cLog[f] Sinh[2d] -

2+2f+clog[f]
AezmbeLog[f]wszog[f]z
— 2e+4fx+blog[f] +2cxLog[f
e st Epfi[ ST +blog[f] + el J]Log[f]Z\/ZercLog[ﬂ Sinh[2d]
2+/2f+clog[f]

Problem 365: Result more than twice size of optimal antiderivative.

Jfammxz Sinh[d+ex+fx?]” dx

Optimal (type 4, 344 leaves, 14 steps):

6.1 Hyperbolic sine.nb
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B \:ebeogHHZ [3e-bLog|f }2
e +4—;[fimg[f” £ TT Erf[e,bLog[ﬂdx (f-clog[fl]) ] e73 +7m74mg[’f: f£a /TT EP_F[3e—bLog['F]+2x(3‘F—c Log[f]) ]

24/ f-cLog[f] 2+/3f-clog[f]
16 \/f - c Log[f] 16 V3 f-clog[f]

(e+bLog[])? (3e-bLog[f])?
d-—— 3gd-
3e 4lfclfl] £a/1 Epfi [ e+blog[f]+2x (f+clog[f]) ] e 4[rcwelfl] fa/1 Epfi [ 3e+blog[f]+2x (3f+clog[f]) ]

2./ f+clog[f] 24/ 3 f+cLog[f]
16 \/f + c Log[f] 16 /3 f+clog[f]

Result (type 4, 2991 leaves):

1
16 (f-clog[f]) (3f-clog[f]) (f+clog[f]) (3f+clog[f])

_ —e?:2be Log[f]-b2 Log[f]?

| e+2fx-blog[f] -2cxLog[f
£ [27e  slrewld] £3 Cosh[d] Erf[ gLf] glf)

2+ f-clog[f]

e+2fx-blog[f] -2cxLog[f]

2+/f-clog[f]
~e?+2beLog[f]-b? Log[f]?

- ‘ e+2fx-blog[f] -2cxLog[f
3cte ¢[etelfl) £ Cosh[d] Erf| ’ glf] gl }]Log[f]zx/fchog[f] -
2+ f-clog[f]
e?+2be Log[f] -b? Log[f]?

- : 2fx-blog[f] -2cxLog[f
3c3e 4 [#-cLog[f]) Cosh[d] Er'-F[e+ X 0g[T] - 2cxLogl ]]Log[f]3\/f—cLog[-F] -
2+/f-clog[f]
—9e26beLog[f]-b? Log[f]?

AT — 3e+6fx-blog[f] -2cxLog[f
3e 4 (3t-crog[f]] 3 Cosh[3d] Erf| : glt) gl ]}\/BF—cLog[ﬂ -
2+/3f-clog[f]
9e2:6belog[f]-b2 Log[f]?
L St 3e+6fx-blog[f] -2cxLog[f
ce 4 (3#-clLog[f]) f2 Cosh[3d] Er'F[ * glLf] glf]
2+/3f-clog[f]
-9e2+6be Log[f]-b? Log[f]?
B e TR 3e+6fx-blog[f] -2cxLog[f
3C%e 4 [3-c Log[f]) f Cosh[3d] Emc[ i glt] glt]
2+/3f-clog[f]
3e+6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]
e?+2belog[f]+b? Log[f]?
e e+2fx+blog[f] +2cxLog[f
27e  +lmewnl) 3 Cosh[d] Erfi]— +hloglt)+ gl ]]\/'F+cLog['F} .
2+/f+clog[f]

e+2fx+blog[f] +2cxLog[f]

2+ f+clog[f]

| Vf-clog[f] +

_ -e?:2belog[f]-b? Log[f]?

27ce 4 (F-crog[f]] f2 Cosh[d] Erf|

| Log[f] Vf-clog[f] -

| Log[f] V/3Ff-clog[f] +

| Log[f12+/3f-clog[f] +

_ 9e?+6belog[f]-b? Log[f]l

e ePfewsld)  Cosh[3d] Erf|

| Log[f]®/3f-clLog[f] -

7e2<2beLog[ﬂ b2 Log[ﬂ2

27ce  *leewsld)  f2Cosh[d] Erfi|

] Log[f] Vf+clog[f] +



e?+2beLog[f]+b? Log[f]?
e e+2fx+blog[f] +2cxLog[f
3cte  “[tcwsld]  fCosh[d] Erfi| : : glt]+ gl ]} Log[f]2~/f+clog[f] -

2+ f+clLog[f]

ezwzbeLog[f:waLog[f:Z
e e+2fx+blog[f 2cxlog[f
3ce 4wl Cosh[d] Erfi] ’ ’ glf]+ glf] | Log[f13+/f+clog[f] +

2+/f+clog[f]
- 2etobe Log[f] b7 og[f]" 3 3e+6fx+blog[f] +2cxLog[f]
3e  tPrewslfl]  £3Cosh[3d] Erfi| | V3f+cloglf] -
2+/3f+clog[f]

- 2€vobe Log[f] 47 Log|£] 5 3e+6fx+blog[f] +2cxLlog[f]
ce  *Prewlfl]  f2Cosh[3d] Erfi| ] Log[f] V3 Ff+clog(f] -

2+/3f+clog[f]

9e2:6beLog[f]+b? Log[f]?
L 3e+6Ffx+blog[f] +2cxLlog|f
3c2e  tPrewlfl] £ Cosh[3d] Erfi] : : glt] + gl }]Log[f]zx/3f+cLog[ﬂ +

2+/3f+clog[f]

992<6beLog[wab2Log[fJ2
B e R 3e+6fx+blog[f] +2cxLog[f
e heew)  Cosh(3d] Erfi| 2o ot X 2LOBITI 8L ) Log£]3 /3 Fr clog(F] -

2+/3f+clog[f]

-e?+2be Log[f]-b? Log[f]?
— e+2fx-blog[f] -2cxLog[f
27 e 4rf—cLog[f7] -F3 Er\-F[ * g[ ] g[ ]] \/'F—CLOg['F} Sinh[d] -
2+/f-clLog[f]

etz log[f] 0 Log[f]] 5 e+2fx-blog[f] -2cxLog[f] )
27ce 4 [F-crog[f]) f Er‘-F[ ] Log[f] v/ f-clLog[f] Sinh[d] +

2+ f-clog[f]

~e?+2belLog[f]-b? Log[f]?
— e+2fx-blog[f] -2cxLog[f
3ce 4 (- og| ] fErf| et glf] xLog[f] | Log[f1%~/f-clLog[f] Sinh[d] +

2+/f-clLog[f]

-e?+2belLog|f|-b? Lc)grﬂ2
P ETE e+2fx-blog[f] -2cxLlog[f
3ce 4 (f-crog[f])] Erf] : glf] glf] | Log[f1%+/f-clog[f] Sinh[d] -

2+ f-clog[f]
e?+2belog[f]+b? Log[f]?
e e — e+2fx+blog[f 2cxlLog[f
27e el FERFI[ +bLog[f] gl }]\/-F+cLog['F] sinh[d] +
2+ f+clog[f]
*—ezme,mfﬂmzfogml ,_ .. e+2fx+blog[f] +2cxLog[f] .
27ce 4 [FreLog[f]] f Er‘-Fl[ } Log[f] /f+clLog[f] Sinh[d] +
2+ f+clLog[f]
e?+2beLog[f]+b? Log[f]?
P er e 2fx+blog[f] +2cxLog[f
3c2e  4lfcrogld]] -FEr"Fi[e+ xrblog[f]+2cxlogl ]]Log[f]zx/f+cLog[f] Sinh[d] -
2+/f+clog[f]
7e2+2beLog[fi+b2Log[f:2
3c3e  olreusld] Er‘-Fi[eJrZFXerLog[ﬂ r2cxloglf] | Log (13 /F+cLog(f] Sinh[d] +
2+ f+clog[f]

_ -9e?+6belog[f]-b? Log[f]? _ B
3e 4 (3f-cLog[f]) £3 Er‘F[BeJrGfx bLog[f] -2cxLog(f] ] V3f-clLog(f] Sinh[3d] +
2+/3f-clog[f]

6.1 Hyperbolic sine.nb
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—9e2+6beLog[f]-b? Log[f]?

3e+6fx-blLog[f] -2cxLog[f]

ce 4 (3t-cLog[f]] f2Erf| | Log[f] /3 f-clog[f] Sinh[3d] -
2+/3f-clog[f]
9e2+6beLog[f]-b? Log[f]*
— 3e+6fx-blog[f] -2cxLog[f
3c’e 4 (3F-cLog[f]] fErf] ! glf] glf] | Log[f12+/3f-cLog[f] Sinh[3d] -

2+/3f-clog[f]
3e+6fx-blog[f] -2cxLog[f]
2+/3f-clog[f]

3e+6fx+blog[f] +2cxLog[f]

-9 e?+6belog[f]-b? Log[f]?
C3(€ 4(31’ cLogrfJ) Er\f[

| Log[f12>+/3f-clog[f] Sinh[3d] +

9e?6belog|f|+b? LogH{2

3e  tPrewll]  £IEPFL|

| V3f+clog[f] Sinh[3d] -

2+/3f+clog[f]
oeneverelfWielfl  3e.6fx+blog[f] +2cxLoglf] )
ce  tprewll]  f2EPFi| | Log[f] /3 f+clLog[f] Sinh[3d] -
2+/3f+clog[f]
992¢6heLog[ﬂ<b2Log[ﬂZ
T e 3e+6fx+blog[f] +2cxLog[f
3c2e  spremn]  fEpfi| oot Ot X OLOBIT ¢ 8111 Log(£]2/3F+ cLog(¥] Sinh(3d] +
2+/3f+clog[f]
9e?+6beLog[f]+b? Log[f]?
Jaeeoe ety el 3e+6fx+blog[f] +2cxLog[f
3e  4[reroglf]) Erfi| ! : glr] + gl }]Log[f]3\/3f+cLog[ﬂ Sinh[3d]

2+/3f+clog[f]

Problem 368: Result unnecessarily involves imaginary or complex numbers.

X

Sinh[a + b Xx]
J LA
c+dx?
Optimal (type 4, 213 leaves, 8 steps):

CoshIn‘cegr‘al{'ﬂ\/d;E +b x| Sinh[a- %] CoshIntegral| % -bx| Sinh[a+ %]

_ . _
2+/-c /d 2+/-c /d
Cosh[a + ﬂ} SinhIntegr‘al{t’JE -bx| Cosh|a- QE] SinhIn‘cegr‘al{"JE +b x|
5 IS . IS 5
2+/~c Jd 2+/-c Vd
Result (type 4, 180leaves):

1 b i b b i b
——1 [CosIntegral|- +1ibx| Sinh[a- = \/?} - CosIntegral | +ibx| Sinh[a+ = \/?} +
2+/c \d Vd Vd Vd Vd

i b b i b b
i |Cosh|a- = \/?} SinIntegral[i— ibx] +Cosh[a+ = \/?} SinIntegral | +ibx|
Vd Vd Vd Vd




Problem 369: Result unnecessarily involves imaginary or complex numbers.
JSinh[aerx}

c+dx+ex?

dx

Optimal (type 4, 271 leaves, 8 steps):

b |d-+/d?>-4ce b |d-+/d*-4ce b |d+\/d?-4ce b |d+\/d*-4ce
CoshIntegral| — +bx] Sinh[a- — | CoshIntegral]| — +bx] sinh|a- — ]
- +

b [d-+/d*-4ce b [d-+/d*-4ce b [d+y/d*-4ce b [d+v/d*-4ce
Cosh[a - | sinhIntegral]| +bx| Cosh|a- | sinhIntegral]| +bx|
2e 2e B 2e 2e

Result (type 4, 248 leaves):

1 ib(d—\/d2—4ce +2ex) b(—d+\/d2—4ce)

———— |CosIntegral| | sinh[a+ | -
Vd2-4ce 2e 2e
ib(d+\/d2—4ce +2ex) b(d+\/d2—4ce)
CosIntegral| | sinh|a- -
2e 2e
b(d+\/d2—4ce) b(d+\/d2—4ce +2ex)
Cosh|a - | sinhIntegral| |+
2e 2e
b(—d+\/d2—4ce) J‘lb(—d+\/d2—4ce)
iCosh[a+ | sinIntegral] - ibx]

2e 2e

Test results for the 525 problems in "6.1.7 hyper®m (a+b sinh”n)*p.m"

Problem 6: Result more than twice size of optimal antiderivative.
JCsch[c+dx] (a+bsSinh[c+dx]?) dx
Optimal (type 3, 25leaves, 2 steps):

aArcTanh[Cosh[c+dx]] bCosh[c+dx]
+
d d

Result (type 3, 62 leaves):
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bCosh(c] Cosh[dx] a Log[Cosh[§+ d%“ . aLog[Sinh[§+ dTXH . b Sinh[c] Sinh[d x]

d d d d

Problem 8: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bsinh[c+dx]?) dx

Optimal (type 3, 40leaves, 2 steps):
(a-2b) ArcTanh[Cosh[c+dx]] acCoth[c+dx] Cschlc+dx]

2d 2d

Result (type 3, 118leaves):

aCsch[%(c+dx)]2 bLog[Cosh[§+dT"H aLog[Cosh[%(c+dx)H bLog[Sinh[i ;

¢ 4x]] aLog[Sinh[% (c+dx)]]

aSech[% (c+dx”2

+ + -

8d d 2d d 2d

Problem 17: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bSinh[c+dx]2)2d1x

Optimal (type 3, 56 leaves, 5 steps):
a (a-4b) ArcTanh[Cosh[c+dx]] b2Cosh[c+dx] a?Cothl[c+dx] Cschlc+dx]

+ —

2d d 2d

Result (type 3, 155leaves):

b2 Cosh[c] Cosh[d x] aZCsch[i (c+dx)]2 ) 2abLog[Cosh[§+ %XH a2 Log[Cosh[i (c+dx)]]

- + +
d 8d d 2d
d

2abLog[Sinh[§+7H azLog[Sinh[i(Cerx)H aZSech[i(c+dx>]2 b2 Sinh[c] Sinh[d x]

- - +

d 2d 8d d

Problem 18: Result more than twice size of optimal antiderivative.
JCsch[c+dx]4 (a+bSinh[c+dx]2)2d1x
Optimal (type 3, 40leaves, 4 steps):

a(a-2b)Coth[c+dx] a2Coth[c+dx]3
d 3d

b2 x +

8d
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Result (type 3, 85leaves):

4(b+aCsch[c+dx}2)2 (3b? (c+dx) -aCoth[c+dx] (-2a+6b+aCsch[c+dx]?)) Sinh[c+dx]*

3d (2a-b+bCosh[2 <c+dx)])2

Problem 26: Result more than twice size of optimal antiderivative.

jCSCh[CerX]S (a+bsinh[c+dx]?)®dx

Optimal (type 3, 83 leaves, 5steps):
a? (a-6b) ArcTanh[Cosh[c+dx]] (3a-b)b?Cosh[c+dx] b3Cosh[c+dx]3 a3Coth[c+dx]Csch[c+dx]

+ + -

2d d 3d 2d

Result (type 3, 561 leaves):
6 (4a-b) b2Cosh[c] Cosh[dx] Sinh[c+dx]? (aCsch[c+dx] +bSinh[c+dx])3

+

d(2a-b+bCosh[2c+2dx])>

2 .. .
2b3Cosh[3c}Cosh[3dx}Sinh[c+dx]3(aCsch[c+dx]+bSinh[c+dx])3 a3CSCh[§+d7X] Slnh[c+dx]3(aCsch[c+dx]+b51nh[c+dx])3
- +

3d (2a-b+bCosh[2c+2dx])> d(2a-b+bCosh[2c+2dx])>

4 (a*>-6ab) Log[Cosh[ierZfXH Sinh[c+dx]? (aCsch{c+dx] +bSinh[c+dx])>

d (2a—b+bCosh[2c+2dx])3

4 (a*>-6ab) Log[Sinh[ier?XH Sinh[c+dx]? (aCsch{c+dx] +bSinh[c+dx])>

d (2a—b+bCosh[2c+2dx])3

dx

4+ 9x
2

a’Sech| ]ZSinh[c+dx]3 (acCschic+dx] +bSinh[c+dx])3

<
2

+

d <2a—b+bCosh[2c+2dx])3

6 (4a-b) b2Sinh[c] Sinh[dx] Sinh[c+dx]? (aCsch[c+dx] +bSinh[c+dx}>3

+

d (2a—b+bCosh[2c+2dx])3

2b3Sinh([3c] Sinh[3dx] Sinh[c+dx]? (aCsch[c+dx] +bSinh[c+dx])3

3d (2a—b+bCosh[2c+2dx])3

Problem 28: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c+dx]7

a+bSinh[c+dx]?

dx
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Optimal (type 3, 109 leaves, 4 steps):

3 b Cosh[c+dx
a Ar‘cTan[ Jab } (a2+ab+b2)Cosh[c+dx] (a+2b) Cosh[c+dx]> Cosh[c+dx]®
+ - +

vJa-b b’/2d b3d 3b2d 5bd

Result (type 3, 165leaves):

\/F—J'L\ETanhB—(mdx)} \/FH'L\HTanhB—(mdx)}
= = ]

.
240b7/2 d a b

240 a3 |ArcTan [

] + ArcTan [

30\/b (8a%+6ab+5b%) Cosh[c+dx] -5b*? (4a+5b) Cosh[3 (c+dx)]+3b%2Cosh[5 (c+dx)]

Problem 30: Result unnecessarily involves imaginary or complex numbers.
J Sinh[c+dx]°

a+bSinh[c+dx]?

dx

Optimal (type 3, 79leaves, 4 steps):

2 2/b_Cosh[crdx].
a Ar‘cTan[ N ] (a+b) Cosh[c+dx] Cosh[c+dx]3
_ +

va-b b52d b%d 3bd

Result (type 3, 134 leaves):

W—Ji \/?Tanh{g (c+dx)]
A/ a-b

\/FHi\/?Tanh[% (c+dx)w
Vab }

12 a% |ArcTan]| | +ArcTan]

1
12 b%/2d

-3+/b (4a+3b) Cosh[c+dx] +b3/2 Cosh|3 (c+dx)]
a-b

Problem 32: Result unnecessarily involves imaginary or complex numbers.
J Sinh[c+dx]3

a+bSinh[c+dx]?

dx

Optimal (type 3, 56 leaves, 3 steps):
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/b Cosh[c+dx
aArcTan[ Vab ] Cosh[c +dx]
+

4/a—b b3/2d bd

Result (type 3, 107 leaves):

\/jfnJ?Tanh[:* (c+dx)] \/?u‘:\/:Tanh[i (c+dx)] }

\/7 ]+Ar‘cTan[ F
- — . — ++/b Cosh[c+dx]
a-

a Ar‘cTan{

b3/2 d

Problem 34: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sinh[c +dXx]

a+bSinh[c+dx]?

dx

Optimal (type 3, 40leaves, 2 steps):
Ar‘cTan[Mb Cosh[c+d x }

Va-b
Ja-b /b d
Result (type 3, 91 leaves):
ArcTan [ b -1 x/a_Tanh{; (c+d x)} ] + ArcTan [ \b 41 x/?Tanh{; (c+d x)] ]
Vab Va-b
Ja-b /b d

Problem 36: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Cschc +dx]

a+bSinh[c+dx]?

dx

Optimal (type 3, 60leaves, 4 steps):

/b Cosh[c+dx
~ \/FAr‘cTan[ Jab ] - ArcTanh[Cosh[c +d Xx]]

ava-b d ad

Result (type 3, 135leaves):

1 | Vb ArcTan] Tl ] /b ArcTan| VB +i V3 Tanh| 5 (c+d ) ]
S Vab . Jab + Log [Cosh]
ad 2 b —

(c+dx)]] - Log[Sinh|

(c+dx)]]

N |
N |
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Problem 38: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cschic+dx]3
J dx

a+bSinh[c+dx]?
Optimal (type 3, 88leaves, 5steps):

3/2 2/b Cosh[crdx]
b*/2 ArcTan| Jab ] (a+2b) ArcTanh[Cosh[c+dx]] Coth[c+dx] Csch[c+dx]
. -

a2/a-b d 22a%d 2ad
Result (type 3, 220leaves):

8 b3/2 ArcTan [ Vb -1 \/?Tanh“— (c+d x)w ] 8 b3/2 ArcTan [ Vb +i \/?Tanh“— (c+d x)w
“Ja-b

— ]
(2a-b+bCosh[2 (c+dx)]) Cschic+dx]? + ab —aCsch[l(c+dx”2+
a-b a-b 2

1

(c+dx)]] —aSech[2

4 (a+2b) Log[Cosh[i (c+dx)]] -4 (a+2b) Log[Sinh|

N |

(c:+dx)}2 /(16a2d (b+aCschlc+dx]?))

Problem 40: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]>
J dx

a+bSinh[c+dx]?

Optimal (type 3, 130leaves, 6 steps):

5/2 /b Cosh[c+dx]
b*/2 ArcTan | =5 ] (3a2+4ab+8b?) ArcTanh[Cosh[c+dx]] (3a+4b) Coth[c+dx]Csch[c+dx] Coth[c+dx]Cschlc+dx]3

- - +

a3+va-b d 8a3d 8a%d 4ad

Result (type 3, 649 leaves):
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Sech{% (c+dx)] (\/FCosh[% (c+dx)] —Ji\/?Sinh[i (c+dx”)

a-b

b*/2 ArcTan | ] (2a-b+bCosh[2 (c+dx)]) Csch[c+dx]? /

(2a3x/a—b d (b+aCsch[c+dx]2)) -

[Sech[ (c+d x) w (rCosh{ c+dx)]+jx/?sinh{£(

b>/2 ArcTan . 2 c+dx>”] (2a-b+bCosh[2 (c+dx)]) Cschlc+dx]?
\V a-

+

2a°+va-b d(b+aCsch[c+dx]?)

(
(3a+4b) <2afb+bCosh[2 (c+dx)]) Csch[ (c+dx)] Cschic+dx]?
2

64a’d (b+aCschc+dx]?)

2a-b+bCosh[2 (c+dx)]) csch[% (c+dx)]*Cschlc+dx]?
2

+

128ad (b+aCschc+dx]?)

(-3a®-4ab-8b%) (2a-b+bCosh[2 (c+dx]]) Csch[c+dx]2Log[Cosh[% (c+dx)]]

+
16a*d (b+aCschc+dx]?)

(3a2+4ab+8b?) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx}2Log[Sinh[% (c+dx)]]

+
16a*d (b+aCschlc+dx]?)

(3a+4b) (2a-b+bCosh[2 (c+dx) ) Csch[c+dx]2SechE (c+dxH2 (2a-b+bCosh[2 (c+dx)]) Csch[c+dx]25ech[% <c+dx)]4
+

64a>d (b+aCschlc+dx]?) 128ad (b+aCschlc+dx]?)

Problem 43: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c+dx]3
(a+bSinh[c+dx]2)?

dx

Optimal (type 3, 90leaves, 3 steps):

(a-2b) ArcTan| /b Coshlcrdx] ]
Jab i

2 (a-b)*?b>2d 2 (a-b)bd(a-b+bCosh[c+dx]?)

aCosh[c+dx]

Result (type 3, 141 leaves):

r \/7Tanh c+dx) | \/> \/7Tanh c+dx) |
(a-2b) Ar‘cTan{—%Ar‘cTan{—}
\a-b VT _ 2a+/b Cosh[c+dx]
(a-b)3/2 (a-b) (2a-b+bCosh[2 (c+dx)])

2 b3/2 d
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Problem 45: Result unnecessarily involves imaginary or complex numbers.

Sinh[c +d x]
J dx
(

a+bSinh[c+dx]2)2

Optimal (type 3, 81 leaves, 3 steps):

A/ b Cosh[c+dx
ArcTan { Vab } Cosh[c +dx]

2 (a—b)g/zx/Fd ' 2 (a-b)d(a-b+bCosh[c+dx]?)

Result (type 3, 1301leaves):

\/?—nﬁTanh[i (cvdx)]

ﬁﬂi\/?Tanh[% (cedx)] }
Jab

\ a-b 4 2 Cosh[c+d x]
(a-b)3/2+/b (a-b) (2a-b+bCosh[2 (c+dx)])

2d

ArcTan { ] +ArcTan [

Problem 47: Result unnecessarily involves imaginary or complex numbers.

J Csch[c +dx] q
X

(a+bSinh[c+dx]2)2

Optimal (type 3, 110leaves, 5steps):

_ /b Cosh[c+dx
(Ba 2b> \/FAr‘cTan[ Jab ] ArcTanh[Cosh[c +d x]] b Cosh[c +dx]

2a% (a-b)*?d a2d 2a(a-b)d(a-b+bCosh[c+dx]?)

Result (type 3, 189leaves):

x/F—j\/?Tanh[g (c+dx)] }
1 Jab N

2a%d (a—b)3/2 (a—b)3/2

\/Fﬂix/?Tanh{;(c»fdx)} ]
\a-b

\/F(—3a+2b) ArcTan | \/F(—3a+2b) ArcTan|

2abCosh[c+dx]
(a-b) (2a-b+bCosh[2 (c+dx)])

-2 Log|[Cosh|

N |

(c+dx)]] +2Log[Sinh[§ (c+dx)]]
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Problem 49: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]3
J dx
(

a+bSinh[c+dx]?)?

Optimal (type 3, 161 leaves, 6 steps):

(5a-4b) b*?2 Ar‘cTan[w]
= )

(a+4b) ArcTanh[Cosh[c+dx]] (a-2b) bCosh[c+dx] Coth[c+dx] Csch[c+dx]
+ _
2a3(afb)3/2d 2a3d 2a?(a-b)d(a-b+bCosh[c+dx]?) 2ad(a-b+bCoshlc+dx]?)

Result (type 3, 391 leaves):
1

(2a-b+bCosh[2 (c+dx)|) Csch{c+dx]?
3 2\ 2
32a*d (b+aCschlc+dx]?)

\/F—J'L\ETanhB— (c+d x)}

8ab2 Coth[c + dx] 4 (5a-4b) b*>2ArcTan| — | (2a-b+bCosh[2 (c+dx)]) Cschc+dx]
i +

a-b (a—b)3/2

\/FﬂlﬁTanh“— (c+d x)w

4 (5a-4b) b*>2ArcTan| | (2a-b+bCosh[2 (c+dx)]) Csch[c+dx]

ab ~a(2a-b+bCosh[2 (c+dx)])
(a-b)*2
Csch[l (c+dx)]2Csch[c+dx] +4 (a+4b) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx] Log[Cosh[l (c+dx)]] -
2 2

4 (a+4b) (2a-b+bCosh[2 (c+dx)]) Csch[c+dx] Log[Sinh[l (c+dx)]]-a(2a-b+bCosh[2 (c+dx)]) Cschc+dx] Sech[l (c:+dx)}2
2 2

Problem 52: Result unnecessarily involves imaginary or complex numbers.

Sinh[c+dx]3
j dx
(

a+bSinh[c+dx]?)’

Optimal (type 3, 135leaves, 4 steps):

A/b Cosh[crdx]
(a-4b) ArcTan| 3% XL aCosh[c+dx] . (a-4b) Cosh[c+dx]

8 (a-b)*?b*2d 4 (a-b)bd (a-b+bCosh[c+dx]2)? 8 (a-b)’bd (a-b+bCosh[c+dx]2)

Result (type 3, 1701leaves):
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1
8b3/2d
\/Ffjx/?Tanh{§(c+dx)] \/Fﬂix/?Tanh[%(mdx)]
(a-4b) |ArcTan| Vab J +ArcTan| Vab ] 2/b Cosh[c+dx] (-2a®-5ab+4b?+ (a-4b) bCosh[2 (c+dx)])
+
(a-b)>"? (a-b)? (2a-b+bCosh[2 (c+dx”)2

Problem 54: Result unnecessarily involves imaginary or complex numbers.

J Sinh[c +d x] q
X

(a+bsinh[c+dx]?)?

Optimal (type 3, 118 leaves, 4 steps):
3 ArcTan [ +/b Cosh[c+dx }

Vab Cosh[c +dx] N 3 Cosh[c+dx]
8 (a-b)*?+/b d 4(a-b)d(a-b+bCosh[c+dx]2)? 8 (a-b)?d(a-b+bCosh[c+dx]?)

Result (type 3, 149leaves):

\/b 71'1\/3 Tanh[i(mdx)]
Jab

3 Vo wiv/a Tanh[;(mdx)]

ArcTan { } +ArcTan {

Va-b . 2 Cosh[c+dx] (1@a-7b+3bCosh[2 (c+dx)])
(a-b)5/2~/b (a-b)2 (2a-b+bCosh[2 (c+dx)])?

8d

Problem 56: Result unnecessarily involves imaginary or complex numbers.

J Csch[c+dx] q
X

(a+bsinh[c+dx]2)?

Optimal (type 3, 166 leaves, 6 steps):

2 _ 2 /b Coshc+dx]
Vb (15a2-20ab+8b?) ArcTan]| 2] ArcTanhicoshic s dx] ]

8 a3 (a—b)S/Zd a’d

b Cosh[c +dx] (7a-4b) bCosh[c+dx]

4a(a-b)d (a—b+bCosh[c+dx}2)2 78a2 (a-b)?>d (a-b+bCosh[c+dx]?)

Result (type 3, 329 leaves):



6.1 Hyperbolic sine.nb | 329

Sech[% (c+dx>} (Vb Coshﬁ(udx)]fjva_smh%(c+dx>]) }

Vb (15a2-20ab + 8 b?) ArcTan| —

8 a3 (a—b)S/zd

\/F (15 a2—20ab+8b2) Ar‘cTan[Sech“—(udxw (\/FCosh{;(c+dx)]+ﬁ\/aisinh{£(c+dx)]) ]

Va-b - b Cosh[c +dx] .
ga’ (a-b)*?d a(afb)d(2a—b+bCosh[2(c+dx)])2
~7abCosh[c+dx] +4b2Cosh[c+dx] Log[Cosh[%(c+dx)H Log[Sinh[i<c+dx)H
- +
4a2(a—b)zd(Za—b+bCosh[2(c+dx)]) a*d a’d

Problem 58: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Csch[c+dx]3
j dx

(a+bsinh[c+dx]?)?

Optimal (type 3, 224 leaves, 7 steps):
b¥2 (35a% - 56 b+ 24 b2) ArcTan | bCoshlcdx] |

Jab (a+6b) ArcTanh[Cosh[c +d x] ]
. _
8a* (a-b)*?d 2a%d
(2a-3b) bCosh[c+dx] (a-4b) (4a-3b) bCosh[c+dx] Coth[c +dx] Csch[c +dXx]

42’ (a-b)d(a-b+bCosh[c+dx]?)® 8a®(a-b)?d(a-b+bCosh[c+dx]?) 2ad(a-b+bCosh[c+dx]?)?

Result (type 3, 462 leaves):
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1

64 a*d (b+aCsch[c+dx}2>3

2 p? 2a(11a-8b) b2 (2a-b+bCosh|2 d Coth d
(2a-b+bCosh[2 (c+dx)]|) Csch{c+dx]® 8a7b” Cothlc + dx] @ (ua ) 5 [22-b+bcosh[2 (c+dx) ]) Cothlc + dx)

+

+
a-b (a-b)?

1 \/F—j\/?Tanh[i(Cerx)]

b2 (35a%*-56 ab + 24 b?) ArcTan |
(a—b)S/Z

] (2a-b+bCosh|2 (c+dx)])2Csch[c+dx] +
a-b

1 \/F+i\/?Tanh[§(c+dx)]

b*2 (35a°-56ab +24b?) ArcTan |
<a7b>5/z

] (2a-b+bcCosh|2 (c+dx)])2Csch[c+dx] -
a-b

a(2a-b+bCosh|2 (c+dx)])2Csch[§ (c+dx)]2Csch[c+dx] +

4 (a+6b) (2a-b+bCosh|2 <c+dx)])2Csch[c+dx] Log[Cosh[% (c+dx)]]-4(a+6b) (2a-b+bCosh[2 (c+dx”)2

Cschlc +dx] Log[Sinh[1 (c+dx)]]-a(2a-b+bCosh|2 (c+dx)})2Csch[c+dx} Sech[1 (c+dx)]2
2 2

Problem 71: Result unnecessarily involves imaginary or complex numbers.

Jsinh[eﬂcx]“\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 300 leaves, 7 steps):

(a74b) Cosh[e +fx] Sinh[e + f x] \/a+bSinh[e+fx]2 Cosh[e + f x] Sinh[e+-Fx]3’\/a+bSinh[e+1‘:x]2
+

¥
15bf 5f

(2a2+3ab-8b2) EllipticE[ArcTan[Sinh[e+fx]], 1- g] Sech[e + f x] Ja+bsinh[e+fx}2

15 p2 'F\/ Sech[e+fx]2 (a+bSinh[e+f x]?)

a

(a-4b) EllipticF|[ArcTan[Sinh[e+fx]], 1—5} Sech[e + f x] \/a+bSinh[e+-Fx]2 (2a2+3ab-8b?) \/a+bSinh[e+-Fx]2 Tanh[e + f x]

2
15b £ \/ Sech[e+fx]2 (a+bSinh[e+f x]?) 15b°f

a

Result (type 4, 210leaves):
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- b+ bCosh f
2a-b+bCosh[2 (e+fx)] EllipticE[i (e+fx), E] )
. a

16ia(2a*+3ab-8b%)

2a-b+bCosh[2 f
321‘1a(a2+ab2b2)\/ a-brbCosh|2 (e fx)] EllipticF i (e+fx),9}+
a a

V2 b (8a-48ab+25b?+4 (4a-7b) bCosh[2 (e+fx)]|+3b%>Cosh[4 (e+Fx)])Sinh[2 (e+Ffx)] /(240b2-F\/2a7b+bCosh[2 (e+fx)] )

Problem 74: Result unnecessarily involves imaginary or complex numbers.

JCsch[eﬂ“x]z\/aerSinh[eH‘:x]2 dx

Optimal (type 4, 199 leaves, 7 steps):

Cothle + f ] \/a+bSinh[e+fx}2 EllipticE |[ArcTan[Sinh[e+fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+fx}2

+

a

f
£ \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

b EllipticF[ArcTan([Sinh[e+fx]], 1- g} Sech[e + fx] \/aerSinh[eH‘:x]2 \/a+bSinh[e+fx}2 Tanh[e + £ x]
+

.F
a _f_-\/Sech[eH:x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 151 leaves):

2a-b+bCosh|2 (e+fx)]

e T b
EllipticE[i (e+fx), —]| +
a a

V2 (-2a+b-bCosh[2 (e+fx)]) Coth[e+fx] Zja\/

ZJ'L(a—b)\/Zab”)COSh[Z(EHCXH EllipticF[i(e+fx),E} /(Z-F\/Za—b+bCosh[2 (e+fx>])



332 | 6.1 Hyperbolic sine.nb

Problem 75: Result unnecessarily involves imaginary or complex numbers.

J(isch[eﬁ:x]“\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 276 leaves, 7 steps):

(2a-b) Coth[e +fx] \/a+bsinh[e+1‘x]2 Coth[e + f x] Csch[e+-Fx]2\/a+bSinh[e+1‘:x]2
- +
3af 3f

(2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bSinh[e+fX]2

3a 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

bEllipticF[ArcTan[Sinh[eJr-Fx}], 1—5} Sech[e + f x] \/a+bSinh[e+-Fx]2 <2a—b) \/a+bSinh[e+'Fx}2 Tanh[e + f x]

3af
3af \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 342leaves):

2+/2 aCosh[e+fx]-+/2 bCosh[e+fx]| Csch[e+fx] 2
\/Za—b+bCosh[2 (e+fx)] (( . ) —mtme*fxlcﬁ“h[eﬂm )
a 34/2

+

jb\/“’b*““"”‘e*“H EllipticF[i (e+fx), 2]
1 a a

b 1
2J2a7b+bCosh[2(e+fo 2b

3af

Zﬁa\/Zameosh{Z (e+f x) ] ElliptiCE{]'l (e+-Fx), Q] \/7 (Za—b) \/2ab+bCosh{2 (e+f x) ] ElliptiCF[]i (e+'Fx), Q]
a a a a

1 [\/?aJr

V2 \/Za—b+bCosh[2(e+fx)] \/Za—b+bCosh[2(e+Fx)]

Problem 82: Result unnecessarily involves imaginary or complex numbers.

JSinh[eJrfx]4 (a+bSinh[e+Fx]2)3/2d1X

Optimal (type 4, 367 leaves, 8 steps):
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(a2-11ab+8b?) Cosh[e + fx] Sinh[e + fx] \/aerSinh[e+-Fx]2
35bf

+

2 (4a-3b) Coshle+fx] Sinhe+fx]*/a+bsinh[e+fx]2 bCosh[e+fx]Sinh[e+fx]>/a+bSinh[e+fx]2
+

35 f 2 f

+

_ . b )
(2 (a-2b) (a®+4ab-4b?) EllipticE [ArcTan[Sinh[e+fx]], 1- —| Sech[e+fX] \/a+b51nh[e+fx]2
a

Sech[e+fx]%2 (a+bSinh[e+fx]?
35b21°\/ [ | [ )
a

(a2-11ab+8b?) EllipticF [ArcTan[Sinh[e+fx]], 1- S} Sech[e + f x] \/aerSinh[eJr-Fx]2

35 bf\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

2 (a-2b) (a2+4ab-4b?) \/a+bSinh[e+1‘:x12 Tanh[e + fx]
35b2 f

Result (type 4, 262 leaves):

1 2a-b+bCosh[2 (e+fx) ]| EllipticE[i (e+fx) E]’

a a

1281 a (a3+2a2b12ab2+8b3)\/
2240b2 f/2a-b+bCosh[2 (e+fx)]

2a-b+bCosh|2 (e+fx)}

b
641 a (2a3+3a2b13ab2+8b3)\/ EllipticF[i (e+fx), —] ++/2 b (32a%-496a%b + 684 ab? - 250 b° +
a

a

b (144 a®-480ab+299b?) Cosh|[2 (e+fx)] +2 (26a-27b) b?>Cosh[4 (e+fx) | +5b*>Cosh[6 (e+fx)]|)Sinh[2 (e+fx)]

Problem 85: Result unnecessarily involves imaginary or complex numbers.

JCsch[eﬂcx]2 (a+bSinh[e+-Fx]2)3/2dlx

Optimal (type 4, 204 leaves, 6 steps):
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aCothle + fx] \/a+bSinh[e+fx}2 (a+b) E1lipticE[ArcTan[Sinh[e+fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+1°x}2

- +

f
‘F\/ Sech[e+f x]2? (a+bSinh[e+f x]2)

a

2b EllipticF [ArcTan([Sinh[e +fx]], 1—3] Sechle + fx] \/a+bSinh[e+fx]2 (a+b) \/a+bSinh[e+fx}2 Tanh[e + x|

+

f
_F\/Sech[eﬁfx]z (a+b Sinh[e+f x]2)

a

Result (type 4, 155leaves):

2a-b+bCosh|2 (e+fx)]

EllipticE[i (e +fx), E] -

-11]a \E(Za—berCosh[Z (e+fx)])Coth[e+-Fx]+21'1(a+b)\/
a a

2j(a-b)\/2ab+bc°5h[2(e+fx)] EllipticF[i (e+fx),9} /(2-F\/2a—b+bCosh[2(e+-Fx)])

Problem 86: Result unnecessarily involves imaginary or complex numbers.

JCSCh[e+fX]4 (a+bSinh[e+Fx]2)3/2d1x

Optimal (type 4, 267 leaves, 7 steps):

2 (a-2b) Coth[e + fx] \/aerSinh[eﬂcx]2 aCoth[e + fx] Csch[em‘x}z\/a+bSinh[e+fx}2
- +

3f 3f

2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

2 (a:bSi . 2
3{\/ Sech[e+f x]? (a+bSinh[e+f x]2)

a

(a-3b) bEllipticF[ArcTan[Sinh[e+fx]], 1—2} Sechfe + fx] \/aerSinh[e+-Fx]2 2 (a-2b) \/a+bSinh[e+fx}2 Tanh[e +  x]

a

Sech[e+f x]2 (a+b Sinh[e+f x]?) 3f
3af ech[e+fx]? (a+bSinh[e+f x]

Result (type 4, 335leaves):
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2
1\/Za—berCOSh[z <e+-Fx)] (1 (ﬁa(ﬁosh[ewa} -2+/2 bCosh[e+fx]| Cschle+fx] - aCothfe + fx] Cschle + fx] .
f 3 342
i b\/z""b*bc"sm2 (&0l EllipticF[i (e+Fx), 2]
1 a a 1
7\Eb _ _
3f \/7\/2a—b+bCosh[2(e+fx>] 2b
2\/Ta\/Zameosh[Z (e+fx) ] ElliptiCE[]l (e+-Fx), Q} \/? (2a7b> JZameosh[Z (e+fx) ] EllipticF[j <e+'FX>, Q}
a a a a
i(-a+2b) -

\/Za—b+bCosh[2(e+FxH \/Za—b+bCosh[2(e+FxH

Problem 102: Result unnecessarily involves imaginary or complex numbers.

Sinh[e+ fx]*

dx

\/a+bSinh[e+-Fx}2

Optimal (type 4, 229 leaves, 6 steps):

Cosh[e +fx] Sinh[e + f x] \/a+bsinh[e+fx]2 2 (a+b) EllipticE |[ArcTan[Sinh[e+fx]], 1- 2] Sech[e + f x] \/a+bSinh[e+1‘:x12

+

a

3bf R ] R
3p2f Sech[e+f x]2? (a+bSinh[e+f x]2)

EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[eﬂ‘:x]2 2 (a+b) \/a+bsinh[e+fx}2 Tanh[e + f x]

3p2f

2 + 3 + 2
3 bf\/ Sech[e+f x]? (a+bSinh[e+f x]2)

a

Result (type 4, 168 leaves):

2a-b+bCosh[2 (e+fx)}

2a-b+bCosh[2 (e+-FxH

41‘1\/?a(a+b)\/ EllipticE[i (e+Fx),E]2j1\/?a(2a+b)\/

EllipticF[i (e+fx), E] +b(2a-b+bCosh[2 (e+fx)])Sinh[2 (e+fX)] /(szf\/4a—2b+2bCosh[2 (e+fx)] )
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Problem 105: Result unnecessarily involves imaginary or complex numbers.

Cschle + fx]?

dx

\/a+bSinh[e+1°xJ2

Optimal (type 4, 134 leaves, 5steps):

Cothle+fx] +/a+bSinh[e+fx]?
af

EllipticE[Ar‘cTan[Sinh[e+fx}], 1- g} Sech[e + f x] \/a+bSinh[e+-Fx]2 \/a+bSinh[e+-Fx}2 Tanh[e + f x]
+

a_F\/Sech[e+fx]2 (a+bSinh[e+f x]?) af
a
Result (type 4, 150leaves):
2a-b+bCosh|2 f
\/7(—2a+b—bCosh[2 (e+fx)]) Cothle+fx] —Zia\/ a-brbCosh[2 (e+fx)] EllipticE[i (e +fx), E] +
a a

2a-b+bCosh[2 (e+f
zjaJ a-brbCosh[2 (e £x)] EllipticF|[i (e+fx),9] /(Zaf\/Za—b+bCosh[2 (e+-Fx)])
a a

Problem 106: Result unnecessarily involves imaginary or complex numbers.

Cschle+fx]*

dx

\/a+bSinh[e+-Fx]2

Optimal (type 4, 267 leaves, 7 steps):



6.1 Hyperbolic sine.nb | 337

2 (a+b) Cothle+fx]/a+bSinh[e+fx]2 Coth[e+fx]Cschle+fx]2:/a+bSinhle+fx]2
3a%f 3af

+

2 (a+b) EllipticE Ar‘cTan[Sinh[eJr-Fx]],l—Q Sech[e+fx]+/a+bSinh[e+fx]?
a

a

332 _F\/Sech[e+‘FX]2 (a+bSinh[e+f x]?)

bEllipticF[Ar‘cTan[Sinh[eJr-Fx}], 1—5} Sech[e + f x] \/a+bSinh[e+-Fx]2 2 (a+b) \/a+bSinh[e+-Fx}2 Tanh[e + f x]

3a2f

332 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 338 leaves):

\/2 aCosh[e+fx]+\/2 bCosh[e+fx]| Cschle+fx] Fx2
JZa—b+bCosh[2 (e+'Fx>] (( _ Coth[e+fx] Cschle+fx]

3a’ 342 a

]'Lb\/z‘“’*““’”2 (0L EllipticF[i (e« fx), ?]

a

- V2 b - =
3a°f \/?\/ZaberbCosh[Z(eH:x)] 2b

2\/7a\/2""b*"c"s:2 L E1lipticE[i (e+fx), g] V2 (2a-b) \/2""t’*t’c°5h[2 B L EllipticF[i (e+fx), g]

a

i (a+b)

\/Za—b+bC05h[2(e+fx>] \/Za—b+bCosh[2<e+fx)]

Problem 111: Result unnecessarily involves imaginary or complex numbers.

Sinh[e + fx]®©
J dx
(

a+bSinhle+fx]2)%?

Optimal (type 4, 341 leaves, 7 steps):



338 | 6.1 Hyperbolic sine.nb

aCosh[e+fx] Sinh[e+fx]3 (4a-b) Cosh[e+fx] Sinh[e+fx] \/aerSinh[eﬂcx]2

- + +

(a-b) bf/a+bsinhle+fx]2 3(a-b)b?f

(8a%-3ab-2b2) EllipticE[ArcTan[Sinh[e+fx]], 1- 2] Sech[e + f x] \/aerSinh[e+-Fx}2

a

+ 2 (a+bsSi . 2
3 <a—b) b3_F\/Sech[e fx]2 (a+bSinh[e+f x]?)

(4a-b) EllipticF[ArcTan[Sinh[e+fx]], 1’5 Sech[e + f x] \/a+bSinh[e+-Fx]2 (8a2-3ab-2b?) \/a+bsinh[e+fx]2 Tanh[e + f x]

3(a-b)b*f

2 i 2
3 (a_ b) bZ.FJ Sech[e+f x]? (a+bSinh[e+f x]2)

a

Result (type 4, 211 leaves):

2a-b+bCosh[2 (e+f
a-bbCosh|2 (e £x)] EllipticE[i(ewx),E}-
a a

zjﬁa(Saz-aab-zbz)\/

2a-b+bCosh[2 (e+fx)]

EllipticF[i (e+fx), E] -
a a

21'm/7a(8a2—7ab—b2>\/

b(-8a’+3ab-b’+b (-a+b) Cosh[2 (e+Fx)])Sinh[2 (e+fX)] /(6 (a-b)b>f+f4a-2b+2bCosh[2 (e+fx)] )

Problem 112: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

J Sinh[e+fx]*
(a+bsinhfe+fx]2)

Optimal (type 4, 256 leaves, 6 steps):



aCosh[e+fx] Sinh[e+fx] (2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1- S] Sech[e + fx] \/a+bSinh[e+1‘:x}2

- - +

(a—b) b-F\/aerSinh[eJr'Fx]2 (afb) bz_FJSech[ewa]z (a+b Sinh[e+f x]2)

a

EllipticF[ArcTan[Sinh[e+fx]], 1- 5} Sechle + fx] \/aerSinh[e+-Fx]2 (2a-b) \/a+bSinh[e+fx]2 Tanh[e +  x]

N
(a-b) b2 f

2 (a4+bSi . 2
(a7b> b_F\/Sech[en’x] (a+bSinh[e+f x]?)

a

Result (type 4, 156 leaves):

a a a

2a-b+bCosh[2 (e+f 2a-b+bCosh[2 (e+f
a Zj(Zab)\/ a-brbCosh[2 (e £x)] EllipticE[j(e+fx>,b]+4]‘1(ab)\/ a-brbCosh[2 (e £x)] EllipticF|[i (eﬂcx),gy

\Ebsinh[z (e+fx)] /(2 (a-b) bzf\/Za—b+bCosh[2 (e+fx)] )

Problem 115: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

J Cschle +fx]?
(a+bsinhle+fx]2?)

Optimal (type 4, 290 leaves, 7 steps):

b Coth[e + f x] (a-2b) Coth[e +fx] \/aerSinh[e+-Fx]2

a(a-b) f/a+bSinh[e+fx]?2 a’ (a-b) f

(a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bSinh[e+-Fx]2

2 i 2
a2 (a _ b) .F\/SECh[E+‘FX] (a+b Sinh[e+f x]2)

a

bEllipticF[ArcTan[Sinh[e+fx]], 175} Sechle + f x] \/a+bSinh[e+fx]2 (a-2b) \/a+bsinh[e+fx}2 Tanh[e + f x]
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a

+

a’(a-b)f

a

2 i 2
a2 <a _ b) .FJ Sech[e+f x]2 (a+bSinh[e+f x]?)

Result (type 4, 185leaves):
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2a-b+bCosh|2 (e+fx)]

EllipticE[i (e +fx), 9} +

-(2a*>-3ab+2b?+ (a-2b) bCosh[2 (e+fx)]) Cothle+fx] -1+/2 a (azb)\/
a a

2a-b+bCosh[2 (e+fx) |

iﬁa(a—b)\/

EllipticF[i (e+fx), E} /(a2 (a—b)-F\/4a—2b+2bCosh[2 (e+fx)] )

Problem 120: Result unnecessarily involves imaginary or complex numbers.

Sinh[e + fx]®©
J dx
(

a+bsSinhle+fx]2)*?

Optimal (type 4, 344 leaves, 7 steps):
aCosh[e +fx] Sinh[e + £x]3 2a(2a-3b) Cosh[e+fx] Sinh[e +fx]

3(a-b)bf (a+bSinhfe+fx]2)??

3 (afb)zbz'F\/aerSinh[e+-Fx]2

(8a%-13ab+3b?) EllipticE [ArcTan[Sinh[e+fx]], 1- 5} Sech[e + f x] \/a+bsinh[e+1‘x]2

+

2 i 2
3 (a _ b)Z b3'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

2 (2a-3b) EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + fx] \/a+bSinh[e+fx]2 (822 13ab+3b?) \/a+bSinh[e+fx12 ranhie s £x)
N
23
3 (a—b)zbzf\/seCh[e+fX]2 (a+bSinh[e+f x]2) 3 (a,b> b3 f

a

Result (type 4, 207 leaves):
3/2
b
[a EllipticE[i (e+fx), —]+
a

2a-b+bCosh|2 (e+fx”

—211a<8a2—13ab+3b2) [
a

2a-b+bCosh|2 f 372
2]‘1a(8a217ab+9b2)[ a-brbCosh|2 (e~ X)]] b

EllipticF[i (e+fx), —] +

a a

V2 b (—8a2+17ab—7b2+b (—5a+7b) Cosh{z (e+-Fx)]) Sinh[z (e+fx>]

/(6 (a_b)2b3-F (2a—b+bCosh[2 (e+fx)])3/z)
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Problem 121: Result unnecessarily involves imaginary or complex numbers.

dx

J Sinh[e + f x]*4

(a+bsinhfe+fx]2)*?

Optimal (type 4, 244 leaves, 5 steps):

B . . /b Sinh[e+fx _
aCoshle+ fx] Sinh[e + £ x] 2+/a (a-2b) Cosh[e+fx] EllipticE[ArcTan| = ],1-2]

— + —

3(a-b)bf(a+bSinh[e+fx]2)*? 3 (o b)26Pes aCoshesfx]? Ja+bsinh[e+1°x}2

a+b Sinh[e+f x]?

o |w

(a-3b) EllipticF[ArcTan[Sinh[e+fx]], 1- f} Sech[e + f x] \/a+bSinh[e+-Fx]2

3a (a B b) 2pf \/ Sech[e+fx]2 (a+bSinh[e+f x]?)
a
Result (type 4, 198 leaves):
3/2
e T b
EllipticE[i (e+fx), —| -
a

2a-b+bCosh[2 (e+fx) |

2ia*(a-2b) (

a
24 b bCosh(2 ¢ 3/2
a-bs os[ (e+ XH El]_j_pticF[jl (e+‘FX>;E]*

a

ia(2a’-5ab+3b?) (

a

V2 b (-a®+4ab-2b>- (a-2b) bCosh[2 (e+fx)])Sinh[2 (e+FfX)] /(3 (a—b)zbzf(Za—b+bCosh[2 (e+fx)])3/2)

Problem 124: Result unnecessarily involves imaginary or complex numbers.

Cschle+fx]?
J dx
(

a+bSinhle+fx]2)*?

Optimal (type 4, 385leaves, 8steps):
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b Coth[e + f x] 2 (3a-2b) bCothle+fx] (3a2-13ab+8b?) Coth[e+fx] \/a+bSinh[e+1cx]2

3afa-b)f(avbsinhierfx]?)*" 3.0 (5 b)2f.[a.bsinhies fxI? 33> (a-b)*f

(3 az—l3ab+8b2> EllipticE[Ar‘cTan[Sinh[eJrfx}], 1- 5 Sech[e + f x] \/a+bSinh[e+-Fx]2

2 5 2
3 33 <a B b)Z_F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

2 (3a-2b) bEllipticF [ArcTan[Sinh[e+fx]], 1- g] Sech[e + f x] \/aerSinh[e+-Fx]2

+

2 3 2
333 (a B b)Z_F\/Sech[e+'Fx] (a+bSinh[e+f x]?)

a

(3a?-13ab+8b?) \/a+bSinh[e+fx]2 Tanh[e + f x]

3 a3 <a—b)2f

Result (type 4, 234 leaves):
1

12 a3 (afb)zf (2a-b+bCosh|[2 (e+fx>])3/2
3/2

((—3a2+13ab—8b2) EllipticE[i (e+fx), 9} +(3a%-7ab+4b?) EllipticF[i (e+fX), 9} +
a a

42 2a-b+bCosh|2 (e+fx)]
a

i

a

2i/2 (3 (a-b)? (2a-b+bCosh[2 (e+fx)])2Coth[e+-Fx] -

2a(a-b)b’>Sinh[2 (e+fx)| - (7a-5b)b> (2a-b+bCosh|[2 (e+fx)]) Sinh[2 (e+fx)”

Problem 130: Unable to integrate problem.

J(dsinh[ewa])'" (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 128 leaves, 3 steps):

1 1 1-m 3 , bCoshle+fx]?
~d AppellFi[—, , =P, —, Coshle+fx]?, -—————————| Cosh[e+fx]
f 2 2 2 a-b
b Cosh[e+fx]2\P in
(a-b+bCoshle+fx]?)P 1+# (dSinh[e+-Fx])'1+m (-sinh[e+fx]?) =2
a-b

Result (type 8, 27 leaves):
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J(dsinh[eJrFx])'" (a+bsinhle+fx]?)"dx

Problem 131: Unable to integrate problem.

JSinh[e+-Fx]5 (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 226 leaves, 5 steps):
(3a+2b (2+p)) Cosh[e+fx] (a-b+bCoshle+fx]2)'P 1

b>f (3+2p) (5+2p) +b2f(3+2p) (5+2p)
bCosh[e+fx]2)P
a-b
Cosh[e + f x] (a7b+bCosh[e+fx]2)1*pSinh[e+fx]2

(3a®+4ab (1+p)+4b> (2+3p+p®)) Cosh[e+fx] (a-b+bCoshle+fx]?)? |1+

. 1 3 b Cosh[e + f x]?
Hypergeometric2F1[~, -p, =, - ]+
> 2 a-b bf (5+2p)

Result (type 8, 25leaves):

Jsinh[e+fx]5 (a+bsinh[e+fx]%)Pdx

Problem 132: Unable to integrate problem.

Jsinh[e+fx]3 (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 137 leaves, 4 steps):

Cosh[e+fx] (a-b+bCosh[e+fx]2)*P 1
bf (3+2p) bf (3+2p)
2\ -p ,
<a+2b(1+p))Cosh[e+-Fx] (a_b+bc°5h[e+fx]2>p 1+M Hyper‘geometr‘iCZFl[l, -P, i, —M]

a-b 2 2 a-b
Result (type 8, 25leaves):

Jsinh[e+fx]3 (a+bsinh[e+fx]%)Pdx

Problem 134: Unable to integrate problem.

JCsch[eJrfx] (a+bsinh[e+fx]?)Pdx
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Optimal (type 6, 88leaves, 3 steps):

b Cosh[e + f x]? a1p bCosh[e+fx]2)P
—————— | Coshle+fx] (a-b+bCoshle+fx]?)? |1+ ——

1 1 3 ,
- —AppellF1|[~, 1, -p, =, Cosh[e+fx]?, -
f 2 2 a-b a-b

Result (type 8, 23 leaves):

stch[eﬂcx] (a+bsinh[e+fx]?)Pdx

Problem 135: Unable to integrate problem.
JCsch[eJrfx]?‘ (a+bsinhfe+fx]?)Pdx

Optimal (type 6, 87 leaves, 3 steps):

b Cosh[e+ fx]? a\p bCosh[e+fx]2)P
7—}Cosh[e+fx] (a-b+bCoshle+fx]?)P |1+ ——————

1 1 3 ,
~AppellF1|~, 2, -p, —, Cosh[e +fx]?,
f 2 2 a-b a-b

Result (type 8, 25leaves):

JCsch[eﬂcx]3 (a+bsinh[e+fx]?)Pdx

Problem 136: Unable to integrate problem.
JCsch[e+fx]5 (a+bsinhfe+fx]?)"dx

Optimal (type 6, 88leaves, 3 steps):

b Cosh[e + f x]? a1p bCosh[e+fx]2)P
—————— | Coshle+fx] (a-b+bCoshle+fx]?)? |1+ ——

1 1 3 ,
- —AppellF1|~, 3, -p, =, Cosh[e+fx]?, -
f 2 2 a-b a-b

Result (type 8, 25leaves):

stch[eﬂcx]5 (a+bsinh[e+fx]?)Pdx

Problem 137: Unable to integrate problem.

Jsinh[eﬁzx]4 (a+bsinhfe+fx]?)Pdx

Optimal (type 6, 103 leaves, 3 steps):



7 . , bSinhfe+fx]?
>, -p, —» -Sinhj[e+fx]*%, ——}
2 a

2 o 2 . 2\ p bSinh[e+fx]2)P
\/Cosh[e+fx]? Sinh[e+fx]* (a+bSinh[e+fx]?)? 1+ ————————| Tanh[e+fx]

a

)

1
prpellFl[
5f

N U
N R

Result (type 8, 25leaves):

JSinh[e+'FX]4 (a+bsinh[e+fx]?)?dx

Problem 138: Result more than twice size of optimal antiderivative.

jsinh[eJr-Fx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 101 leaves, 3 steps):
(a-b) Tanh[e+fx]?

1 3 5 ,
——AppellFl[ =, 2+p, -p, —, Tanh[e+fx]?,
3f 2 2

]

(a-b) Tanh[e+fx]2)P

a

(Sech[e+fx]?)P (a+bSinh[e+fx]%)° Tanh[e+fx]? [1-
a

Result (type 6, 250 leaves):

2
1)( )22pJM (2a-b+bCosh[2 (e+fx)])1+p
2+p
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bz'F(l+p —_a+b
11 2a-b+bCosh[2 (e+fx)| 2a-b+bCosh[2 (e+fx)]
~2a (2+p) AppellF1[1+p, —, =, 2+p, s
272 2a 2 (a-b)
2a-b+bCosh|2 f 2a-b+bCosh|2 f
(1+p) AppellFi[2p, E, l,3+p, a-b+bCosh[2 (e+ x)]’ a-b+bCosh[2 (e+ x)]] (2a-bebcosh[2 (e + £x]])
2 2 2a 2 (a-b)

. . )
Csch[z (e+-Fx)] \/w
a

Problem 139: Unable to integrate problem.

JCsch[eJrfx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 99 leaves, 3 steps):
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]

Coshle+fx]? Csch[e+fx] Sech[e+fx] (a+bSinh[e+fx]?)? |1+

1 1 1 1 . , bSinhfe+fx]?
—prpellFl[—f, —, -p, —, -Sinh[e+fx]*, - ——————
f 2 2 2 a

bSinh[e+fx]2)P
a

Result (type 8, 25leaves):

JCsch[eﬂ‘:x]2 (a+bsinh[e+fx]?)?dx

Problem 140: Unable to integrate problem.

jCSCh[EJr'FX]‘l (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 103 leaves, 3 steps):
1 3 1 1 . , bsSinhfe+fx]?
- —AppellF1[-~, =, -p, - —, -Sinh[e+fx]?, - ———
3f 272 2 a

J

p 3 . 2\ p bSinh[e+fx]2)\P
Cosh[e+fx]? Csche+fx]>Sech[e+fx] (a+bSinh[e+fx]?)? |1+ ————

a

Result (type 8, 25leaves):

JCsch[eﬂcx]4 (a+bsinh[e+fx]%)Pdx

Problem 148: Result more than twice size of optimal antiderivative.

JCsch[c+dx]3 (a+bsinh[c+dx]?) dx

Optimal (type 3, 39leaves, 4 steps):

aArcTanh[Cosh[c+dx]] aCoth[c+dx] Csch[c+dx]
X + -

2d 2d

Result (type 3, 82leaves):
aCsch[%(c+dx)]2 aLog[Cosh[%(c+dx)H aLog[Sinh[%(Cerx)H aSech[§<c+dx)]2

bx- + - -
8d 2d 2d 8d
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Problem 159: Result more than twice size of optimal antiderivative.

JCsch[Cerx]6 (a+bSinh[c+dx]3)2d1X

Optimal (type 3, 88leaves, 6 steps):
b2 abArcTanh[Cosh[c+dx]] a%?Coth[c+dx] 2a?Coth[c+dx]3 a2Coth[c+dx]®> abCoth[c+dx] Csch[c+dx]
X + - +

d d 3d ) 5 d d
Result (type 3, 216 leaves):
r —128a2Coth[1 (c+dx)] —120aszch[1 (c+dx)}2+Ea2Csch[l (c+dx)]4Sinh[c+dx] -
480 d 2 2 2 2
3aZCsch[l (c+dx)]6Sinh[c+dx} +8 60b2c+60b2dx+60abLog[Cosh[1 (c+dx)]] —60abLog[Sinh[1 (c+dx)]]-
2 2 2 2
15abSech[1 (c+dx)}2—19a2Csch[c+dx]3Sinh[l (c+dx)r—lzaZCsch[c+dx]SSinh[l (c+dx)}6—16a2Tanh[l (c+dx)] )
2 2 2 2
Problem 171: Result is not expressed in closed-form.
Sinh[c+dx]®
J dx
a+bSinh[c+dx]?
Optimal (type 3, 328 leaves, 15steps):
2 (_1)2/3 3%/3 Ar‘cTan[ (-1) Y5 ((-1)Y/6 6234 2%/ Tanh | (cadx) ) }
~ ax ~ \/ <71)1/3 az,/37(71)2/3 p2/3 B
b2 3\/(—1)1/3a2/3— (_1>2/3 b2/3 b2 d
5 (_1>2/3 a*/3 ArcTan| (-1)Y5 ((-1)%/6 Y341 2%/ Tanh [ (c+dx) | | 2443 Ar‘CTanh[bl/hal/aTanh% (crdx) |
(L1)1/3 a2/>_p2/3 Jar/rp2/3 Cosh[c+dx] Cosh[c+dx]3
- - +
3\/<71>1/3a2/37b2/3 b2 d 3+/a2/3 + p2/3 b2d bd 3bd

Result (type 7, 168 leaves):
1

12 b%d

[—12ac—12adx—9bCosh[c+dx] +bCosh[3 (c+dx) | +8a’RootSum|[-b+3bul*+8anl’®-3bnl*+bul®g,

(cﬁ1+dxnl+2Log[—Cosh[ (c+dx) ] -sinh|

N |
N |

(c+dx) ] +Cosh|

N =

(c+dx)]ﬁ1—Sinh[§ (c+dx)]m] m)/

(b+4an1l-2bn1?+bnl) &
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Problem 172: Result is not expressed in closed-form.

Sinh[c+dx]>
J dx

a+bSinh[c+dx]?

Optimal (type 3, 295leaves, 15 steps):

(-1)5/6 ( (-1)%/6 /311 a%/3 Tanh {; (c+d x) ] )

2aArcTan| ]
X _(-1)2/3 a2/3_p2/3
-+ +

2b 3\/7 (71>2/3 a2/3 _p2/3 p5/3 4

(71)1/5 (71)5/6 bY/3.1 al/3 Tanh l( +dx) b1/3_31/3 Tanh 17( +d x)
2aAr‘cTan[ ( S L ‘ X”] 2aAr‘cTanh[ e {2 < X}

(-1)1/3 a2/3_p2/3 A a¥/34p?/3 Cosh[c +dx] Sinh[c +dX]
+ +
3\/<71>1/3 32/3 _p2/3 p5/3d 3“/32/3+b2/3 b>/3d 2bd

Result (type 7, 299 leaves):

1bd [—6 (c+dx) -2aRootSum|[-b+3bH1%+8anl®-3bul+bni® g,
12
! c+dx+2Log| Cosh[1 (c+dx)] Sinh[1 (c+dx)] Cosh[1 (c+dx)]m Sinh[1 (c+dx)]m]
+ + - — (c+ - — (c+ + - (c+ - — (c+ -
bl +4anl?-2bnl3+bnl® 2 2 2 2
2cm12—2dxH12—4Log[—Cosh[l(c+dx)]—sinh[l(c+dxH+Cosh[l(c+dx”n1—sinh[l(c+dx)]111} 112+ cml1* +
2 2 2
dxtt14+2Log{—Cosh[l(c+dx”—$inh[l(c+dxH+Cosh[1(c+dthtl—Sinh[l(c+dx”1:tl] 11*| & +3Sinh[2 (c+dx) |
2 2 2 2

Problem 173: Result is not expressed in closed-form.

J Sinh[c+dx]*
a+bSinh[c+dx]3

dx

Optimal (type 3, 303 leaves, 14 steps):

(-1)%/6 ( (-1)Y/6bY/3 11 al/3 Tanh Bﬁ (c+d x) } )

2a?/3 ArcTan|

]

J (-1) 1/3 g2/3_ (-1) 2/3 p2/3

3\/ (71>1/3 a2/3 _ (71>2/3 b2/3 pa/3 ¢

2 (-1 113 23 ppcTan| (-1)¥8 [(-1)¥/ Y341 a2 Tanh | L (c+dx) |] ] bY/2-a%/> Tanh | 2 (c+dx) |

2 a%/3 Ar‘cTanh[

<_1>1/3 az/’z_bz,/z /az//3+b2/3 COSh [C + d X]
N
3\/ (-1)¥ 823 23 p*3d 3/a2/3 1 b2/3 b4/3d bd
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Result (type 7, 214 leaves):

3bd

3Cosh[c+dx] -aRootSum|[-b+3bw1?+8an1®-3bul*+bul® g,

[—c—dx—ZLog[—Cosh[1 (c+dx) ] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[l (c+dx)]|m1] +cm1?+dxnl®+
2 2 2 2

2Log[—Cosh[§ (c+dx” —Sinh[% (c+dx” +Cosh[§ (c+dx” ttl—Sinh[1

(c+dx)]m] u12)/ (b+4anil-2bn1?+bnl?) &]
2

Problem 174: Result is not expressed in closed-form.

J Sinh[c+dx]3
a+bSinh[c+dx]3

dx

Optimal (type 3, 294 leaves, 13 steps):

2 <_1>2/3 a1/3 Ar‘CTan[ (-1)%/® ((—1)1//6 bl/341 al/3 Tanh[% (c+d x)“ ]

\/ (-1) 1/3 32/3_ (-1) 2/3 p2/3
+

3\/<71>1/3 a2/3 _ (71>2/3 b2/3 b d

X
b

bl/3_al/3 Tanh { L (cedx) }

2 (—1) 2/3 q1/3 ArcTan[ e ((71)5/6 L TanhE (cxdx ]) ] 2al/3 Ar‘cTanh[

]

<_1>1/3 a2/3_p2/3 . m
3\/(—1)1/332/3—b2/3 bd 3223+ 623 bd

Result (type 7, 145leaves):

[3c+3dx—2aRootSum[fb+3btt12+8aH1373b1114+b1115&,
3bd

[ctt1+dxnl+2Log[—Cosh[ (c+dx) ] -sinh[= (c+dx) ]| +Cosh[ = (c+dx) ]| n1l-Sinh|

N | R
N | R
N | R
N | R

(c+dx)]m] Hl)/

(b+4an1—2bn12+bn14) &

Problem 175: Result is not expressed in closed-form.

J Sinh[c+dx]?
a+bSinh[c+dx]?

dx

Optimal (type 3, 262 leaves, 11 steps):
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5 ArcTan [ (~1)5/6 ((71)1/'6 b/3+1 al/3 Tanh E (c+d x) } ) ] 5 ArcTan [ (-1)1/6 ( (-1)5/6 p1/3.5 al/3 Tanh“— (c+d x) ]) } 2 ArcTanh [ b%/3_a'/3 Tanh E (c+d x)] }
(-1)%/3 az/sibz/a (-1) 1/3 az,/zibz/s </ a?/34p2/3
3\/7(71)2/3a2/3—b2/3 b2/3d 3\/<71>1/3a2/3—b2/3 b2/3 g 3+/a2/3 + b2/3 b2/3 (g

Result (type 7, 275leaves):

1 2 3 4 6
——RootSum|[-b+3bn1?+8anl®-3bnl*+bni® g,
6d

(c+dx+2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh|
2 2

N =

<c+dx)]1:t1—$inh[1 (c+dx>]tr,1] ~2ct1?-2dxnl1? -
2

4Llog[-Cosh|[~ (c+dx)]|-Sinh[= (c+dx)| +Cosh[ = (c+dx)]|n#l-Sinh[~ (c+dx)]n1] =12+ cm1®+dxn1®+

2Log[-Cosh[ = (c+dx) | -Sinh|[ = (c+dx)] +Cosh[= (c+dx) ]| =#1-Sinh|

(c+dx)]n] ul“)/ (b1 +4an1?-2bu1®+bul®) &

Problem 176: Result is not expressed in closed-form.
J Sinh[c +dx]

a+bSinh[c+dx]3

dx

Optimal (type 3, 290 leaves, 11 steps):

5 ArcTan [ (~1)1/6 <(,1)1/5 bl/3+1 al/3 Tanh[i— (c+d x) ” } 5 (71> 1/3 prcTan [ (-1)/s ((,1)5/6 bl/3.1 al/3 Tanh[% (c+d x) ” ] 5 ArcTanh [ bl/3_a1/3 TanhB (c+d x)} ]
J (-1) 1/3 az/37 (-1) 2/3 bz/3 (-1) 1/3 az//3—b2//3 N a2/3+b2//3
- +
3a1/3\/(—1)1/3 a2/3 _ (_1)2/3 b2/3 pl/3 4 3a1/3J<—1>1/3 a2/3 _p2/3 pl/3g 3al/3+/a2/3 + b2/3 pl/3 (¢

Result (type 7, 199 leaves):

1 2 3 4 6
——RootSum|-b +3b#1?+8anl®-3bnl*+ bul® &,
3d

1

7c7dx72Log[7Cosh[l (c+dx) ] -sinh|
2

N |

(c+dx” + Cosh| (Certhtl—Sinh[l (c+dx)}ﬁ1] +

b+4anl-2bn1?+ba1? 2

N |-

cf1% + dx#1% + 2 Log[ - Cosh |

N |

(c+dx” - Sinh]|

N |

(c+dx>] +Cosh[§ (c+dx>] #1 - Sinh| (c+dx)} w1 =12 &]

N |

Problem 177: Result is not expressed in closed-form.

1
J dx
a+bSinh[c+dx]3

Optimal (type 3, 280leaves, 11 steps):
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5 (_ 1) 2/3 pncTan { (-1)Y5 ((-1)¥/56%34i 2"/ Tanh [ (crdx) | ] 5 (_ 1) 2/3 pneTan [ (-1)Y5 ((-1)%/5 %341 2%/ Tanh [ (c+dx) | ] 2 ArcTanh { b*/3-a%/3 Tanh [ 2 (c+dx) | ]
\/ (-1) 1/3 aZ/'3, (-1) 2/3 52/3 (-1) 1/3 a2/3_p2/3 N az/3+b2/'3
332/3\/<71>1/3 a2/3 _ (71)2/3 b2/3 ¢ 332/3\/<71>1/3 a2/3 _p2/3 ¢ 3a2/3+/a%2/3 + b2/3 d

Result (type 7, 131 leaves):

1 2 3 4 6
——2RootSum|[-b+3bu1?+8an1®-3bul*+bul® g,
3d

1

[cﬁl dxnl+2Log| Cosh[1 (c+dx)] Sinh[1 (c+dx)] Cosh[1 (c+dx)]m Sinh[1 (c+dx)]m1]u1|&]
+ + - — (c+ - — (c+ + — (c+ - — (c+
b+d4anl-2bnul?+bnl? 2 2 2 2

Problem 178: Result is not expressed in closed-form.

Cschc +dx]
J dx

a+bSinh[c+dx]?

Optimal (type 3, 286 leaves, 14 steps):

2b1/3 ArcTan | (DY [(-1)/0Y> i@ Tanh | (crdx) [

]

~(-1) 2/3 32/3,[)2/3

3a\/7 (71)2/3a2/3—b2/3 d

~1)V/6 ((-1)5/6b1/3+1 al/3 Tanh| X (c+d x) b/3 a1/ Tanh|  (crdx)
2 b3 ArcTan [ ( E 1 2 b3 ArcTanh [ E } ]
(-1)%/3 a2/3_p?/3 ArcTanh[Cosh[c +d x] ] Ja2/3.p2/3
- +
3a./(-1)2a2? -p23 d ad 3a/a3 073 d

Result (type 7, 307 leaves):

1
6 Log[Cosh| —
2
1
brl+4anl?-2bn13+be1°

g (c+dx)]]-6Log[Sinh]

(c+dx)]] +bRootSum[-b+3b#1?+8an1®-3bul*+bul’ g,

N =

c+dx+2Llog[-Cosh[= (c+dx)|-Sinh[= (c+dx)] +Cosh{% (c+dx)]n1—$inh[% (c+dx)|m1] -

N |

1
2

2cn1?-2dxn1? -4 Log[-Cosh|[ = (c+dx)] -Sinh[ = (c+dx)] +Cosh]|

N |
N |

(c+dx)]111—sinh[§ (c+dx)|m1] =12+

N |

ciil“+dxtt14+2Log[—Cosh[l (c+dx” —Sinh[l (c+dx)} +Cosh[1 (c+dx)} ttl—Sinh[l (c+dx” w1 Hl“] &])
2 2 2 2

Problem 179: Result is not expressed in closed-form.

Csch[c+dx]?
J dx

a+bSinh[c+dx]3
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Optimal (type 3, 304 leaves, 15 steps):

—1)Y/6 ( (-1)Y/6b?/3+1 al/3 Tanh “— (c+d x) w )

2b2/3 ArcTan |

]

\/ (-1) 1/3 az/37 (-1) 2/3 bz/z

3a4/3\/(—1)1/3 a2/3 _ (_1)2/3 b2/3 ¢

[ (-1)1/6 ( (-1)5/6 b¥/341 al/3 Tanh {; (c+d x) ] ) ] [ bl/3-al/3 Tanh {% (c+dx) ]

2 (-1) 1/3 p2/3 ppcTan 2 b2/3 ArcTanh

<71>1/3 22/3_p2/3 | a2/34p2/3 Coth [c +d X}
334/3\/(—1)1/3 32/3 _p2/3 ¢ 3a%/3+/32/3 1 b2/3 d ad

Result (type 7, 230leaves):

1 1 2 3 4 6
- (3Coth[— (c+dx)] +2bRootSum|[-b+3bu1*+8an1®-3bnl*+bni® g,
6ad 2

(—c—dx—ZLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]111—sinh[l (c+dx)]m1] +cni?+
2 2 2 2

(c+dx)]m] 1112]/

der12+2Log[—Cosh[l (c+dx)]-sinh|
2

N |

(c+dx) ] +cCosh|

N |

(c+dx)]=1-sinh|

N |

(b+4ani-2bni®+bnui?) &) +3Tanh|

N |

(c+dx)]

Problem 180: Result is not expressed in closed-form.

Cschic+dx]3
J dx

a+bSinh[c+dx]?

Optimal (type 3, 322leaves, 15 steps):

5 (_1) 2/3 4 ArcTan [ (-1)1/6 ((71)1/6 b1/3.1 al/? TanhE (c+d x)” ] 5 (_1> 2/3 ) ArcTan [ (-1)1/6 ((71)5/5 bY/3+1 al/3 TanhE (c+d x)]) ]
\/ (-1) 1/3 32/3_ (-1) 2/3 bz/s (-1) 1/3 32/3,b2/3
+ +
3 35/3 \/ (71) 1/3 j2/3 _ (71) 2/3 h2/3 ¢ 3 35/3 \/ (71) 1/3 32/3 _p2/3 ¢

bl/3-al/3 Tanh “— (c+d x) ]

2b ArcTanh |

]

ArcTanh[Cosh[c +d x]] A a2/3.,p2/3 Coth[c +dx] Csch[c +dX]
" _
2ad 3353323+ p2/3 ¢ 2ad

Result (type 7, 191 leaves):



6.1 Hyperbolic sine.nb | 353

1 2 3 4 6
- 16 b RootSum|[-b+3bn1?+8an1®-3bul*+ bul® &,
24 ad

1
(cHl+dxH1+2Log[—Cosh[f (c+dx) ]| -sinh|
2

N |

(c+dx)] +Cosh|

N |

(c+dx)]tﬁl—Sinh[% (c+dx) ]| m] 111)/

(b+4ani-2bni?+bni%) &) +3 CSCh[% (c+dx>]2—4Log[Cosh[§ (c+dx)]] +4Log[Sinh[§ (c+dx)]] +Sech[§ (c+dx)]2)]

Problem 181: Result is not expressed in closed-form.

Csch[c+dx]*
J dx

a+bSinh[c+dx]3

Optimal (type 3, 317 leaves, 16 steps):

2 b%3 ArcTan [ (-1)5/8 ((71)1,/5 bl/34+1 al/3 Tanh“— (c+dx) H } 5 b*3 ArcTan [ (-1)/6 ((71)5//6 bl/3, 1 al/3 Tanh{l— (c+d x) U }
7(71)2/3 az,/ssz/a (71>1/3 az/aibz/s
- - +
3a2J—(—1)2/3a2/3—b2/3 d 3a2\/(—1)1/3a2/3—b2/3 d
b'/3-a%/? Tanh| X (c+d x)
2b*? ArcTanh | o/ Tarh [ (crd | ]
b ArcTanh[Cosh[c +d x] ] \ a2/3.p2/3 Coth[c+dx] Coth[c+dx]3
_ . _
a’d 3a2/a23 + b2/3 d ad 3ad

Result (type 7, 450 leaves):

Coth[i (c+dx)] ) Coth[i (c+dx)] Csch[i (c+dx)]2 ) bLog[Cosh[i (c+dx)]] )

3ad 24ad a%d
bLog[Sinh[i (c+dx)]]

1 2 3 4 6
+ RootSum|[-b +3b=1%+8anl® - 3bul* + bni® &,
a’d 6a2d

b2c+b2dx+2b2Log[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (CerxHHl—Sinh[E (c+dx)| =] -2b>cn1?-
2 2 2 2

1

|

2b?dx#1% - 4b? Log[-Cosh|[ = (c+dx) ] - Sinh|
2

N |

[ c+dx)]+Cosh[1(c+dx)]m1—sinh
2
bzdxm‘uzbzLog[{osh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (c+dx) ] =1-sinh|
2 2 2

Tanh[l(c+dx” Sech[l(c+dx>]2Tanh[l<c+dx)]
(b1 +4an1?-2bu1%+ bnl®) &) + 2 N 2 2
3ad 24 ad




354 | 6.1 Hyperbolic sine.nb

Problem 191: Result more than twice size of optimal antiderivative.

JCsch[Cerx]3 (a+bsinh[c+dx]*) dx

Optimal (type 3, 47 leaves, 4 steps):
aArcTanh[Cosh[c+dx]] bCosh[c+dx] aCoth[c+dx]Csch[c+dx]

2d d 2d

Result (type 3, 101 leaves):

b Cosh[c] Cosh[d X] aCsch[%(c+dxH2 aLog[Cosh[%(c+dx)H aLog[Sinh[i(c+dx)H aSech[i(c+dx)]2

b Sinh[c] Sinh[d x]

— + — —

d 8d 2d 2d 8d

Problem 193: Result more than twice size of optimal antiderivative.

JCsch[c+dx]5 (a+bsinh[c+dx]?) dx

Optimal (type 3, 64 leaves, 4 steps):
(3a+8b) ArcTanh[Cosh[c+dx]] 3aCoth[c+dx] Cschlc+dx] aCoth[c+dx]Csch[c+dx]3

— + —

8d 8d 4d

Result (type 3, 158 leaves):

3aCsch[§(c+dx>]2_aCsch{§(c+dx)r—bLog[Cosh[§+d7H _3aLog{Cosh[%(c+dx)H )
32d 64d d 8d
bLog[Sinh[ierTx]] ) 3aLog[Sinh[i (c+dx)]] ) 3aSech[i (c+dx)]2 +aSech[i (c+dx)]4
d 8d 32d 64d

Problem 195: Result more than twice size of optimal antiderivative.

stch[c+dx]7 (a+bsinh[c+dx]*) dx

Optimal (type 3, 92 leaves, 5steps):

+

d

(5a+8b) ArcTanh[Cosh[c+dx]] (5a+8b) Coth[c+dx] Csch[c+dx] 5aCoth[c+dx]Csch[c+dx]® aCoth[c+dx]Cschlc+dx]®

— + —

16d 16d 24d

Result (type 3, 237 leaves):

6d
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5aCsch[i(c+dx)]2 bCSCh[%<C+dX)]2 aCsch[§<c+dx)]4 aCsch[%(c+dx>]6

) 64 d ) 8d ' 64 d ) 384 d :
5aLog[Cosh[i (c+dx)]] +bLog[Cosh[i (c+dx)]] 7 5aLog[Sinh[i (c+dx)]] 7bLog[Sinh[i (c+dx)]] )
1l6d 2d 16d 2d

5aSech[i(c+dx)]2 bSech[i(Cerx)]2 aSech[i<c+dx)]4 aSech[%(c+dx>]6

64d 8d 64 d 384d
Problem 204: Result more than twice size of optimal antiderivative.
JCsch[Cerx]5 (a+bSinh[c+dx]4)2dlx

Optimal (type 3, 101 leaves, 6 steps):
3a?Coth[c+dx] Csch[c+dx] a?Coth[c+dx] Csch[c+dx]3

a(3a+16 b) ArcTanh[Cosh[c+dx]] b2Cosh[c+dx] b2Cosh[c+dx]3

_ _ N N _
8d d 3d 8d 4d

Result (type 3, 207 leaves):

3b2Cosh[c+dx] b2Cosh[3 (c+dx)] :.%aZCsch[i(Cerx)]2 aZCsch[i(Cerx)}4 2abLog[Cosh[§+d7XH
_ N N _ _ _

4d 12d 32d 64d d
3a2Log[Cosh[§(c+dx)H 2abLog[Sinh[§+d7XH 3a2Log{Sinh[§(c+dx)H 3azsech[%<c+dx)]2 aZSech[%(Cerx)]4
8d : d ' 8d ' 32d ' 64d

Problem 206: Result more than twice size of optimal antiderivative.

2 dx

JCsch[c+dx]7 (a+bsinh[c+dx]*)

Optimal (type 3, 111 leaves, 6 steps):

a(5a+16b) ArcTanh[Cosh[c+dx]] b2Cosh[c+dX]
.

1l6d d
a(5a+16b) Coth[c+dx] Csch[c+dx] 5a?Coth[c+dx] Csch[c+dx]® a%?Coth[c+dx] Csch[c+dx]?
. _
16d 24d 6d

Result (type 3, 278 leaves):
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b2 Cosh[c] Cosh[d x] 5a2Csch[§(c+dx)]2 aszch[%(c+dx)]2 aZCsch[i(c+dxH4 aZCsch[i(c+dxH6
- - + - +

d 64d 4d 64d 384d
5a2Log[Cosh[§(c+dx)H abLog[Cosh[i(Cerx)H 5a2Log[Sinh[i(c+dx)]] abLog[Sinh[§<c+dx)H

+ — — —

16d d 16d d
SaZSech[i(CerxHZ abSech[i(CerxH2 aZSech[i(CerxH4 aZSech[i(c+dx>]6 b2 Sinh[c] Sinh[d x]

- - - +

64 d 4d 64d 384d d

Problem 225: Result more than twice size of optimal antiderivative.

JCsch[Cerx]14 (a+bsinh[c+dx]*)®dx

Optimal (type 3, 144 leaves, 3 steps):
(a+b)3Coth[c+dx} 2a (a+b)2Coth[c+dx}3 3a(a+b) (5a+b) Coth[c+dx]®

+

d d 5d
4a’(5a+3b) Coth[c+dx]’ a?(5a+b)Coth[c+dx]® 6a3Coth[c+dx]™ a3Coth[c+dx]®

+ —

7d 3d 11d 13d

+

Result (type 3, 386 leaves):
1

61501440 d

(-8785920a° Cosh[c +dx] -9884160a*b Cosh[c+dx] - 7207200 ab? Cosh[c +dx] - 1981988 b> Cosh[c +d x] +6589440 a* Cosh 3 (c+dx)] +

18944640 a>b Cosh|[3 (c+dx) | + 15495480 a b” Cosh[3 (c +dx) | +4459455b® Cosh[3 (c+dx) | - 3660800 a’ Cosh[5 (c+dx) | -
13087360 a> b Cosh |5 (c+dx) | - 13093080 a b Cosh[5 (c+dx) | -4129125b> Cosh[5 (c+dx) | +1464320a° Cosh[7 (c+dx) | +
5234944 a’b Cosh|[7 (c+dx) ]| +6390384ab”Cosh|[7 (c+dx)] +2312318b%Cosh[7 (c+dx) | -399366a>Cosh[9 (c+dx)] -
1427712a%b Cosh[9 (c+dx)| -1873872ab?Cosh|[9 (c+dx) | - 818810 b> Cosh|[9 (c+dx) | + 66560 a> Cosh[11 (c+dx) | +
237952 b Cosh |11 (c+dx) | +312312ab?Cosh|[11 (c+dx) | + 165165 b® Cosh[11 (c +dx) | - 5120 a® Cosh|[13 (c+dX) | -
18304 a’ b Cosh[13 (c+dx) | - 24024 ab? Cosh|[13 (c+dx) | -15015b° Cosh[13 (c+dx) |) Cschc+dx]*

Problem 226: Result more than twice size of optimal antiderivative.

JCsch[c+dx]16 (a+bSinh[c+dx14)3dlx

Optimal (type 3, 182leaves, 3 steps):
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(a+b)3Coth[c+dx] <a+b)2(7a+b)Coth[c+dx]3 3a(a+b) (7a+3b) Coth[c+dx]> a(35a?+30ab+3b?) Coth[c+dx]’
- + - +

d 3d 5d 7d
5a? (7a+3b) Coth[c+dx]® 3a%(7a+b) Coth[c+dx]™ 7a3Coth[c+dx]13 a3Cothl[c+dx]™

+ —

9d 11d 13d 15d

Result (type 3, 440 leaves):
1
369008 640 d

35875840 a° Cosh|[3 (c+dx) | +101861760a° b Cosh[3 (c+dx) | + 83243166 a b’ Cosh|[3 (c+dx) | +23948925b° Cosh|[3 (c+dX) | -
21525504 a> Cosh |5 (c+dx) | - 74954880 a> b Cosh |5 (c+dx) | - 741620688 ab” Cosh|5 (c +dx) | -23288265b> Cosh|[5 (c+dx)] +
9784320 a%Cosh[7 (c+dx) | +34070400 a2 b Cosh|[7 (c+dx) | + 39999960 a b” Cosh[7 (c+dx) | +14189175b> Cosh[7 (c+dx)] -
3261440 a° Cosh[9 (c+dx) | - 11356800 a*b Cosh|[9 (c+dx) ] - 14054040 a b’ Cosh[9 (c+dx) | -5720715b° Cosh[9 (c+dx) | +
752640 a° Cosh|[11 (c+dx) | + 2620860 a® b Cosh[11 (c +dx) | +3243248ab”Cosh|[11 (c+dx) | + 1486485 b> Cosh|[11 (c+dX) | -
107520 a° Cosh[13 (c+dx) | - 374400 a*b Cosh[13 (c+dx) | - 463320 ab? Cosh[13 (c+dx) ] - 225225b° Cosh[13 (c+dx) ] +

7168 a’ Cosh[15 (c+dx) | + 24960 a® b Cosh[15 (c +d x) | + 30888 ab” Cosh[15 (c+dXx) | + 15015 b’ Cosh|[15 (c+dx) |} Csch[c+dx]*®

(-46126080 a> Cosh[c +dx] - 51891840 a*b Cosh[c +dx] - 37837800 a b> Cosh[c +d x] - 18405395 b> Cosh[c +d x] +

Problem 227: Result more than twice size of optimal antiderivative.

JCsch[Cerx]18 (a+bSinh[c+dx}4)3d1x

Optimal (type 3, 221 leaves, 3 steps):
(a+b)3Coth[c+dx} 2(a+b)2(4a+b)Coth[c+dx}3 (a+b) (28a2+17ab+b?) Coth[c+dx]> 4a (14a’+15ab+3b?) Coth[c+dx]’
_ + _

+ —

d 3d 5d 7d
a(76a?+45ab+3b?) Coth[c+dx]® 2a?(28a+9b) Coth[c+dx]™ a?(28a+3b)Coth[c+dx]* 8a3Coth[c+dx]?® a3Coth[c+dx]Y

+ - + -

9d 11d 13d 15d 17d

Result (type 3, 494 leaves):
1
6273146880 d

557613056 a’ Cosh |3 (c+dx) | + 1568286720 a°b Cosh[3 (c+dx) | +1280767488 ab” Cosh|[3 (c+dx)| + 368384016 b> Cosh[3 (c+dx) | -
354844672 a° Cosh|[5 (c+dx) | -1211857920a% b Cosh[5 (c+dx) | - 1189284096 a b? Cosh|[5 (c+dx) | - 372263892b® Cosh[5 (c+dx) | +
177422336 a’ Cosh |7 (c+dX) | + 685928966 a>b Cosh|[7 (c+dx) ] + 692659968 a b Cosh[7 (c+dx) | + 242288046 b Cosh |7 (c+dX) | -
]
)

(-697016320 a° Cosh[c +d x] - 784143360 a*> b Cosh[c + d x] - 571771200 a b® Cosh[c + d x] - 157237080 b> Cosh[c +d x] +

68239360 a’ Cosh|[9 (c+dx) | - 233049600 a° b Cosh|[9 (c+dx)| -277717440a b’ Cosh[9 (c+dx) | - 168738630 b> Cosh|[9 (c+dx) ] +
19496 960 a> Cosh [11 (c +d X) | + 66585600 a® b Cosh[11 (c +dx) | + 79347840 ab? Cosh[11 (c +dx) | + 33693660 b> Cosh|[11 (c+dX) | -
3899392 a° Cosh[13 (c+dx)] -13317120a?bCosh[13 (c+dx) | - 15869568 ab? Cosh|[13 (c+dx) | - 6942936 b Cosh[13 (c+dx) | +
487424 @’ Cosh |15 (c+dx) | + 1664640 a’ b Cosh[15 (c+dx) | + 1983696 ab? Cosh |15 (c+dx) | + 867867 b> Cosh[15 (c+dx)] -

28672 a° Cosh[17 (c+dx) | -97928a%b Cosh|[17 (c+dx) | - 116688 ab* Cosh[17 (c+dx) ] - 51051 b? Cosh[17 (c+dx) |) Csch[c+dx]"’
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Problem 228: Result more than twice size of optimal antiderivative.
JCsch[Cerx]20 (a+bSinh[c+dx}4)3d1x

Optimal (type 3, 248 leaves, 3 steps):
(a+b)3Coth[c+dx] <a+b)2 (3a+b) Coth[c+dx]® 3 (a+b) (12a2+9ab+b?) Coth[c+dx]®

+ —

d d 5d
(84a°+105a2b+30ab?+b?) Coth[c+dx]’ a(42a*+35ab+5b?) Coth[c+dx]® 3a (42a’+2lab+b?) Coth[c+dx]™
+ - +
7d 3d 11d
21a% (4a+b) Coth[c+dx]™ a?(12a+b) Coth[c+dx]™ 9a3Coth[c+dx]Y7 a*Coth[c+dx]™¥®
- + -
13d 5d 17d 19d

Result (type 3, 548 leaves):
1

79459 860 480 d
6501261312 a3 Cosh

(-7945986 048 a* Cosh[c + d x] - 8939234304 a® b Cosh[c +dx] - 6518191688 a b> Cosh[c + d x] - 1792502712 b* Cosh[c+d x] +

[3 (c+dx)] +18149354496 a® b Cosh[3 (c +dx) | + 14814072000 a b? Cosh[3 (c+dx) | + 4260103848 b®> Cosh[3 (c+dx) | -
4334174208 a° Cosh |5 (c+dx) | - 14582690304 a> b Cosh |5 (c+dx) | - 14221569120 a b” Cosh |5 (c +d x| | - 4440518082 b> Cosh |5 (c+dx) ] +
2333786112 a° Cosh|[7 (c+dx) | +7852217856 a’ b Cosh|7 (c+dx) | + 8803791360 a b’ Cosh|[7 (c+dx) | +3047642598b> Cosh|[7 (c+dx)] -
1000194048 a> Cosh |9 (c +dx) | - 3365236224 a’bCosh[9 (c+dx) | - 3906077760 ab? Cosh|[9 (c +dx) | - 1489040982 b> Cosh|[9 (c+dx)] +
333398016 a’ Cosh 11 (c+dx) | + 1121745408 a>b Cosh |11 (c+dx) | + 1302025920 a b” Cosh|[11 (c+dx) | + 527386002 b*> Cosh[11 (c+dx) ] -
83349564 a° Cosh|[13 (c+dx) | - 280436352a” b Cosh[13 (c+dx) | - 325506480 a b® Cosh[13 (c +dx) | - 134271423 b’ Cosh[13 (c+dx) | +
14708736 a> Cosh [15 (c +d x) | + 49488768 a® b Cosh[15 (c +dx) | + 57442320 ab? Cosh[15 (c +dx) | + 23694957 b> Cosh|[15 (c+dX) | -
1634304 a® Cosh[17 (c+dx) ] -5498752a% b Cosh|[17 (c+dx) | - 6382480 ab? Cosh[17 (c+dx) | -2632773b® Cosh[17 (c+dx)] +

86016 a®> Cosh[19 (c+dx) | + 289468 a’ b Cosh[19 (c+dx) | + 335920 ab? Cosh[19 (c+dx) | + 138567 b Cosh[19 (c+dx)|) Csch[c+dx]™®

Problem 229: Result is not expressed in closed-form.

Sinh[c+dx]7
J dx

a-bSinh[c+dx]*
Optimal (type 3, 148 leaves, 6 steps):

aA,ﬂcTan[MM} a ArcTanh | P Coshicadx]
Ve b Va +Vb +Cosh[c+dx]_Cosh[c+dx}3

- +
bd 3bd
2+/+/a -+/b b74d 2+/+a ++/b b74d

Result (type 7, 390 leaves):
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1

[18Cosh[c+dx] -2Cosh[3 (c+dx) | -3aRootSum[b-4bn1?-16an1%+6bnl*-4bul®+bnld g,

24bd -brl-8an1®+3bx13-3bH1% + bnl’

(—c—dx—ZLog[—Cosh[1 <c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m1—sinh[ (c+dx)]1¢1} +3cml?+
2 2 2

N R

Z%dxtrlerGLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[1 (c+dx)| =] m12-3cm® -
2 2 2 2

3dxttl“—6Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[1 (c+dx)] =] #1%+ cn1®+
2 2 2 2

dxn16+2Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)] Hl—Sinh[% (c+dx)]m] nls] &]J

Problem 230: Result is not expressed in closed-form.

Sinh[c+dx]>
J dx

a-bsSinh[c+dx]*
Optimal (type 3, 139 leaves, 6 steps):

\/a ArcTan|[P/iCoshicdxl | /3" ppcTanh | b2 Coshieadxl

[Va Vb N Va /b B Cosh[c +dx]
2+Va - Vb b4d 2+/Va + /b bs/ad bd

Result (type 7, 235leaves):

1
—m(zmsh[udx} +aRootSum[b-4bn1? -16an1* + 6bul* - 4bn1® + bn1® g,
2
(—c::tl—dxttl—zLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] JIl—Sinh[l (c+dx)] =] ul+cn1®+dxnl®+2Log|
2 2 2 2

—Cosh[l (c+dx” —Sinh[l (c+dx” +Cosh[l (c+dx” 1:t1—Sinh[l (c+dx)]n1} J:t13)/ (-b-8an1?+3bnl?-3bnl*+bnui®) &
2 2 2 2

Problem 231: Result is not expressed in closed-form.

Sinh[c+dx]3
j dx

-bSinh[c+dx]*

Optimal (type 3, 115leaves, 4 steps):

Ar‘cTan[ 4 Cosh[c+d x } ArcTanh { b%/* Cosh[c+d x }
Va b Va /b

2+/Va - wad 2+/Va +v/b b¥4d
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Result (type 7, 365 leaves):

1 2 4 4 6 8
- ——RootSum|[b-4bu1?-16au1* +6bnl* - 4bu1® + bn1® &,
8d

1
-bgl-8an1®+3bx13-3bxl®+bul’
2 2 1
3cn1®+3dxn1?+6Log|-Cosh| = (
2

—c—dx—2Log[—Cosh[% (c+dx)] —Sinh{% (c+dx)] +Cosh{% (c+dx)]=1-sinh|
c+dx) | —Sinh[% (c+dx)] +Cosh[§ (c+dx”ttl—$inh{% (c+dx)]m1]n1®-

3cttl“—3dx111476L0g[7Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] ttl—Sinh[1 (c+dx)| =] m1*+
2 2 2 2

c1116+dx1¢16+2Log[7Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (C+dX)]H175inh[1 (c+dx) ] m1] = &]
2 2 2 2

Problem 232: Result is not expressed in closed-form.

J Sinh[c +dXx]
a-bSinh[c+dx]*

dx

Optimal (type 3, 125leaves, 4 steps):

ArcTan [ B Coshicidxl | ppcTanp [ Y Coshicidx]

N
2+/a \Va -+/b bY4d 2+/a \/Va ++/b bl/4d
Result (type 7, 221 leaves):

1 2 4 4 6 8
——RootSum[b—4btt1 -16a#1*+6bH1*-4b1H1° + bH1® &,
2d

N |

(—cﬂl—dxml—zLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]11t1—Sinh[l (c+dx)]u1]u1+cnt®+dxnl®+
2

2 2 2

2Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)] Hl—Sinh{%

Problem 233: Result is not expressed in closed-form.

Csch[c +dx]
J dx

a-bSinh[c+dx]*

Optimal (type 3, 136 leaves, 7 steps):

(cvdx)]u1] +

(c+dx” w1 | H13)/ (-b-8an1?+3bn1?-3bnl*+bni®) &]
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bl/4 ArcTan { b?/* Cosh[c+d x| bl/4 ArcTanh { MM}
Va b ArcTanh[Cosh[c +d x]] NNeY
- +
d
2a+/a -/b d 2 2a+//a +/b d

Result (type 7, 397 leaves):

“2ad 8Log[Cosh[% (c+dx)]] —8Log[$inh[% (c+dx)]]+

b RootSum[b-4b=1? -16anl*+6bul* -4bu1® + bnl® &,

-brl-8an1®+3bnl®-3bnl® + bul’
(—c—dx—ZLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] rLl—Sinh[l (c+dx)]m1] +3cn1®+
2 2 2 2

3dx1112+6Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]11t1—Sinh[l (c+dx)]m1]m1?-3cn1*-
2 2 2 2

3dx1114—6L0g[—Cosh{1 (c+dx)] —Sinh{1 (c+dx)] +Cosh{1 (c+dx) ] =1-sinh
2 2 2

dx1116+2Log[—Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (c+dx) ] =1-sinh|
2 2 2

Problem 234: Result is not expressed in closed-form.

Cschic+dx]3
J dx

a-bSinh[c+dx]*

Optimal (type 3, 184 leaves, 7 steps):

b3/4 Ar‘cTan[g—M4 Cosh.c-dx b3/4 Ar‘cTanh[g—“/m Coshlc+dx }
Va Vb ArcTanh[Cosh[c +d x] ] JVa b 1 1
+ + + -
2a32+/va Vb d 2ad 28323 + b d 4ad(1-Cosh[c+dx]) 4ad(1+Cosh[c+dx])

Result (type 7, 278 leaves):

y [cSch[l (c+dx)]2—4Log[Cosh[1 (c+dx)]] +4Log[51nh[1 (c+dx)]] +4bRootSum[b-4bu1?-16an1*+6bul* - 4bul® + buld g,
8a 2 2

2
(7c1117dx1:t172Log[—Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (C+dX)]H1—Sinh[1 (c+dx)] =] m1+
2 2 2 2
c1113+dxtt13‘+2Log[fCosh[1 (c+dx” —Sinh[l (c+dx)} +Cosh[1 (c+dx” Hl—Sinh[l (c+dx” w1 | H13]/
2 2 2 2

(-b-8an1?+3bnl*-3bnl®+bul) &| +Sech| <c+dx)]2

N |
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Problem 241: Result is not expressed in closed-form.

J Sinh[c+dx]®
(

dx

a-bsSinh[c+dx]*)?

Optimal (type 3, 235leaves, 7 steps):

Va (5 Va - 6\/?) Ar‘cTan{g[—Lbl’/‘ICOSh crdx ] \a (5 Ja +6 \/F) Ar‘cTanh[g[—Lbl’/‘ICOSh cxdx ]

8(\5—\/?)3/2b9/4d 8(\E+\/F)3/2b9/4d
Cosh[c+dx] aCosh[c+dx] (a+b-bCosh[c+dx]?)
+

b2 d

4 (a-b)b?d (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 615leaves):

32b%d

a-b

aRootSum[b-4bu1?-16an1* +6bul* - 4bH1® + brl® &,

1
(—bc—bdx—ZbLog[—Cosh{; (c+dx) | -sinh|

32aCosh[c+dx] (2a+b-bCosh[2 (c+dx)])

[32Cosh[c+dx] + +

(a-b) (8a73b+4bCosh[2 (c+dx)] -bCosh[4 (c+dx)])
1
-br1-8an13+3bm13-3ba1° + b1’

<c+dx)] +Cosh[1 (c+dx)]n1—$inh[ (c+dx)]ttl] ~20actl?+27bcul? -
2

1
2

N R

20adx1:t12+27bdx1:t12—40aLog[—Cosh[1 <c+dx)] —S.inh[1 (c+dx)] +Cosh[1 (c+dx)]1:t1—Sinh[1 <c+dx)]1:tl} 1712 +
2 2 2 2

54b Log|-Cosh|~ (c+dx) | —Sinh[l (c+dx)] +Cosh[1 (Cerx)]Hl—Sinh[1 (c+dx)] =] m1?+20acnl®-27bcni®+

2 2 2

N |

2(aadxtt1“-27bdxm“+40aLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m—Sinh[1 (c+dx)] =] m1®-
2 2 2 2
54 b Log|-Cosh| (c+dx)] +Cosh{l (c+dx)]111—sinh[l (c+dx)]u1]u1*+bcul®+

(c+dx)] -sinh| A A

N |
N |

bdx1116+2bLog[—Cosh{l (c+dx)] —Sinh{l (c+dx)] +Cosh[l (c+dx)] 111—Sinh[l (c+dx)]m] 1116) &
2 2 2 2

Problem 242: Result is not expressed in closed-form.

J Sinh[c+dx]7
(

dx

a—bSinh[c+dx]4)2

Optimal (type 3, 210leaves, 5 steps):
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3+/a - 4+/b | ArcTan [ EfiCoshicedx]. 3 4B ) ArcTanh [ B coshicdx]
( '\/; \/—> rc an{ %/?7% } ( \/?-F \/—) rclan { %EJA/F } aCOSh[C+dX} (2—COSh[C+dX]2)

8(\57\/F>3/2b7/4d 8(\E+\/F)3/2b7/4d 4 (a-b)bd(a-b+2bCosh[c+dx]?-bCosh[c+dx]?)

Result (type 7, 737 leaves):

1 16a(—5Cosh[c+dx]+Cosh[3(c+dx”)

+

32 (a-b)bd (_8a3b+4bCosh[2 (c+dx) ] -bCosh[4 (c+dx)]
1
-bu1l-8an1®+3bu1?-3bnl®+bnl’

1 .1 1 .1
ac- C+>5adX- X+6alLog|-Los —(c+dX —->1n —(c+dX + LO0sS — (c+dX ->1n -

(3 4bc+3adx-4bdx+6alog[-Cosh|~ (c+dx)]|-Sinh[= (c+dx)]|+Cosh[~ (c+dx)] u#1-Sinh|

2 2 2 2

RootSum|[b-4bn1?-16a#1* + 6b1l* -4bn1® + bul® &,

(c+dx)]ttl} -

8bLog[7Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 <C+dX)]H1—Sinh[1 (c+dx)|m1] -5acH1?+12bcnl®-
2 2 2 2

5adx1¢12+12bdx1112—10aLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]ﬁ1—sinh[1 (c+dx)| =] m1?+
2 2 2 2

24bLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx”ml—sinh[l (c+dx)|m]nm1*+5acn1*-12bcnl®+
2 2 2 2
(c+dx)] —S.inh[1 (c+dx)] +Cosh[1 (c+dx)]=1-sinh|

5adxnl®-12bdx 1%+ 10 a Log[-Cosh]|
2 2

(c+dx)|m1]m1*-

N |
N |

24bLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[l (c+dx)| =] m1*-3acH1®+4bcnl®-
2 2 2 2

3adx1¢16+4bdx1¢1676aLog[7Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (c+dx)]1¢175inh[1 (c+dx)| =] w1+
2 2 2 2

8bLog[7Cosh[§ (c+dx)] 7Sinh[§ (c+dx)] +Cosh[§ (c+dx)]1¢175inh[§ (c+dx)]m] 1116) &

Problem 243: Result is not expressed in closed-form.

Sinh[c+dx]°
J dx

(a-bsSinh[c+dx]*)?

Optimal (type 3, 217 leaves, 5steps):

(\/? -2 \/F) Ar‘cTan[gf—Lbl/4 Lost ¢ dx ] (\/a_ +2 \/F) Ar‘cTanh[gf—Lbl/4 Lost ¢ dx ]

) NN ) NN X Cosh[c+dx] (a+b-bCosh[c+dx]?)
85“;7%)3/2[)5/4(1 sﬁ(\/?ﬂ/F)mbmd 4 (a-b)bd(a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 597 leaves):
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1
32 (a-b)bd

32Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

8a-3b+4bCosh[2 (c+dxH —bCosh[4(c+dx)]

1
RootSum[b-4bn1? -16an1* + 6bul® - 4bn1® + bn1® g,

-brl-8am1®+3bml1®-3bml® + bnl’
[—bc—bdx—ZbLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]111—sinh[l (c+dx)|m1] -4acu1?>+11bcnl®-
2 2 2 2

4adx1112+11bdx1112—8aLog[—Cosh[l (c+dx)]-sinh|
2

22bLog[—Cosh[1 (c+dx)] —S.inh[1 (c+dx)] +Cosh[1 (c+dx) ] =1-sinh|
2 2 2

(c+dx)] +Cosh{l (c+dx)]111—sinh[l

d 11| 112
A A <c+ x)] ] +

N |

(c+dx)]m1]m2+4acn1®-11bcnul®+

N |

4adxu1*-11bdx#1% + 8aLog[-Cosh| (c+dx)] +Cosh[1 (c+dx) ] =1-sinh|

(c+dx)]—Sinh[ )

<c+dx)]tt1}1114—

N |
N |

N |

22bLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]ml—sinh[1 (c+dx)]n1] =1*+bcnl®+
2 2 2 2

bdxH16+2bLog[7Cosh[l (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (c+dx)] mlfsinh[l (c+dx)]m] ms) &|
2 2 2 2

Problem 244: Result is not expressed in closed-form.

Sinh[c+dx]3
J dx

(a-bsSinh[c+dx]*)?

Optimal (type 3, 186 leaves, 5 steps):

ArcTan [ b%/% Cosh[c+d x ArcTanh [ b'/* Cosh[c+d x
Ja Vb Va Vb Cosh[c +dx] (2—COSh[C+dX]2)

78\5 (ﬁfﬁ)mbmd +8\g (ﬁﬁm)mbmdiﬂafb) d(a-b+2bCosh[c+dx]?-bCosh[c+dx]*

Result (type 7, 422 leaves):
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1 16 (-5Cosh[c+dx] +Cosh[3 (c+dX)])

32 (a-b)d

-8a+3b-4bCosh[2 (c+dx” +b Cosh[4 (c+dx>]
1

RootSum[b-4b#1? -16an1* + 6bul? - 4bn1® + bn1® g,
-bpl-8anm1®+3bn1®-3bH1® + bnl’

(—c—dx—ZLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]111—sinh[l (c+dx)]m1]+7cn1®+
2 2 2 2

7dx1112+14Log[—Cosh[l (c+dx)] —Sinh{l (c+dx)] +Cosh{l (c+dx”11t1—sinh{l (c+dx)]m1]m1?-7cu1®-
2 2 2 2

7dx1:t1“—14Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[l (c:+dx”1:t1—sinh[1 (c+dx)] =] m1%+ cm1®+
2 2 2 2

dxttl‘%ZLog[—Cosh[i (c+dx” —Sinh[i (c+dx” +Cosh[§ (c+dx” ttl—Sinh[% (c+dx” 1] 1116] &|

Problem 245: Result is not expressed in closed-form.

dx

2

J Sinh[c +dx]
(a-bsinh[c+dx]*)

Optimal (type 3, 221 leaves, 5steps):

3 ~2+/b | ArcT b/* Cosh[c+d x 3 2+/b | ArcTanh bY/4 Cosh[c+d x
( Va V—) reTan | e ] ( Va \/—) rcTanh | NNl } Coshlc+dx] (a+b-bCosh[c+dx]?)
+ +
8 33/2 (ﬁ_\/g)3/2b1/4d g 33/2 (\/?+\/F)3/2b1/4d 4a(a-b)d(a-b+2bCosh[c+dx]?-bCosh[c+dx]?)

Result (type 7, 597 leaves):
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1
32a(a-b)d

32Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

8a-3b+4bCosh[2 (c+dxH —bCosh[4(c+dx)]
1

-brl1-8an1®+3bx13-3bH1% + bul’

RootSum[b-4bn1? -16an1* + 6bul® - 4bn1® + bn1® g,

[—bc—bdx—ZbLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]111—sinh[l (c+dx)]m1] +12acn1?-5bcnl®+
2 2 2 2

12adx1¢12—5bdx1112+24aLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] ml—Sinh[l (c+dx)] =] m1?-
2 2 2 2

10bLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]111—sinh[1 c+dx)|m1] 812 -12acn1*+5bcnl® -

2 2 2

1

2
(c+dx)} JrCosh[2 (c+dx”trl—sinh[
(

N |-

12adx#1*+ 5bdxn1* - 24 aLog|-Cosh| (c+dx)| =] n1*+

N |-

(c+dx)} - Sinh]|

N |

10bLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)]m1-sinh[= (c+dx) | #1] #1*+bcu1®+

2 2 2

N |

bdxH16+2bLog[7Cosh[l (c+dx)] 7Sinh[l (c+dx)] +Cosh[1 (c+dx)] mlfsinh[l (c+dx)]m] ms) &|
2 2 2 2

Problem 246: Result is not expressed in closed-form.

J Csch[c +dx] q
X

(a-bsSinh[c+dx]*)?

Optimal (type 3, 325leaves, 11 steps):
bl/4 ArcTan [ b'/4 Cosh[c+d x ] bl/4 ArcTan [ b/% Cosh[c+d x

JVa b Va b ArcTanh[Cosh[c +d x] ]
- - - +
8a3/z(\/gfﬁ)3/2d 2a2+/vVa - Vb d a’d
b1/4Ar‘cTanh[b1/“Cosh c+d x } b”“Ar‘cTanh[me"Sh c+d x }
NN NN bCosh[c+dx] (2-Cosh[c+dx]?)
+ _
g a3/2 (ﬁJr\/F)”zd 2a2/+a + Vb d 4afa-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]?)
+

Result (type 7, 774 leaves):
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1 16ab (-5Cosh[c+dx] +Cosh[3 (c+dx)])

1
32a%d ((a—b) (8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)]) ‘32Log[Cosh[; (c+dx)]]+

b RootSum[b - 4br1% - 16 anl*+6bnl® -4bnl1® + bul® &, !
a-b -bul-8an1®+3bu1®-3bnl® +bnul’

1 . 1 1 . 1
(—5ac+4bc—5adx+4bdx—10aLog[—Cosh[; (c+dx)] —Slnh[; (c+dx)] +Cosh[; (c+dx)] Hl—Slnh[; (c+dx)]m]+

32 Log[sinh[i (c+dx)]]-

8bLog{—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] 1_¢1—Sinh[l (c+dx)] =] +19acn1®-12bcul®+
2 2 2 2

19adx1:t12—12bdx1:t12+38aLog[—Cosh[1 (c+dx)] —S.inh[1 (c+dx)] +Cosh[1 (c+dx)]tt1—Sinh[

d 1| 112 -
2 2 2 (e ax)] =]

N |

<c+dx)] —Sinh[l (c+dx)] +Cosh[1 (Cerx)]Hl—Sinh[1 (c+dx)]1¢1} #12-19actl1* +12bc H14 -

24 b Log|-Cosh|
2 2 2

N |

19adxtt14+12bdxm1“-38aLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m—Sinh[1 (c+dx)] =] m1®+
2 2 2 2

24b Log|-Cosh|[ = (c+dx) ] -sinh|

N |
N |

(c+dx)] +Cosh{l (c+dx)]111—sinh[l (c+dx)]1¢1} #1*+5acu1® - 4bcul1b+
2 2

5adxi:t1*5—4bdxtt16+1@aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] 1:t1—Sinh[1 (c+dx)] =] m1°-
2 2 2 2

8bLog[—Cosh[§ (c+dx) ] —Sinh[i (c+dx) ] +Cosh[§ (c+dx) ] ttl—sinh[i (c+dx) ] n1] 1116] &|

Problem 253: Result is not expressed in closed-form.

Sinh[c+dx]®
J( dx

abeinh[Cerx]“)3

Optimal (type 3, 315leaves, 6 steps):

(5a-14+a Vb +12b| ArcTan [ t-Coshie-dx) | (5a+14+/a Vb +12b| ArcTanh [ B Coshic=dx] |

Javw Jvaw
64\/?(\/?—\/F)S/Zb9/4d 64\/?(\/a_+\/3)5/2b9/4d
aCosh[c+dx] (a+b-bCosh[c+dx]?) Cosh[c+dx] (9a%-11ab-10b?-2 (2a-5b) bCosh[c+dx]?)

8 (a-b)b?d(a-b+2bCosh[c+dx]?-bCosh[c+dx]*)? 32 (a-b)®b2d (a-b+2bCosh[c+dx]2-bCosh[c+dx]*)

Result (type 7, 1021 leaves):
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1
128 (afb)zbzd

32Cosh[c+dx] (-9a*+13ab+5b?+ (2a-5b) bCosh[2 (c+dx)]) 512a (a-b) Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

+

8a-3b+4bCosh[2 <c+dx)] —bCosh[4(c+dxH <78a+3b74bCosh[2 <c+dx)] +bCosh[4(c+dx)])2
1

RootSum|b-4bn1%-16 a1l + 6 bnl® - 4bn1® + bul® &,
-bm1-8an1®+3br13-3bx1®+ bul’
(—2abc+5b2c—2abdx+5bzdx—4abLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]ml—sinh[1 (c+dx)]m]+
2 2 2 2

10b2Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] I:tl—Sinh[l (c+dx)] =] -10a*cn1®+28abcul®-39b% cul® -
2 2 2 2

10a2dx1:12+28abdx1112—39b2dx1:t12—20a2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx) | +Cosh[1 (c+dx) | 111—Sinh[l (c+dx)]m]
2 2 2 2

1112+56abLog[—Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 (C+dX)]H1—Sinh[1 (c+dx)] =] m1?-
2 2 2 2

78b2Log[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] nlfsinh[l (c+dx)| =] m1?+10a% cn1* - 28abcnl®+ 39 b% cn1t +
2 2 2 2

10a2dle“—ZBabdle‘H39b2dx1114+20a2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] iil—Sinh[1 (c+dx)]m]
2 2 2 2
1:14—56abLog[—Cosh[1 (c+dx)] —Sinh{1 (c+dx)] +Cosh{1 (c+dx)]=1-sinh[= (c+dx)|n1]a1®+
2 2 2

N |

78b2Log[—Cosh[l (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (Certhtlfsinh[1 (c+dx)| =] m1*+2abcn1®-5b>cnl®+
2 2 2 2

2abdxttlsfsbzdxH16+4abLog[7Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cos,h[1 (c+dx)]ﬁlfsinh[1 (c+dx) | =] m1®-
2 2 2 2

10b2Log[—Cosh{§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)] Hl—Sinh[% (c+dx)]m] 1116) &

Problem 254: Result is not expressed in closed-form.

dx
3

J Sinh[c+dx]7
(a-bsSinh[c+dx]?)

Optimal (type 3, 290 leaves, 6 steps):

3 (\/? - 2\/?) ArcTan [ B-coshicedxl ] 3 (\/?+ 2\/?) Ar‘cTanh[—;Lbl’MCOSh cedxl ]

e Naow
64+/a (\/?—\/F)S/zb”“d 64+/a (\/a_+\/F)5/2b7/4d
aCosh[c+dx] (2-Cosh[c+dx]?) Cosh[c+dx] (5a-17b-3 (a-3b) Cosh[c+dx]?)

+

8 (a-b)bd(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)? 32 (a-b)’bd (a-b+2bCosh[c+dx]2-bCosh[c+dx]*)
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Result (type 7, 802 leaves):

1 [ 32Cosh[c+dx] (-7a+25b+3 (a-3b) Cosh[2 (c+dx)]|) 512a (a-b) (-5Cosh[c+dx] +Cosh[3 (c+dx)])
- +

256(a—b)2bd 2

8a-3b+4bCosh|2 (c+dx)] —bCosh[4(c+dx)] (—8a+3b—4bCosh[2 (c+dxH +bCosh[4<c+dx)])
1

3RootSum[b-4b#1?-16a11*+ 6bH1* -4bn1® + bul® &,
-brl-8an1®+3bn1?-3bnl®+bul’

(ach-bc+adx—3bdx+2aLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 <c+dx)]1¢1—sinh[1 (c+dx>]m1] -
2 2 2 2
6bLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (Cerx)]Hl—Sinh[1 (c+dx)|m1]-3acH1?+17bcnl®-
2 2 2 2

3adx1¢12+17bdxtt12—6aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] 111—Sinh[l (c+dx)] =] n1?+
2 2 2 2

34bLog{—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] J:tl—Sinh[l (c+dx)]m]n1*+3acn1*-17bcul®+

3adx1114—17bdxtt14+63Log[fCosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] ttl—Sinh[l (c+dx) ] =] m1*-
2 2 2 2

34 b Log [—Cosh[

N |-

(c+dx)} - Sinh]| (c+dx)} + Cosh| (c+dx”trl—5inh

—

1 : 1(c+dx”ttl]1114—ac1116+3bct£16—
2 2 2

adxt116+3bdxt116—2aLog[—Cosh[1 (c+dx)] —Sinh[1 (c+dx) ] +Cosh| <c+dx)]1¢1—sinh[1 (c+dx) ] =] 1+
2 2 2

N |

6b Log| - Cosh | (c+dx)]—Sinh[i(c+dx)]+€osh[%(c+dx)]n1—sinh[ (c+dx>]m}me)&}

N |
N |

Problem 255: Result is not expressed in closed-form.

Sinh[c+dx]°
J dx

(a-bsSinh[c+dx]*)?

Optimal (type 3, 313 leaves, 6 steps):

3a-10+/a Vb +4b) ArcTan[2rCoshiedxl ] (35, 16+/3 /b +4b Ar‘cTanh{g‘—“l/uICOSh cedxl ]
| o | oz |
64232 (Va - b | " bs4d 642> (va ++/b | " b5/4d
Cosh[c+dx] (a+b-bCosh[c+dx]?) Cosh[c+dx] (a?-11lab-2b2+2b (2a+b) Cosh[c+dx]?)

2

8 (a-b)bd (a-b+2bCosh[c+dx]?-bCosh[c+dx]*) 32a (a—b)zbd (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 1019 leaves):
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1 32Cosh[c+dx] (a2-9ab-b*+b (2a+b) Cosh[2 (c+dx)]) 512 (a-b) Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

128 <a7b>2bd

+

a(8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)]) (-8a+3b-4bCosh[2 (c+dx) | +bCosh[4(c+dx)])2

1 1
~RootSum|[b-4bw1?-16anl®+6bul* - 4bu1® + bni® g,
a -br1-8anl®+3ba13-3be1® + bul’
2abc+b2c+2abdx+b2dx+4abLog[—Cosh[l (c+dx) ] —Sinh[l (c+dx)] +Cosh[l (c+dx)] ttl—Sinh[l (c+dx)|m]+
2 2 2 2

=X

2b2Log[—Cosh[l(c+dx>]—Sinh[ 1(
2 2

c+dx) | +Cosh[1 (c+dx)]#1-sinh[= (c+dx)|#1] +6a®cn1®>-32abcul?+5b% cul® +
2 2
6a2dx1:t12—32abdx1112+5b2dx1:t12+12a2Log[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dxH1:t1—Sinh[l (c+dx)]m]
2 2 2 2

1112—64abLog[—Cosh[1 (c+dx)] 7Sinh[1 (c+dx)] +Cosh[1 <C+dX)]H1—Sinh[1 (c+dx)] =] m1?+
2 2 2 2

10b2Log[—Cosh{l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)] Hlfsinh[l (c+dx)| =] m1?-6a>cnl®+32abcnl®-5b2 c1l® -

2 2 2 2

6a2dxml“+32abdx11t14—5bzde:tl“—lzazLog[—Cosh[l (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] i_il—Sinh[l (c+dx)]m]
2 2 2 2

(c+dx)] —Sinh{1 (c+dx)] +Cosh{1 (c+dx)]=1-sinh|

1% + 64 a b Log[ - Cosh [
2 2

(c+dx)|m1] =% -

N |
N |

10b2Log[—Cosh[l (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (Certhtlfsinh[1 (c+dx)]=1] =1*-2abcul®-bcni® -
2 2 2 2

2abdxmlsszdxm1574abLog}Cosh[l (c+dx)] 7Sinh[1 (c+dx)] +Cos,h[1 <c+dx)]1¢175inh[l (c+dx) | =] m1°-
2 2 2 2

2b2Log{—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)] ﬁl—Sinh[% (c+dx)]m] tt16] &]

Problem 256: Result is not expressed in closed-form.

dx
3

J Sinh[c+dx]3
(a-bsSinh[c+dx]?)

Optimal (type 3, 288 leaves, 6 steps):

(5 Va -2 \/F) ArcTan [ B Coshicedx] | (5 Va +2 \/F) ArcTanh [ 2= Coshlc=dxl |

i vz b [mw
642%2 (\a -+/b | *b2/4d 642> (\a ++/b | * b2/ d
Cosh[c+dx] (2-Cosh[c+dx]?) Cosh[c+dx] (11a+b- (5a+b) Cosh[c+dx]?)

8(a-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)? 32a(a-b)?d(a-b+2bCosh[c+dx]?-bCoshlc+dx]*)



6.1 Hyperbolic sine.nb | 371

Result (type 7, 802 leaves):

1 32Cosh[c+dx] (-17a-b+ (5a+b) Cosh[2 (c+dx)]) 512 (a-b) (-5Cosh[c+dx] +Cosh[3 (c+dx)])
+ +
256 (a-b)?d (a (8a-3b+4bCosh[2 (c+dx)]|-bCosh[4 (c+dx)]) (—8a+3b—4bCosh[2(c+dx>]+bCosh[4(c+dx)])2
lRootSum[b—4bt&12—16at£14+6b1114—4btt16+b1118&, !
a -brl-8am1®+3bn1®-3bnl® + bul’
1 1 1 o
(5ac+bc+5adx+bdx+10aLog[fCosh[f(c+dx)}—Slnh[;(c+dx)}+Cosh[;(c+dx”111—51nh[5(c+dx)]tﬁl}+
2

<c+dx)] —Sinh[l <c+dx)] +Cosh[1 (Cerx)]Hl—Sinh[1 <c+dx)]1¢1} -47acH1?>+5bcHl? -

2b Log[—Cosh[
2 2 2

1
2

47adxm12+5bc|xm12-94aLog[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]m—51nh[1 (c+dx)] =] m1?+
2 2 2 2

1

[=

10bLog{—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)]=1-sinh[= (c+dx)|n1] #1%+47acnl*-5bcul® +

47adxtt1“—5bdx1114+94aLog[—Cosh[1 <c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)]n1—sinh[ (c+dx)]nl} 714 -
2 2 2

1
2
1 (c+dx)} +Cosh[1 (c+dx”trl—sinh[

10 b Log [—Cosh[
2

N |-

c+dx) | -Sinh c+dx) | H1|#1*-5acH1®-bcH1® -
( )] [ ( )] =]

N
Ll R

Sadxiils—bdxttls—leaLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh|[= (c+dx”tt1—sinh[1 (c+dx)] =] m1®-
2 2 2 2

2bLog[-Cosh| = (c+dXx) | —Sinh[% (c+dx) | +Cosh{% (c+dx)]nl—sinh[l (c+dx) | m] nle) &

2

N |

Problem 257: Result is not expressed in closed-form.

Sinh[c +dx]
J dx
(

a-bsSinh[c+dx]*)?

Optimal (type 3, 313 leaves, 6 steps):

3 (7a—10\/?\/F+4b) Ar‘cTan[mm] 3 (7a+16\/?\/F+4b) Ar‘cTanh[MM}

e w fae
642%2 (va -+/b | *bi4d 642> (Va ++/b | *biad
Cosh[c+dx] (a+b-bCosh[c+dx]?) Cosh[c+dx] ((7a-3b) (a+2b) -6 (2a-b) bCosh[c+dx]?)

+

8a(a-b)d(a-b+2bCosh[c+dx]2-bCosh[c+dx]*)? 32a% (a-b)?d (a-b+2bCosh[c+dx]%-bCosh[c+dx]*)

Result (type 7, 1018 leaves):
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1
128 a2 (a—b)zd

32Cosh[c+dx] (7a?+5ab-3b?+3b (-2a+b) Cosh|[2 (c+dx)|) 512a(a-b)Cosh[c+dx] (2a+b-bCosh[2 (c+dx)])

+ +

8a-3b+4bCosh[2 (c+dxH —bCosh[4(c+dx)] (78a+3b74bCosh[2 (c+dx” +bCosh[4 (c+dx>])2
1

3RootSum|[b-4bw1?-16an1* + 6bml* -4bnl® + bul® &,
-ba1-8an1®+3bx13-3bm1% + bnl’

(—2abc+bzc—2abdx+b2dx—4abLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx”111—sinh[l (c+dx)]m]+
2 2 2 2
2b2Log[—Cosh[1 (c+dx)] —Sinh[l (c+dx)] +Cosh[l (c+dx)}11t1—Sinh[l (c+dx)| =] +14a%cn1®-12abcnl®+5b> cul® +
2 2 2 2

14a2dx1:t12—12abdx1:t12+5b2dx1:t12+28a2Log{—Cosh[l (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx) | 1:t1—Sinh[l (c+dx)]m]
2 2 2 2
tt12724abLog[7Cosh[1 (c+dx)] 7Sinh[l (c+dx)] +Cosh[l (c+dx)] Hlfsinh[l (c+dx) ]| =] n1?+
2 2 2 2
1 1 1 1
10 b Log[-Cosh[ = (c+dx) | -Sinh|[ = (c+dx)] +Cosh| = (c+dx) | #1-Sinh[ = (
2 2

c+dx)|ml]n1?-14a%cm1*+12abcnl® - 5b% cnl1® -
2 2

14a2dxnl“+12abdx1:t1“—5b2dx1114—28a2Log[—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] rLl—Sinh[l (c+dx)]m]
2 2

2

1:t1“+24abLog{—Cosh[1 (c+dx)] —Sinh[1 (c+dx)] +Cosh[1 (c+dx) | 1:t1—Sinh[l (c+dx)]m1]u1®-
2 2 2 2

10 b2 Log[7Cosh[1 (c+dx) ] -sinh|

<c+dx)] +Cosh[1 (c+dx)]1¢1—sinh[1 (c+dx>]tt1] #1*+2abcul® - b% cu1® +
2 2

2

N |

2abdx1¢16—bzdxH16+4abLog[—Cosh[l (c+dx)] 7Sinh[l (c+dx)] +Cosh[1 (c+dx)] mlfsinh[l (c+dx) | =] m1®-
2 2 2 2

2 b2 Log[—Cosh{% (c+dx)] —Sinh{% (c+dx)] +Cosh[§ (c+dx)] nl—Sinh[% (c+dx)]m] 1116) &

Problem 258: Result is not expressed in closed-form.

Cschc +dx]
J( dx

a-bsSinh[c+dx]*)?

Optimal (type 3, 617 leaves, 16 steps):
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(5 Va -2 \/F) bl/4 Ar‘c:Tan[gl—Lbl’/4 CoshlicedxL]  pl/4 Ar‘cTan[gf—Lbl’/4 Cosh[c+dx
e Va Vb

64 a>/2 (\/?—\m)s/zd 8 35/2 (\/;7\/3)3/26'
bl/4 ArcTan [ bY/* Cosh[c+d x bl/4 ArcTanh [ b'/4 Cosh[c+d x ] bl/4 ArcTanh [ bY/4 Cosh[c+d x ]
Va /b - ArcTanh[Cosh[c +d x]] . \Va Vb . NN X
3 3/2
2a/a -/b d a'd 8a%2 (Va +Vb | d 2a3++a +/b d
5+a +2+/b | b¥4 ArcTanh bY/* Coshicrdx].
( ) [ NN ) bCosh[c+dx] (2-Cosh[c+dx]?)
64 35/2 (\EJr\/F)S/Zd 8a(a-b)d (a—b+2bCosh[c+dx12—bCosh[c+dx14)2
bCosh[c+dx] (2-Cosh[c+dx]?) bCosh[c+dx] (11a+b- (5a+b) Cosh[c+dx]?)

4a%(a-b)d(a-b+2bCosh[c+dx]?-bCosh[c+dx]*)] 32a2 (a-b)?d (a-b+2bCosh[c+dx]?-bCosh[c+dx]*)

Result (type 7, 1274 leaves):
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2 (-5bCosh[c+dx] +bCosh[3 (c+dx)])

a(a-b)d(-8a+3b-4bCosh[2 (c+dx)]+bCosh[4 (c+dx>])2

69 ab Cosh[c+dx] -39b%Cosh[c+dx] -13abCosh[3 (c+dx)]+7b2Cosh[3 (c+dXx) ]|

16 a2 (a—b)zd (-8a+3b-4bCosh[2 (c+dx) | +bCosh[4 (c+dx)])

Log[Cosh[i(Cerx)]] Log[Sinh[i(Cerx)H 1
+ +
a*d a*d 256a° (a-b)>d
RootSum|[b-4bn1?-16am1* + 6bnl® -4bn1® + bulf &, ! 45a°bc-71ab’c+32b>c+45a’bdx-
-bul-8au1?+3bu1?-3bnl®+bnl’
71abzdx+32b3dx+90a2bLog[—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cos,h[1 (c+dx)] Hlfsinh[l (c+dx)]m]-
2

142ab2Log[—Cosh[§ (c+dx)] —Sinh[% (c+dx)] +Cosh[§ (c+dx)] Hl—Sinh[% (c+dx)]m]+
64b3Log[—Cosh[% (c+dx) | —Sinh[i (c+dx) | +Cosh{§ (c+dx) | Hl—Sinh[% (c+dx)]|m] -

199 a2bcHl12+253ab?cnl?-96b3cH12-199a%bdxH1? +253ab?dxH12-96b3dx 112 -
[l (c+dx” —Sinh[1 (c+dx” +Cosh[1 [l (c+dx” ttl] 112 +
2

398 a b Log| - Cosh (c+dx) ] #=1-sinh

N RN
N RN
N RN

506 a b’ Log|[-Cosh| = (c+dx) | -sinh[ = (c+dx) | + Cosh]| (c+dx>}m1—sinh[§(c+dx”ml]1¢12—

1 (c+dx” +Cosh[1 (c+dx”tt1—sinh[l (c+dx”1¢1] 12 4
2 2 2
199a’bcH1*-253ab2c 1 +96b3 cH1* +199a2bdx 1% - 253 ab?d x 1% + 96 b3 d x {1% +

398a2bLog{—Cosh[l (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] ml—Sinh[l (
2 2 2 2

192 b3 Log[—Cosh[l (c+dx)] -sinh|
2

c+dx)}m1] 714 -

506ab2Log{—Cosh[1 (c+dx) | —Sinh[1 (c+dx) | +Cosh[1 (c+dx) | 1:t1—Sinh[l (c+dx)]m1]n1®+
2 2 2 2

192b3Log[—Cosh[E (c+dx)] —Sinh[l (c+dx)] +Cosh[1 (c+dx)] ttl—Sinh[l (c+dx)| =] m1*-
2 2 2 2

45a3°bcH1®+71ab?cn1®-32b3c11® - 45a2bdx 1%+ 71ab?d x 1% - 32 b3 d x 1#1° -
|

90a2bLog[—Cosh[1 (c+dx)]-sinh[= (c+dx) | +Cosh[1 (c+dx)]u1—sinh[1 (c+dx)| =] 1+
2 2 2 2

B

142 ab? Log[-Cosh|~ (c+dx] | —Sinh[1 (c+dx)] +Cosh[1 (c+dx)] Hl—Sinh[l (c+dx)]m1]n1®-
2 2

<c+dx)]nl—sinh[l (c+dx)|n1] #1°| &]

64 b3 Log[—Cosh[l (c+dx) | —Sinh[l (c+dx)] +cosh|
2 2

2

N |
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Problem 266: Result unnecessarily involves imaginary or complex numbers.

J; dx
1+Sinh[x]*4
Optimal (type 3, 176 leaves, 10 steps):
ArcTan [ @] ArcTan [ @m}

—1+\/? —1'*'\/7
_ . v _
4+/1++/2 4142

1 1++/2 Log[+/2 -2+/1++/2 Tanh[x] +2Tanh[x]? +1 1++/2 Log[1+ [2(1++/2] Tanh[x] ++/2 Tanh[x]2
8 8

Result (type 3, 45leaves):
ArcTanh[v/1-1i Tanh[x]]| ArcTanh[+/1+i Tanh[x] |
+
2+/1-1 24/1+1

Problem 267: Result is not expressed in closed-form.

1
J— dx
a+bSinh[x]?

Optimal (type 3, 435leaves, 17 steps):
2Ar~cTanh[—bl/ial/”anm : ] 2(-1)°" ArcTanh| P [ e ] ]

bY/5+ (-1)%/% a¥/% Tanh [ X

2 (-1) Y® ArcTanh |

/ a2/5.+p2/5 \/ _ (71)4/5 a2/5, (-1) 1/5 p2/5 (-1) 2/5 32/5,p2/5
+ + +
5 g4/5+/a32/5 4 p2/5 5 g4/5 \/_ (_1>4/5 a2/5 . (_1)1/5 h2/5 5a4/5\/(—1)2/5 32/5 4 h2/5

(-1)3/10 (bl/sJr (-1)3/5 a1/s Tanh[:—] ) i b1/5_(~1)9/10 31/5 Tanh { ﬂ

2 (-1) 9/16 ArcTanh |

2 (-1) 9/18 ApcTanh [

S (-1)4/5 a¥/54 (~1)3/5 b2/5 (1)%/5 a/5_p2/5

5 94/5 \/_ (_1)4/5 a2/5 4 (_1)3/5 ph2/5 5 94/5 \/_ (_1>4/5 22/5 _ p2/5

Result (type 7, 141 leaves):

8 x 1113 + 2 Log[-Cosh[* ] - Sinh[*] + Cosh[*] #1 - Sinh[*] n1] n13
— RootSum|-b+5bm12-10bn1* +32an1° + 10bw1® - 5bm1® + b1l g, 2 2 2 2 &]

5 b-4bpl?2+16am1®+6ba1* -4b 1% + bl
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Problem 268: Result is not expressed in closed-form.

1
j ———dx
a+bSinh[x]®
Optimal (type 3, 175leaves, 7 steps):
ArcTanh [ {2202 Temhixt | ppcyany a2l Tamhixt | ppran | et n b Tamie

al/e al/e al/e
+ +
3a%/6+/al/3 _pl/3 3 35/6 x/al/sJr (_1>1/3 bl/3 3 35/6 \/31/3_ (_1)2/3 pl/3

Result (type 7, 134 leaves):

x 712 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] 11?2 2
-b+5brl+32an1?2-10b 1% +10b =13 - 5b =14 + b H1°

16 2 3 3 4 5 6
fRootSum[b—tht1+15btt1 +64aH1’-20bH1° +15b A1 -6bHL? + bH1® &,
3

Problem 269: Result is not expressed in closed-form.

1
J— dx
a+bSinh[x]?8
Optimal (type 3, 245leaves, 9steps):
ArcTanh { A (-a)Y4-bY4 Tanh[x] ] ArcTanh [ \ (~a)Y4_i bY/* Tanh[x] ] ArcTanh { A (a)Y/44i bY/* Tanh[x] } ArcTanh { AL (~a)Y/44bY/4 Tanh[x] ]

(-a) /e (-a) Y/ (-a) /e (-a) Y/

4(*3)7/8 (7a)1/47b1/4 4(*a)7/8\/(*a)1/4*].lb1/4 4(*3)7/8\/<*a)1/4+jb1/4 4(73)7/8 (7a>1/4+b1/4

Result (type 7, 160 leaves):

16RootSum[b—8bml+28bttlz—56b1113+256a1114+70b1114—56btt15+28bt115—8b1117+bt118 &,
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] 113

-b+7ba1-21br1%+128an13+35b 113 -35b 1% +21bH1° - 7b 1% + bl’

8]

Problem 270: Result is not expressed in closed-form.

1
Ji dx
1+Sinh[x]°

Optimal (type 3, 242 leaves, 17 steps):
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2 (-1) *® ArcTan | L+ (1P Tanh |7

-1+ (1) 1+ (-1)*°

5 71+(71)1/5 5 1+(71)4/5

2 (-1)%*® ArcTanh]| (7 (1 (1) V2 Tanh 1] ]

1—Tanh|:§] 7(71)2//5 (1+(—1)2//5)

1-(-1)%5 Tanh| X

2 (—1)4/5 Ar‘cTanh[

]

l\/TAr‘cTanh[ } + _ 1-(-1)%5
5

\/7 5\/(1>2/5 (1+ <71>2/5> 5 1- <—1)3/5

Result (type 7, 439 leaves):
-1+ Tanh[*] 1

2+/2 ArcTanh| —————2=] —RootSum[1+2 51 +211% + 14 11% - 211° - 2117 + 118 g,
10 V2 1+31812+28813 -5814-751% + 4717
—x—ZLog[—Cosh[i] —Sinh[i] +Cosh[5] iilfsinh[i] 111 | —4xtt1—8Log[—Cosh[£} —Sinh[i} +Cosh[5} ttlfsinh[i} H1] 51 -9 x 112 -
2 2 2 2 2 2 2 2

18 Log[—Cosh[g] —Sinh[z] +Cosh[§] nl—Sinh[g] 1] #1? - 24 x =13 - 48 Log[—Cosh[g] —Sinh[z] +Cosh[§] nl—Sinh[g] 1] 51’ +

9xt1*+18 Log{—Cosh[i} —Sinh[i} +Cosh[£} Hl—Sinh[i} m1] 514 - 4 x11° -
2 2 2 2
8Log[-Cosh[~] - Sinh[>] + Cosh[~] &1 - Sinh[>] 1] 215 + x 516 + 2 Log[ - Cosh[ =] - Sinh[ =] + Cosh[ =] 1 - Sinh[ =] 1] ms) &
2 2 2 2 2 2 2 2

Problem 272: Result is not expressed in closed-form.

1
J = ax
1+Sinh[x]8
Optimal (type 3, 129 leaves, 9 steps):

ArcTanh[+/1 - (—1)1/4 Tanh[x]] ArcTanh[+/1+ (—1)1/4 Tanh[x]| ArcTanh[+/1- (—1)3/4 Tanh[x]] ArcTanh[+/1+ (—1)3/4 Tanh [x] |

+ + +

4.1 (-1)** 4.1+ (-1)Y* 4 j1-(-1)>"* a1+ (-1)>*

Result (type 7, 127 leaves):
x 713 + Log[-Cosh[x] - Sinh[x] + Cosh[x] #1 - Sinh[x] #1] 113

16 RootSum |1 - 8 =1 + 28 #1% - 56 11 + 326 11* - 56 #1° + 28 #1°® - 81117 + 1118 &,
-1+781-2111%+163 113 - 35 11% + 21 11° - 7 11° + 117

8]
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Problem 273: Result is not expressed in closed-form.

1
Ji dx
1-Sinh[x]?

Optimal (type 3, 228 leaves, 17 steps):

i+ (-1)¥/1 Tanh|X ~1)3/5_Tanh| %

2 (—1)1/1@ ArcTan| | 2ArcTanh|

- 1-(-1)Y5 - 1-(-1)?5
5 17(71>1/5 5 17(71>1/5
« 2 ArcTanh| ()" Tanh 7 2 (—1)1/19 ArcTanh | (-1 (14 (-1)¥" Tanh | 7] ]

1 1+ Tanh[7] 1-(-1)%5 (-1) V54 (-1)3/5

= \/TArcTanh[ ] + -

5 V2 5 17(71)3/5 5\/(71)1/5+<71>3/5
Result (type 7, 437 leaves):

1+Tanh|[X] 1

— |22 ArcTanh| —————] + RootSum|1 - 211 - 2113 + 14 111% + 2 11° + 21117 + 118 §,
10 V2 -1-311%+2811% +511% + 711° + 4117

X

~x -2 Log[-Cosh|~] - sinh[ 2] + Cosh|~] =1 - Sinh[ ] 1] + 4x =1+ 8 Log|-Cosh[ ] - Sinh[ ] + Cosh[>] =1 - Sinh[ ] m1] 11 - 9 x 12 -
2 2 2 2 2 2 2 2

18 Log [~ Cosh| | - Sinh[>] + Cosh[ > ] =1 - Sinh| > 1] 212 + 24 x:1% + 48 Log [ - Cosh [ = | - Sinh[ ] + Cosh[ ] #1 - Sinh[ ] 1] =1® +
2 2 2 2 2 2 2 2
9xu1*+18 Log[{osh[f} —Sinh[i} +Cosh[5} ttlfsinh[i} m1] 51+ 4x11° +
2 2 2 2
8 Log|-Cosh|~] - sinh[~] + Cosh|~] 1 - Sinh[ ] 1] 215 + x 16 + 2 Log[ - Cosh[ = | - Sinh[ ] + Cosh[ ] 1 - Sinh[ =] 1] ms) &
2 2 2 2 2 2 2 2

Problem 292: Result more than twice size of optimal antiderivative.

JSech[c+dx]6 (a+bsinh[c+dx]?) dx

Optimal (type 3, 54 leaves, 3 steps):
aTanh[c+dx] (2a-b)Tanh[c+dx]®> (a-b)Tanh[c+dx]®

+

d 3d 5d

Result (type 3, 117 leaves):
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8aTanh[c+dx] 2bTanh[c+dx] 4aSech[c+dx]2Tanh[c+dx]

+ + +
15d 15d 15d
bSech[c+dx]2Tanh[c+dx] aSech[c+dx]*Tanh[c+dx] bSech[c+dx]*Tanh[c+dx]
" _
15d 5d 5d

Problem 315: Result more than twice size of optimal antiderivative.

JSech[c+dx]8 (a+bsinh[c+dx]?)° dx

Optimal (type 3, 80leaves, 3 steps):

a®Tanh[c+dx] a®(a-b)Tanh[c+dx]? 3a(a-b)?Tanh[c+dx]® (a-b)’Tanh[c+dx]’
_ . _

d d 5d 7d

Result (type 3, 163 leaves):

d(512a3—394a2b+192ab2—50b3+ (464 2% +232a’b-246ab>+75b%) Cosh[2 (c+dx)| +2 (64a*+32a’b+24ab’-15b%) Cosh[4 (c+dx) | +
1120

16 a> Cosh[6 (c+dx)| +8a’bCosh[6 (c+dx)| +6ab”Cosh[6 (c+dx)]| +5b*Cosh[6 (c+dx)]|) Sech{c+dx]®Tanh[c+dx]

Problem 345: Result more than twice size of optimal antiderivative.

J Sech[c +dx]
(a+bSinh[c+dx]?)?

dx

Optimal (type 3, 159 leaves, 6 steps):

Vq;(15a2710al)+3b2>ArcTan[iEQ%%¥ﬂp¢]

(a-b)*d 8a*% (a-b)’d 74a(afb>d(a+bsﬂm[c+dxﬂ)278a2(a—wzd(a+bshm[c+dxﬁ)

ArcTan[Sinh[c+dx]] bSinh[c +dx] (7a-3b) bSinh[c+dx]

Result (type 3, 321 leaves):
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1
8 35/2 <a—b>3d (2a_b+bCosh[2 (c+dXH)2

((2a+b)2

\ECsch[Cerx]}
Vb

[\/?cSch[CerX] ] +16a5/2b2Ar'cTan[Tanh[1 (c+dx)]]

W 2

2+/a b (18a°-35a’b+20ab?-3b%) Sinh[c+dx] -2bCosh[2 (c+dx)]

Vb (15a®-10ab+3b?) ArcTan |

+16a5/2Ar'cTan[Tanh[1 (c+dx)H) +
2

(bS/Z (15a®-10ab+3b?) ArcTan Cosh[2 (c+dx)]*-

- (2a-b)

\/?Csch[c+dx]]
Vb

[\/F (15a*-1@ab +3b?) ArcTan [ +16 a°/? ArcTan [ Tanh |

N |

(c+dx)H] ++va b (7a*-10ab+3b?) Sinh[c+dx]

Problem 350: Result more than twice size of optimal antiderivative.

Cosh[x]3
Jidlx
1-Sinh[x]?

Optimal (type 3, 10leaves, 3 steps):
2 ArcTanh[Sinh[x]] - Sinh[x]

Result (type 3, 29 leaves):
Sinh[x]
2

-2 (lLog[l—Sinh[x]} - 1Log[1+Sinh[x}] +
2 2

Problem 357: Result unnecessarily involves imaginary or complex numbers.

JCosh[eﬂ‘:x]“\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 301 leaves, 7 steps):
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2 (a-3b) Cosh[e+fx] Sinh[e+fXx] \/a+bSinh[e+1‘:x}2 Cosh[e + fx] Sinh[e + f x] (a+bSinh[e+1‘:x}2)3’/2

+

} 15b f 5bf

+

(2a%-7ab-3b?) EllipticE[ArcTan[Sinh[e+fx]], 1- E] Sech[e + fx] \/a+bSinh[e+1"x]2

a

2 . . 2
15 bZ‘F\/ Sech[e+f x]2? (a+bSinh[e+f x]2)

(a-9b) EllipticF|[ArcTan[Sinh[e+fx]], 1—5} Sech[e + f x] \/a+bSinh[e+Fx]2 (2a2-7ab-3b?) \/a+bsinh[e+fx]2 Tanh[e + f x]
15b% f

a

2 3 2
15 b_F\/Sech[e+~Fx] (a+b Sinh[e+f x]2)

Result (type 4, 211 leaves):

2a-b+bCosh(2 f
16ia(2a*>-7ab-3b?) a-brbCosh|2 (e+fx)] EllipticE[j(ewx),E}
a a
2a-b+bCosh[2 f
32ia(a’-4ab+3b?) a-b+bCosh[2 fe+fx)] EllipticF[j(e+Fx),E]+
a a

V2 b(8a*+32ab-15b*+4b (4a+3b) Cosh[2 (e+fx)]|+3b?Cosh[4 (e+fx)])Sinh[2 (e+fx)] /(240b2f\/2a—b+bCosh[2 (e+Fx)] )

Problem 358: Result unnecessarily involves imaginary or complex numbers.

JCosh[eJr-Fx]Z\/aerSinh[e+-Fx]2 dx

Optimal (type 4, 223 leaves, 6 steps):

Cosh[e+fx] Sinh[e + f X] \/a+bSinh[e+fx]2 (a+b) EllipticE[ArcTan[Sinh[e+fx]], 1- g] Sech[e + f x] \/aerSinh[eHCx]2

+

3f hle+fx]? (a+bSinh[e+f x]2
3bf Sech[e+fx]2 (a+bSinh[e+f x]?)

a

2EllipticF[Ar‘cTan[Sinh[e+fx}], 1- g} Sech[e + f X] \/aerSinh[e+1:x]2 (a+b) \/a+bsinh[e+fx12 Tanh[e + f x]
+
3bf

3{_-\/Sech[e+fx}z (a+bSinh[e+fx]2)

a
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Result (type 4, 168 leaves):

2a-b+bCosh[2 (e+fx) ]| 2a-b+bCosh[2 (e+fx) |

a a a

—21'1\/7a(a+b)\/ EllipticE[i<e+fx),E]+2i\/?a(a—b)\/

EllipticF[i (e+fx), E] +b(2a-b+bCosh[2 (e+Fx)])Sinh[2 (e+Ffx)] /(6bf\/4a72b+2bCosh[2 (e+Fx) ]| )

Problem 360: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JSech[t—:-Jr-Fx]z\/aerSinh[e+-Fx]2 dx

Optimal (type 4, 70leaves, 2 steps):

EllipticE |ArcTan[Sinh[e+fx]], 1- E] Sech[e + fx] \/a+bSinh[e+1"x}2

£ \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 148leaves):

2a—b+bCosh[2<e+fx)] b 2a-b+bCosh|2 (e+fx>] b
2ia EllipticE[i (e+fx), —]-21ia EllipticF|i (e+fx), =]+
a a a a

\/7<2a—b+bCosh[2 (e+fx)]) Tanh[e+fx] /(Z-F\/Za—b+bCosh[2 (e+fx)])

Problem 361: Result unnecessarily involves imaginary or complex numbers.

JSech[e+Fx]4\/a+bSinh[e+1‘=x]2 dx

Optimal (type 4, 206 leaves, 5 steps):
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2a-b) EllipticE Ar‘cTan[Sinh[e+1cx]},1—g Sech[e+fx]/a+bSinh[e+fx]2
( 3

2 5 2
3 (afb) _F\/Sech[e+~Fx] (a+b Sinh[e+f x]2)

a

b EllipticF[ArcTan[Sinh[e +fx]], 1—2} Sech[e + f x] \/aerSinh[e+-Fx]2 Sech[e+1cx]2\/a+bSinh[e+fx]2 Tanh[e + £ x]
+

Sech fx]2? b Sinh fx]2 3f
3 (afb) £ ech[e+fx]? (a+bSinh[e+f x]2)

a

Result (type 4, 204 leaves):

2a-b+bCosh|2 f 2a-b+bCosh|2 f
8ia (2ab)\/ a-brbCosh[2 (e+fx)] EllipticE[i (e +fx), E] -16ia (a-b) \/ a-b+bCosh|2 (e+fx)] EllipticF[i (e +fx), E} +
a a a a

\/7((8a2—4b2) Cosh[2 (e+fx)]+(2a-b) (8a-5b+bCosh[4 (e+fx)])) Sech[e+fx]?Tanh[e+fXx] /

(24 (a-b) f-/2a-b+bCosh[2 (e+fx)] )

Problem 368: Result unnecessarily involves imaginary or complex numbers.

JCosh[eH‘:x]4 (a+bSinh[e+-Fx]2)3/2d1x

Optimal (type 4, 357 leaves, 8 steps):
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(a2+9ab-2b?) Cosh[e+fx] Sinh[e +fx] \/a+bSinh[e+1‘:x}2
35bf

+

2 (4a-b) Cosh[e+Fx]>Sinh[e+fx] \/a+bSinh[e+fx]? bCoshle+fx]5Sinh[e+fx]~/a+bSinh[e+fx]2
+
35 f e

+

2 (a+b) (a2-6ab+b?) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bSinh[e+fx]2

35 p2 'F\/ Sech[e+fx]2 (a+bSinh[e+f x]?)

a

(a®-18ab+b?) EllipticF[ArcTan[Sinh[e+fx]], 1- f] Sech[e + f x] \/a+bSinh[e+fx}2

a

35 b_f_-\/Sech[EJr'Fx]2 (a+bSinh[e+f x]?)

2 (a+b) (a®-6ab+b?) \/a+bSinh[e+1‘:x]2 Tanh[e + fx]
35b2 f

Result (type 4, 256 leaves):

2a-b+bCosh[2 f
! 128ia (a’-5a’b-5ab’+b’) a-brbCoshiz (e fx)] EllipticE|i (e+fx),9]—

2240b2-F\/2a—b+bCosh[2(e+fx)] a a

2a-b+bCosh[2 (e+-FxH

b
EllipticF[i (e+fx), —] +
a a

64ia(2a>-11a’b+8ab’+b?)
V2 b (32a°+400a°b-212ab*>+30b° +b (144a° +192ab - 37 b?) Cosh|[2 (e+fx)} +2b? (26a+b) Cosh[4 (e+fx>] +5b?Cosh|[6 (e+fx)])

Sinh[2 (e+fX) |

Problem 369: Result unnecessarily involves imaginary or complex numbers.

JCosh[eH‘:x]2 (a+bSinh[e+-Fx]2)3/2d1x

Optimal (type 4, 299 leaves, 7 steps):
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2 (3a-b) Cosh[e+fx]Sinh[e+fXx] \/a+bSinh[e+fx]2 b Cosh[e +fx]3Sinh[e + fx] \/a+bSinh[e+-Fx}2
. _
5f

15 f

(3a%2+7ab-2b?) EllipticE[ArcTan[Sinh[e+fx]], 1- E] Sech[e + fx] \/a+bSinh[e+1"x]2
N

+ 2 5 2
15b \/ Sech[e+f x]2 (a+bSinh[e+f x]2)
a

(9a-b) EllipticF|[ArcTan[Sinh[e+fx]], 1—5} Sech[e + f x] \/a+bSinh[e+Fx]2 (3a2+7ab-2b?) \/a+bsinh[e+fx]2 Tanh[e + f x]
N
15bf

+ 2 (a+b Si 2
15 J Sech[e+f x]? (a+bSinh[e+f x]2)
a

Result (type 4, 213 leaves):

| o

2a-b+bCosh|2 f
16ja(3a2+7ab2b2)\/ a-b+bCosh| (e XH EllipticE [ (e+fx),
a

Q

by,

2a-b+bCosh|2 f
161 a (3a22abb2)\/ a-brbCosh[2 e+ fx)] EllipticF[i (e+fx),
a a

V2 b(48a2-28ab+5b*+4 (9a-2b)bCosh[2 (e+fx)]|+3b?Cosh[4 (e+fx)])Sinh[2 (e+Fx)] /(240bf\/2a—b+bCosh[2 (e+fx)] )

Problem 371: Result unnecessarily involves imaginary or complex numbers.
JSech[e+fx]2 (a+bsinh[e+fx]?)>?dx

Optimal (type 4, 210leaves, 6 steps):
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a-2b) EllipticE Ar‘cTan[Sinh[e+1cx]},1—g Sech[e+fx]/a+bSinh[e+fx]2
( 3

+

a

£ \/ Sech[e+f x]2 (a+bSinh[e+f x]2)

b EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[eﬂcx]2

a

£ \/ Sech[e+f x]2 (a+bSinh[e+f x]2)

(a-2b) \/a+bSinh[e+fx]2 Tanh[e+fx] (a-b) \/a+bSinh[e+fx}2 Tanh[e + f x]
+

f f

Result (type 4, 160 leaves):

2a-b+bCosh|2 f
2ia (a2b)\/ a-brbCosh[2 e+ fx)] EllipticE[i (e +fx), E] +
a a

2a-b+bCosh|2 +f
(a-b) —2Jia\/ 2 osh[2 (e + Fx)] EllipticF[i (e+fx), E]+\/?(2a—b+bCosh[2<e+-Fx)])Tanh[e+-Fx] /(2
a a

f\[2a-b+bCosh[2 (e+fx)] )

Problem 372: Result unnecessarily involves imaginary or complex numbers.

JSech[eﬂcx]4 (a+bSinh[e+-Fx]2)3/2dlx

Optimal (type 4, 193 leaves, 5 steps):

2 (a+b) EllipticE[ArcTan[Sinh[e+fx]], 1- g] Seche + f x] Ja+bsinh[e+fx}2

a

3{\/ Sech[e+f x]? (a+bSinh[e+f x]?)

bEllipticF[ArcTan[Sinh[e+fx]], 1- g} Sechle + f x] \/a+bSinh[e+fx]2 (a-b) Sech[eﬁx}z\/%bsinh[eﬂcx]z Tanh[e + f x]

+
3f

a

3{\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

Result (type 4, 197 leaves):
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2a-b+bCosh[2 (e+f 2a-b+bCosh[2 (e+f
4]‘1a(a+b)\/ a-brbCosh[2 (e £x)] EllipticE[i (e +fx), b]zja(2a+b)\/ a-brbCosh|2 e fx)] EllipticF[i (e +fx), 9]+
a a a a

i(8a2—3ab+b2+ (4a>+6ab-2b?) Cosh[2 (e+fx)]+b(a+b) Cosh[4 (e+fx)]|)Sech[e+fx]*Tanh[e+fx] /(6

V2

f\/za,mbmsh[z (e+fx)] )

Problem 377: Result unnecessarily involves imaginary or complex numbers.

Coshle+fx]*

dx

Ja+bSinh[e+fx]?

Optimal (type 4, 241 leaves, 6 steps):

Cosh[e + fx] Sinh[e + f x] \/a+bSinh[E+-Fx]2 2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1—5] Sech[e + f x] \/a+bSinh[e+-Fx}2

+

3bf —
3p2 £ Sech[e+fx]2 (a+bSinh[e+f x]?)

a

(a-3b) EllipticF[ArcTan[Sinh[e+fx]], 1—5 Sech[e + f x] \/anbSinh[e+-Fx]2 2 (a-2b) \/a+bSinh[e+fx}2 Tanh[e + f x]

. 3b2 f

+ 2 3 2
3abf \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 179 leaves):

2a-b+bCosh[2 (e+f
a-bxbosh|2 [exfx)] EllipticE|[i (e+fx),9]-
a a

4i+/2 a (a—2b>\/

EllipticF[i (e+fx), E] +
a a

2a-b+bCosh[2 <e+fx)]

21‘1\/7(2a25ab+3b2>\/

b(2a-b+bCosh[2 (e+fx)])Sinh[2 (e+fx)] /(6b2fJ4a72b+2bCosh[2 (e+fx)] )
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Problem 378: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]?

dx

\/a+bSinh[e+1°xJ2

Optimal (type 4, 177 leaves, 5steps):

EllipticE [ArcTan[Sinh[e+fx]], 1- 5} Sech[e + f x] \/aerSinh[eHCx]2

- +

bf \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

EllipticF [ArcTan[Sinh[e+fx]], 1- 5} Sech[e + fx] \/a+bSinh[e+fx]2 \/a+bSinh[e+fx}2 Tanh[e + £ x]
+

Sech fx]? b Sinh fx]? bf
af ech[e+fx]2 (a+bSinh[e+f x]?)

a

Result (type 4, 95leaves):

a

i\/za-“bc“"”‘e*“” (aEllipticE[i (e+fx), ®] + (~a+b) EllipticF[i (e+fx), 2]

bf+/2a-b+bCosh[2 (e+Ffx)]

Problem 380: Result unnecessarily involves imaginary or complex numbers.

Sech[e+fx]?

dx

\/a+bSinh[e+1‘:x12

Optimal (type 4, 160 leaves, 7 steps):

EllipticE [ArcTan[Sinh[e+fx]], 1- 2] Sech[e + fx] \/a+bSinh[e+1‘:x12

a

2 + 3 2
<a7b> _F\/Sech[e+fx] (a+bSinh[e+f x]?)

b EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[eﬂcx]2

a

2 5 2
a (afb) _F\/Sech[e+'Fx] (a+bSinh[e+f x]?)

Result (type 4, 159 leaves):
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2a-b+bCosh[2 (e+f 2a-b+bCosh[2 (e+f
2jaJ abrbCosh[2(e-fx)| EllipticE[i (e +fx), E] -21i (ab)\/ a-brbCosh[2fe-fx)| EllipticF[i (e+fx), E} +
a a a a

\/T(Za—b+bCosh[2 (e+fx)]) Tanh[e+fx] /(2 (a—b)-F\/Za—b+bCosh[2 (e+fx”)

Problem 381: Result unnecessarily involves imaginary or complex numbers.
J Sech[e + f x]*4
dx
\/a+b51nh e+fx]?

Optimal (type 4, 219leaves, 5 steps):

2 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+fX]2

2 3 2
3 (a_b)zf\/Sech[erFx] (a+bSinh[e+f x]?)

a

(a-3b) bEllipticF[ArcTan[Sinh[e+fx]], l—g} Sechle + fx] \/a+bSinh[e+Fx]2 Sech[e+'Fx]2\/a+bSinh[e+Fx]2 Tanh[e + £ x]
+
3(a-b)f

2 : 5
3a (a_b)zf\/Sech[erFx] (a+bSinh[e+f x]?)

a

Result (type 4, 219leaves):

2a-b+bCosh|2 f
41’1a(a—2b>\/ 2-b+bCosh[2 e+ fx)] EllipticE[i (e+fx>,2]_

a a

2a-b+bCosh[2 (e+f
21‘1(2a2—5ab+3b2>\/ 2a-brbCosh[2 [e+fx)] ELLipticF[i (e« £x), 2]+ —

a a \/?

(8a>-15ab+4b”>+ (4a®-6ab-2b?) Cosh[2 (e+fx) ]|+ (a-2b) bCosh[4 (e+fx)|) Sech[e+fx]*Tanh[e+fx] /

(6 (a—b)zf\/Za—berCosh[Z (e+fx)] )
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Problem 386: Result unnecessarily involves imaginary or complex numbers.

dx

J Cosh[e + fx]°®
(

a+bsSinhle+fx]2)*?

Optimal (type 4, 325leaves, 7 steps):

(a-b) Cosh[e+fx]3Sinh[e+fx] (4a-3b) Coshle+Fx]Sinh[e+fx] \/a+bsinh[e+1°x]2

- + +

2
ab1"\/a+bsinh[e+1:x12 3abtf

(8 a2—13ab+3b2) EllipticE[Ar‘cTan[Sinh[e+Fx}], 1- g} Sech[e + f x] \/anbSinh[e+-Fx]2

a

2 3 2
3ab3 _F\/Sech[e+fx] (a+bSinh[e+f x]?)

2 (2a-3b) EllipticF[ArcTan[Sinh[e +fx]], 1—2] Sech[e + f x] \/aerSinh[le-Fx]2 (8a2-13ab+3b?) \/aersinh[eJrfx}Z Tanh[e + f x]

3ab3f

a

2 5 2
3ab?f \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

Result (type 4, 196 leaves):

2a-b+bCosh[2 (e+f
2-b+bCosh|2 (e £x)] E11ipticE[i(e+-Fx>,E]—
a a

41ia (8a2—13ab+3b2)\/

2a-b+bCosh[2 (e+f
a-bxblosh|2[exfx)] EllipticF|[i (e+fx),9]+
a a

41ia (8a2—17ab+9b2)\/

V2 b(8a2-13ab+6b2+abCosh|[2 (e+fx)])Sinh[2 (e+fx) ]| /(12ab3f\/2a—b+bCosh[2 (e+fx)] )

Problem 387: Result unnecessarily involves imaginary or complex numbers.

dx

J Coshle+fx]*
(

a+bSinh[e+Fx]2)3/2

Optimal (type 4, 244 leaves, 6 steps):
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(a-b) Cosh[e+fx] Sinh[e+fx] (2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+1°x}2

- - +

a b-F\/a +bSinh[e + fx]? a bZ_F\/Sech[e+'Fx]2 (a+b Sinh[e+f x]2)

a

EllipticF[ArcTan[Sinh[e+fx]], 1- 5} Sechle + fx] \/aerSinh[e+-Fx]2 (2a-b) \/a+bSinh[e+fx]2 Tanh[e +  x]

+

Sech fx]2 (a+bSinh fx]2) abz.F
abf echle+f x] a+b Sinh[e+f X]

a

Result (type 4, 155leaves):

2a-b+bCosh[2 (e+f
Zja(zab)\/ a-brblosh|2 e+ fx)] Elliptice[j(e+fx),9}+
a a

(a-b) 4ja\/2ab+bC°Sh[2 (e x)] EllipticF[i (e +fx), 9]—\/7bsinh[2 (e+fx)] /(Zabzf\/Za—b+bCosh[2 (e+fx)}>

Problem 388: Result unnecessarily involves imaginary or complex numbers.

dx

J Cosh[e + fx]?
(

a+bsSinhle+fx]2)%?

Optimal (type 4, 91 leaves, 2 steps):

Cosh[e +fx] EllipticE [ArcTan| @rﬁﬂ]—} ,1-2]
a

Va /b f_| aceshietx® o psinhie s fx)?

a+b Sinh[e+f x]?

Result (type 4, 143 leaves):

2a-b+bCosh|2 f
Ji\/?a\/ a-brbroes [ (e+ XH EllipticE[j (e+Fx), E] -
a a

jﬁanab*bCOSh[z (e fx)] EllipticF[i (e+fx), E}+bSinh[z (e+Fx)] /(ab-F\/4a—2b+2bCosh[2 (e+-FxH)
a a
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Problem 390: Result unnecessarily involves imaginary or complex numbers.

Sech[e + f x]?
J dx
(

a+bsSinhle+fx]2)*?

Optimal (type 4, 217 leaves, 5 steps):

Vb (a+b) Cosh[e+fx] EllipticE [ArcTan[Ls‘i\'}h?M] ,1-

]

o |

aCoshle+fx]?
a+bSinh[e+fx]?

Va (a-b)%f \Ja+bsinhle+fx)?

2bEllipticF [ArcTan[Sinh[e+fx]], 1- f] Sech[e + f x] \/aerSinh[eMCx]2

Tanh[e + f x]

a

+ 2 3 2
a (ab)zf\/Sech[e fx]? (atbSinh[e+f x]2)

Result (type 4, 178 leaves):

2a-b+bCosh|2 f
Ji\/?a(a+b)\/ a-or OS[ (e+ X” EllipticE[Ji (e+-Fx),E]—
a a
2a-b+bCosh|2 f
jﬁa(a-b)\/ abrblosh|2[exfx)] EllipticF|[i (e+fx),9}+
a a

+

(a-b) 1"\/a+bsinh[e+1:x12

(2a>-ab+b?+b (a+b) Cosh[2 (e+fx)]) Tanh[e +f x] /(a (a—b)zf\/4a—2b+2bCosh[2 (e+Fx)] )

Problem 395: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]°

J(a+b$inh[e+-l:x]2)5/2

dx

Optimal (type 4, 330leaves, 7 steps):
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(a-b) Coshfe+fx]>Sinh[e+fx] 2 (a-b) (2a+b) Cosh[e+fx]Sinh[e+fx]

3abf (a+bSinhle+fx]2)>? 3a2b2f+/a+bsinhle + fx]2

(8a2-3ab-2b?) EllipticE[ArcTan[Sinh[e+fx]], 1- 2] Sech[e + fx] \/a+bSinh[e+1“x12

+

2 3 i 2
332 b3 'FJ Sech[e+f x]? (a+bSinh[e+f x]2)

a

(4a-b) EllipticF|[ArcTan[Sinh[e+fXx]], 1—5 Sech[e + f x] \/aerSinh[eH‘x]2 (8a2-3ab-2b?) \/a+bsinh[e+fx]2 Tanh[e + f x]

+

a

Sech[e+fx]2 (a+bSinh[e+f x]?) 3a2b’ f
3a2p2 £ ech[e+fx]? (a+bSinh[e+f x]

Result (type 4, 206 leaves):

2a-b+bCosh|2 (e+fx” 32

EllipticE[i (e+fx), E] .

a

[na2 (8a®-3ab-2b?) (
a

2a-b+bCosh|2 (e+fx)] 3/2

EllipticF[i (e+fx), 9} -
a

(a-b)

N |

4ia’(8a+b) [

a

2+/2 b (8a%+ab-2b*+b (5a+2b) Cosh[2 (e+fx)])Sinh[2 (e+fx) ]| /(6a2b3f(2a—b+bCosh[2 (e+fx)})3/2)

Problem 396: Result unnecessarily involves imaginary or complex numbers.

dx

J Coshle+fx]*
(

a+bsinhfe+fx]2)*?

Optimal (type 4, 223 leaves, 5steps):

2 (a+b) Cosh[e+fx] E11ipticE [ArcTan [ o-sithiesfxl] g _ 2]

7(a—b) Cosh[e +fx] Sinh[e + f x] N

. 2\3/2
3abf (a+bSinh[e+fx]2) 3a3/2pi2 g | _acoshietx? \/a+bSinh[e+-Fx]2

a+bSinh[e+fx]?

EllipticF[Ar‘cTan[Sinh[e+-Fx]], 1- z} Sech[e + f x] \/a+bSinh[e+~Fx]2

a

3a2b 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

Result (type 4, 178 leaves):
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2a-b+bCosh[2 (e+f 32
2ia’(a+b) a-brbCosh[2(e+fx)] EllipticE|i (e+fx),9]—
a a
2a-b+bCosh[2 (e+f 32
ia?(2a+b) a-b+bCosh| (e XH) EllipticF|i (e+Fx),E]+
a a

V2 b (a?+2ab-b”>+b (a+b) Cosh|[2 (e+-Fx)]) Sinh|[2 (e+-Fx)] /(Bazbzf (2a—b+bCosh[2 (e+fx)])3/2>

Problem 397: Result unnecessarily involves imaginary or complex numbers.

Cosh[e + fx]?
J dx
(

a+bsSinhle+fx]2)*?

Optimal (type 4, 228 leaves, 5 steps):

. . i 4
) (a-2b) Cosh[e +fx] E111pt1cE[Ar‘cTan[L‘—Lb Sl\'}h?e L], 1

]

Cosh[e +f x] Sinh[e + f Xx]
3af (a+bSinhle+fx]2)>?

o |

+

3/2 _ _aCoshle+fx]? : 2
3a%% (a-b) b f e erfal? \/a+b51nh[e+fx]

EllipticF [ArcTan[Sinh[e+fx]], 1- 5} Sech[e + f x] \/anbSinh[eH‘:x]2

a

2 . 2
3 32 (a—b) _F\/Sech[6+fx] (a+bSinh[e+f x]?)

Result (type 4, 193 leaves):
3/2

EllipticE[i (e+fx), E] -
a

2a-b+bCosh|2 (e+fx)]

a

2ia*(a-2b) (

2a-b+bCosh[2 (e+fx”

2ia’(a-b)

a

3/2 b
J EllipticF[i (e+fx), —] -
a

V2 b (-4a>+7ab-2b>- (a-2b) b Cosh|[2 (e+-Fx)]) Sinh|[2 (e+fx”

/(6a2 (a—b) b'F(2a7b+bCosh[2 (eﬂcx)]>3/z)

Problem 399: Result unnecessarily involves imaginary or complex numbers.

dx

j Sech[e+fx]?
(

a+bSinhle+fx]2)*?
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Optimal (type 4, 292 leaves, 6 steps):

. . A/ i + a
b (3a+b) Cosh[e+fx] Sinh[e+ fx] +\/K (3a2+7ab-2b?) Cosh[e+fx] EllipticE|[ArcTan| b Sl;h?e £x | 1—2] )
3a(a-b)?*f (a+bSinh[e+fx]2)>?

_aCoshle+fx]? i
3a%2 (a-b)>f | -2coshlesfx \/a+b51nh[e+1cx]2
a+bSinh[e+f x]?

(9a-b) b EllipticF[ArcTan([Sinh[e+fx]], 1- g} Sech[e + f x] \/aerS.inh[erFx]2 Tanh[e + f x]

+

332 (a —b)3-F\/ Sech[e+fx]2 (a+b Sinh[e+f x]2) (a ’b> f <a+bSinh[e+fx]2)3/2

a

Result (type 4, 468 leaves):

i (%_ f/in+\/7b2) \/2ab+bCost;[2(e+'FXH EllipticF[jl (e+'FX>, g]

1

_ b|_
3a? (a—b)3f

\/?\/Za—b+bCosh[2(e+Fx)] 20

~+/2 b?

+

zﬁa\/zaberCos};[Z(enfxﬂ ElliptiCE[i (e+-Fx), g] ﬁ <2a—b) \/2ab+bCosh[2(e+fx)1

a

EllipticF[i (e« fx), ?]

\/Za—b+bCosh[2(e+fx>] \/2a—b+bCosh[2<e+fx)]

*J2a-bebcos e+fx V2 b?sinh[2 (e +fx) |
f\/z b+bCosh[2 (e+fx)] [Ba(ab)2(2ab+chsh[2(e+fX>]>2

7+/2 ab?Sinh[2 (e+fx)]|-2+/2 b*Sinh[2 (e+fx)]| Tanh[e+fx]
+

6a> (a-b)*> (2a-b+bCosh[2 (e+Fx)]) V2 (a-b)?

Problem 400: Unable to integrate problem.

J(dCosh[ewa])m (a+bsinhf[e+fx]?)Pdx

Optimal (type 6, 117 leaves, 3 steps):

)

1 1 1-m 3 . , bsSinh[e+fx]2
~d AppellF1[—, -p, =, -Sinh[e+fx]?, - —]
f 2 2 2 a

1 bSinh[e+fx]2)P
(dCosh[e+-Fx})’1”" (Cosh[e+fx]?) = Sinh[e+fx] (a+bSinh[e+fx]?)P 1+#

a
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Result (type 8, 27 leaves):

J(dCosh[eH‘x])m (a+bsinh[e+fx]*)Pdx

Problem 401: Unable to integrate problem.

JCosh[eJrfx]5 (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 214 leaves, 5 steps):
(3a-b(7+2p))Sinh[e+fx] (a+bSinh[e+fx]2)"P

- +

b2f (3+2p) (5+2p)

Cosh[e+ fx]2Sinh[e+f bsinh[e+fx]2)P
oshle+fx)*sinhle+fx) (a+bSinhfe+fx]?) + = (3a2-2ab (5+2p) +b? (15+16p +4p?))
bf (5+2p) b2f (3+2p) (5+2p)
. 1 3 bSinh[e+fx]?%, . . " bSinh[e+fx]2)P
Hypergeometric2F1[ =, -p, =, -——— | Sinh[e+fx] (a+bSinh[e+fx]?)P |1+ —
2 2 a a

Result (type 8, 25leaves):

JCosh[eﬂcx]s (a+bsinhfe+fx]?)”dx

Problem 402: Unable to integrate problem.

JCosh[eJrfx]?’ (a+bsinh[e+fx]?)Pdx

Optimal (type 5, 125leaves, 4 steps):

Sinh[e + fx] (a+bSinh[e+1:x12)1+p 1
bf (3+2p) bf (3+2p)
. 1 3 bSinh[e+fx]?%, . . bSinh[e+fx]2)P
(a-b (3+2p)) Hypergeometric2F1[~, -p, —, -————————| Sinh[e+fx] (a+bSinh[e+fx]?)P |1+ —

2 2 a a

Result (type 8, 25leaves):

JCosh[eJrfx]?’ (a+bsinh[e+fx]?)Pdx



6.1 Hyperbolic sine.nb | 397

Problem 404: Unable to integrate problem.

JSech[eJrfx] (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 78leaves, 3 steps):

bSinh[e +fx]?2 bSinh[e+fx]?)P

1 1 3 . 2 A . 2\ p
~AppellF1]~, 1, -p, =, -Sinh[e+ fx]?, | sinhfe +fx] (a+bsinhfe+fx]?)P |1+
f 2 2 a a

Result (type 8, 23 leaves):

JSech[eJrfx] (a+bsinhfe+fx]?)Pdx

Problem 405: Unable to integrate problem.

JSech[eﬂcx]3 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 78 leaves, 3 steps):

bSinh[e + f x]? bSinh[e+fx]%)P

1 1 3 X 5 . . 2\ p
~AppellFl|~, 2, -p, =, -Sinh[e+fx]?, - | sinh[e+fx] (a+bSinh[e+fx]?)P |1+
f 2 2

a a

Result (type 8, 25leaves):

JSech[eH‘:x]3 (a+bsinhfe+fx]?)"dx

Problem 406: Unable to integrate problem.

JCosh[eJrfx]4 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 92 leaves, 3 steps):

1 1 3 3 . , bsSinhfe+fx]? 5 . 21 p bSinh[e+fx]2)P
prpellFl[f, -—, -p, —, -Sinh[e+fx]°, ——} Cosh[e + fx] (a+b51nh[e+~Fx] ) 1y ————
f 2 2 2 a a

Tanh[e + f x]

Result (type 8, 25leaves):

JCosh[eJrFx]4 (a+bsinhfe+fx]?)Pdx
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Problem 407: Unable to integrate problem.

JCosh[eJrfx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 92 leaves, 3 steps):

1 1 1 3 . , bsSinhfe+fx]? 5 . 21 p bSinh[e+fx]2)P
prpellFl[f, -—, -p, —, -Sinh[e+fx]°, ——} Cosh[e + fx] (a+b51nh[e+~Fx] ) 1y ———
f 2 2 2 a a

Result (type 8, 25leaves):

JCosh[eJrFx]2 (a+bsinhfe+fx]?)Pdx

Problem 408: Unable to integrate problem.

J(a+b$inh[e+fx]2)pdlx

Optimal (type 6, 92 leaves, 3 steps):

1 1 1 3 . , bsSinhfe+fx]? bSinh[e+fx]2%)P
—AppellFl[—, -, -p, —, -Sinh[e+fx]*, - ——m——
f 2 2 2 a a

Result (type 8, 16 leaves):

J(a+b$inh[e+fx]2)pdlx

Problem 409: Unable to integrate problem.

JSech[eJrfx]2 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 92 leaves, 3 steps):

1 1 3 3 . , bSinhf[e+fx]? bSinh[e+fx]2)P
prpellFl[f, —, -p, —, -Sinh[e+fx]*, - —————

f 2 2 2 a a

Result (type 8, 25leaves):

JSech[eJrFx]2 (a+bsinhfe+fx]?)Pdx

Tanh[e + f x]

] \/Cosh[e+fx]? (a+bsSinh[e+fx]?)P |1+ ————————| Tanh[e+fx]

| A/ Cosh[e+fx)]? (a+bsinhfe+fx]?)? |1+ —————————| Tanh[e+fX]
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Problem 410: Unable to integrate problem.

JSech[eJrfx]4 (a+bsinh[e+fx]?)Pdx

Optimal (type 6, 92 leaves, 3 steps):

1 1 5 3 . , bSinhf[e+fx]? 2 . 2\ p bSinh[e+fx]2)P
prpellFl[f, —, -p, —, -Sinhj[e+fx]*%, ——] Coshfe + fx] (a+b51nh[e+-Fx] ) 1y ———— Tanh[e + f x]
f 2 2 2 a a

Result (type 8, 25leaves):

JSech[eJrFx]4 (a+bsinhfe+fx]?)Pdx

Problem 412: Result more than twice size of optimal antiderivative.

Cosh[c+dx]3
J dx

a+b+/Sinh[c+dx]
Optimal (type 3, 136 leaves, 4 steps):

2a (a*+b*) Logla+b+/Sinh[c+dx] | 2 (a*+b*) v/Sinh[c+dx] a3Sinh[c+dx] 2a?Sinh[c+dx]32 aSinh[c+dx]? 2Sinh[c+dx]%?
- + +

b® d b> d b* d 3b3d 2b%d 5bd

Result (type 3, 311 leaves):

aCosh[2 (c+dx)| (-a°-ab*)Log[a®-b?Sinh[c+dx]| a*Sinh[c+dx]
- +

- +

4b%d b® d b*d
A/Sinh[c +dx] (c“mzs(;*dx” + ZaZSi;ZL“d”) 1 4a bAr‘cTanh[b Sinha[“dx] ] Cosh[c+dx]? (-a2+b?Sinh[c+dx])
d 20b3d (a2 -b?Sinh[c+dx]) (1+Sinh[c+dx]?)
b +/Sinh[c+d x]
4 . aArcTanh | a ] v/Sinh[c+dx] e .
2 (18a* +9b*) Coth[c+dx] ; - ; (-a*+b Slnh[c+dx])51nh[2(c+dx” /
b b

((a®-b*sinh[c+dx]) (1+Sinh[c+dx]?))
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Problem 418: Result unnecessarily involves imaginary or complex numbers.

J Sech[c +dx]
dx
(a+b+/Sinh[c+dx] )2
Optimal (type 3, 384 leaves, 19 steps):
2 ab (a4—2a2b2—b4) Ar‘cTan[l—\/?\/Sinh[c+dx] }

(a*+b%)%d
V2 ab (a*-2a%b?-b*) ArcTan[1++/2 V/Sinh[c+dx] | . a? (a*-3b*) ArcTan[Sinh[c +dx]] . b? (3a*-b*) Log[Cosh[c +dx]]
(a*+b*) % d (a*+b%)?d (a*+b*)?d
2b? (3a% - b*) Log[a +b+/Sinh[c+dx] | 7ab(a4+2a2b2—b4> Log[1-+/2 +/Sinh[c+dx] +Sinh[c+dx]] )
(a*+b%)*d V2 (a*+b*)?d
ab (a*+2a%b?-b*) Log[1++/2 V/Sinh[c+dx] +Sinh[c+dx]] 2ab?
V2 (a*+b%)?d +(a4+b4)d(a+b\/m)

Result (type 3, 708 leaves):
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1 2\/?a3b(aszz)Ar‘cTan[lfx/?\/Sinh[c+dx]] 2+/2 ab3 (a2+b2>Ar‘cTan[lfx/?\/Sinh[Cerx]]

2d (a4+b4>2 <a4+b4)2

2+/2 a’b (az—b2> Ar‘cTan[1+\E\/Sinh[c+dx] ] 2+/2 ab3 (a2+b2) Ar‘cTan[1+\/7\/Sinh[c+dx] }
+ +

(a4+b4)2 (a4+b4)2

2 (a?-1ib?) Ar‘cTan[Tanh[% (c+dx)]] 2 (a%+ib?) ArcTan [Tanh{% (c+dx)]] 10a*b2ArcTanh] b Si"ha[mdx] ]
+ - +

(a?+1ib?)? (a? -1 b2)? (a* +b%)?

6 b® ArcTanh | b/ Sinh(c+dx] | 2b2ArcTanh| @]

(-1a%?+b?) Log[Cosh[c+dx]] (ia?+b?) Log[Cosh[c+dx]]

a a
_ N N _
(a*+b%)? a*+b* (a? -1 b2)? (a2 + 1 b2)?

( 4'1b'4>zﬁab3 (a2 -02) [Log[1- V2 VSinh[c+dx] +Sinh(c+dx]] -Log[1+V2 VSinh[c+dx] +Sinhlc+dx]]] -

a’ +

(a* 1 4)2\/7a3b (a® + b?) (Log[l—ﬁm+51"h[c+dx]} ‘Log[1+ﬁm+smh[c+dx]” ’

a*+b
2 (-3a%*b?+b°) Log[a?-b2Sinh[c+dx] ] 4 32 p? 4ab?+/Sinh[c +dx]

+ —

(a4+b4)2 (a*+b*) (a®-b?Sinh[c+dx]) (a*+b*) (a?-b?Sinh[c+dx])

Problem 419: Unable to integrate problem.

Cosh[c+dx]°
J dx

a+bSinh[c+dx]"

Optimal (type 5, 130leaves, 6 steps):

Hypergeometric2F1[1, %, 1+ %, - 2SIMMLCcdXI®] Sipnh ¢+ d x]
n n

a

+

ad
2 Hypergeometric2F1 (1, 2, &0, 0SInhlcd®) siphic+dx]® Hypergeometric2fl[1, 2, =0, ~ BSINNLCdXIT ] ginhic+dx]®
n n a n n a
+
3ad 5ad

Result (type 8, 25leaves):

J Cosh[c+dx]>
a+bSinh[c+dx]"

dx
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Problem 420: Unable to integrate problem.

Cosh[c+dx]3
J dx

a+bSinh[c+dx]"

Optimal (type 5, 84 leaves, 5steps):

Hypergeometric2F1[1, i, 1+ i, - M‘:*ﬂu] Sinh[c+dx] Hypergeometric2F1[1, %, 3an M‘:*ﬂu] Sinh[c+dx]3

)

+

n
ad 3ad

Result (type 8, 25leaves):
J Cosh[c+dx]3

a+bSinh[c+dx]"

dx

Problem 422: Attempted integration timed out after 120 seconds.

dx
2

J Cosh[c+dx]?>
(a+bsinh[c+dx]")

Optimal (type 5, 130leaves, 6 steps):

Hypergeometric2F1|2, i, 1+ i, - m‘:*ﬂm] Sinh[c+dx]

+

2
acd
2 Hypergeometric2Fi[2, %, 3?”, 7M:*Mi} Sinh[c+dx]® Hypergeometric2F1[2, %, 5;”, 7M;*M1} Sinh[c+dx]®
+
3a%d 5a%d

Result (type 1, 1leaves):

2P

Problem 423: Attempted integration timed out after 120 seconds.

Cosh[c+dx]3
J dx
(

a+bSinh[c+dx]")?

Optimal (type 5, 84 leaves, 5steps):

Hypergeometric2Fi|2, i, 1+ i, 7@@] Sinh[c+dx] Hypergeometric2Fi|2, %, 3;“, 7@@] Sinh[c+dx]3

+

a%d 3a%d

Result (type 1, 1leaves):



???

Problem 457: Result more than twice size of optimal antiderivative.

J\/a+bsinh[e+fx]2 Tanh[e + fx]° dx

Optimal (type 3, 187 leaves, 6 steps):

(8a%-24ab+15b?) Ar‘cTanh[m]

Jab (8a2-24ab+15b?) \/a+bSinh[e+1‘:x12

- +

8 (a-b)**f 8 (a-b)*f
(8a-7b) Sechfe+fx]? (a+bSinh[e+-Fx}2>3/2 Sech[e + fx]*4 (a+bSinh[e+Fx]2)3/2
8(a-b)%f 4(a-b)f

Result (type 3, 631 leaves):

+
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\/Za—b+bCosh[2 (e+-Fx>] ( (8a-9b) Sech[e+fx]2 Sech[en:x]“)

82 (a-b) 4v2
N
.F
4+/2 a2- 22 _11+/2 ab+7+/2 b? Ar‘cTanh[\/za’waOSh[z(e“cX)]
1 - 3ab 3b?
_( V2 ) V2a-2b " 4\/7( _—] (1+Cosh[e+fx])
4(a-b)f V2a-2b NCXENCY

J 22-b+bCosh[2 e+ fx)] \/a—ZaTanh[l e x)]" v abTann[ > (e x]]"aTanh[ > (e« Fx)]" /

<1+Cosh[e+1‘x])2 2 2 2

1

(\/2a7b+bCosh[2 (e +fx)] (4b—4bTanh[1 (e+fx)]”

2 J] +\E\/ﬁb\/2a—b+bCosh[2 (e+fx)] (71+Tanh[i (e+fx)]2>

ab b2 2a-b+bCosh[2 (e+fx) |
(——) (1+Coshle+fx])
V2o A2 (1+Cosh[e+fx])2

bLog[afbfaTanh[1 (e+fx>]2+
2

1
2

1

b Tanh|
2

(e+fx)]2+a [71+Tanh[§ (e+fx)]2)2] (71+Tanh[§ (e+fx)]2) +

(e+fx)]2+ a-b \/4bTanh[

1 2

2

1

Log[1+Tanh[§(e+fx)]2] [bbeanh[ A

(e+fx)]2+a (71+Tanh[§ (e+fx)]2J

(e+fx)]2) zm\/4bTanh[

Problem 458: Result more than twice size of optimal antiderivative.

j\/a+bsinh[e+fx]2 Tanh[e +fx]3dx

Optimal (type 3, 126 leaves, 5steps):
(2a-3b) ArcTanh| ;/m}

NPy (2a-3b) \/a+bSinh[e+-Fx}2 Sech[e+-Fx}2<a+bSinh[e+-Fx]2)3/2
+ +
2+/a-b f 2 (a-b)f 2 (a-b)f
Result (type 3, 523 leaves):
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\/Za—b+bCosh[2 (e+-Fx>] Sech[e+fx]2+i i (2\/73—%) Ar‘CTanh{\/Z‘i-bﬂi/czo:?i;zb(eﬁx)] ] )
22 f 2f V2a-2b

2a-b+bCosh[2 (e+Fx”

\/a—ZaTanh{% (e+Fx)]2+4bTanh[§ (e+fx)]2+aTanh[§ (e+1°x)]4 /

6b (1+Cosh[e+fx]) ;
(1+Cosh[e+fx])

(\/Za—b+bCosh[2 (e+fx)] (4b—4bTanh[§ (e+fx)]2)] +

1

4\“\/2a—b+bCosh[2 (e+-Fx)] (—1+Tanh[% (e+fx)]2)

2a-b+bCosh[2 (e+fx”

(1+Cosh[e+-Fx])2

(1+Cosh[e+fx])\l

2 1 2) 2
(e+fx)] +a(71+Tanh[;(e+fx)] ]

1 2 1 1
blogla-b-aTanh|~ (e+fx)]| +bTanh|[= N

2 2

(e+fx)]2+x/afb \/4bTanh[

1

(—1+Tanh[1 (e+fx)}2] +Log[1+Tanh[% (e+fx)]2] [b—bTanh[2

2
22]

Problem 463: Result unnecessarily involves imaginary or complex numbers.

(e+fx)]2) -

1

A (e+Fx”2+a [—1+Tanh[l (e+Fx”

2

2+a-b \/4bTanh[

J\/aerSinh[eJr-Fx]2 Tanh[e + fx]%dx

Optimal (type 4, 292 leaves, 7 steps):
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(7a-8b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

+

a

2 3 2
3 (afb) _F\/Sech[e+~Fx] (a+b Sinh[e+f x]2)

(3a-4b) EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

+

2 5 2
3 (a—b) _F\/Sech[e+~Fx] (a+bSinh[e+f x]2)

a

(7a-8b) \/a+bSinh[e+1‘:x]2 Tanh[e+fx] (3a-4b) \/aerSinh[eﬂcx]2 Tanh[e + f x] \/a+bsinh[e+1°x]2 Tanh[e + fx]3

3(a-b)f 3(a-b)f 3f

Result (type 4, 214 leaves):

2a-b+bCosh|2 f
_21ia (7a—8b)\/ 2-brbCosh[2 (e fx)] EllipticE[i (e+fx), E} +
a a

EllipticF[i (e+fx), —] -

a a 22

8jla(a_b)\/2a—b+bCosh[2(e+-FxH b 1

(8a>-12ab+b’+4 (4a’-6ab+b’) Cosh|[2 (e+fx)|+ (4a-5b) bCosh[4 (e+fx)]) Sech[e+fx]?Tanh[e+fx] /

(6 (a—b)f\/Za—b+bCosh[2 (e+fx)] )

Problem 464: Result unnecessarily involves imaginary or complex numbers.

J\/a+bsinh[e+1cx]2 Tanh[e + fx]2% dx

Optimal (type 4, 168 leaves, 6 steps):
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2 EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

- +

£ \/ Sech[e+f x]2 (a+bSinh[e+f x]2)

a

EllipticF[ArcTan[Sinh[e+fx]], 1- 5} Sech[e + fx] \/aerSinh[e+-Fx]2 \/a+bSinh[e+fx}2 Tanh[e + f x]
+

f
F\/Sech[en’x]z (a+bSinh[e+f x]?)

a

Result (type 4, 150 leaves):

2a-b+bCosh[2 f 2a-b+bCosh|2 f
2jﬁa\/ 2-brbCosh[2 e+ fx)] Elliptice[j(e+fx),b}q\EaJ a-b:bCosh[2 e+ fx)] EllipticF[i(e+fX),E]+

a a a a

(-2a+b-bCosh[2 (e+fx)]) Tanh[e + fx] /(f\/4a—2b+2bCosh[2 (e+fx)})

Problem 466: Result unnecessarily involves imaginary or complex numbers.

JCoth[eﬂ‘:x]z\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 202 leaves, 6 steps):

Coth[e + f x] \/a+bSinh[e+'Fx]2 2EllipticE[Ar‘cTan[Sinh[e+-Fx}], 1- g] Sech[e + f x] \/aerSinh[eJr-Fx}2

+

f
'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

(a+b) EllipticF[ArcTan[Sinh[e+fx]], 1- g] Sech[e + f x] \/aerSinh[eJr-Fx}2 2\/a+bSinh[e+-Fx}2 Tanh[e + f x]

+

f
a _F\/Sech[e+fx]2 (a+bSinh[e+f x]?)

a

Result (type 4, 154 leaves):
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2a-b+bCosh|2 (e+fx)]

e T b
EllipticE[i (e+fx), —] +
a a

(-2a+b-bCosh[2 (e+fx)]) Coth[e+fx] Zjﬁa\/

Ji\/?(a—b)\/zabercos:[z (e+fx)] EllipticF[i(e+fx),§} /(fx/4a—2b+2bCosh[2 (e+fx)])

Problem 467: Result unnecessarily involves imaginary or complex numbers.

J(ioth[eﬁ:x]“\/a+bSinh[e+1‘:x]2 dx

Optimal (type 4, 270 leaves, 7 steps):

(3a+b) Coth[e+fx]+/a+bSinh[e+fx]2 Cothle+fx]>:/a+bSinh[e+fx]2
3af 3f

(7a+b) EllipticE [ArcTan[Sinh[e+fx]], 1- 5} Sech[e + f x] \/a+bSinh[e+1°x]2

+

a

3a 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

3a+5b) EllipticF Ar‘cTan[Sinh[eJr-Fx]],1—2 Sech[e+fx] r/a+bSinh[e+fx]? i 2
s (7a+b) yJa+bsinh[e+fx]? Tanh[e+ fx]

+

3af
3a 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 376 leaves):
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(—4\/2 aCosh[e+fx]-1/2 bCosh[e+fx]| Csch[e+fX] Coth[e+f x] Csch[e+f x]2

6a 342

\/2a—b+bCosh[2 (e+fx)] (

N J Babeb (2 000 E11ipticE[i (e« Fx), ]

3af \/7\/2a—b+bCosh{2(e+fo 2b

2+/2 a\/“b*"c°5'”2“’-“‘x>J EllipticE[i (e+fx), 2] /2 (2a-b) \/“b*"c°5'”2“’-“‘x>J EllipticF[i (e+fx), 2]
7ab b2 ] a a a a
" .

V2o 2

i

\/Za—b+bCosh[2(e+fo \/Za—b+bC05h[2(e+-Fx)]

Problem 468: Result more than twice size of optimal antiderivative.

J(a+bSinh[e+-Fx}2)3/2Tanh[e+fx]5dlx

Optimal (type 3, 232 leaves, 7 steps):

+b Si + 2
(827 -40:2b + 35b%) ArcTanh [ Lo tetx | (8a2-40ab+35b%) \/a+bsinh[e+fx)?

- + +
8va-b f 8 (a-b)f
(8a2-40ab+35b%) (a+bSinhfe+fx]2)** (8a-9b)Sech[e+fx]2 (a+bSinh[e+fx]?)>? Sech[e+fx]* (a+bSinh[e+fx]2)>?
. _
24 (a-b)f 8(a-b)f 4(a-b)f

Result (type 3, 648 leaves):
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\/Za—b+bCosh[2 (e+'Fx>] (bCosh[Z (exfx)] (8a-13b) Sech[e+fx]? _ (a-b) Sech[e+fx14)

6vV2 82 a2 .
.F
12+/2 a2-58+/2 ab+ 220 1 43/2 b2 ArcTanh[\/“’b*bc““[z(e*””
1 Nerers 57 b?
‘( L ) 2a-2b + 4\/7(6\/7ab— (1+Cosh[e+-Fx])
12f V2a-2b 242

N |

(e+1"x)]2+4bTanh[l (e+-FxH2+aTanh[
2

(e+fx)]4 /

N |

JZaberCosh[Z(eJr-Fx)] \/ - h[
a-2aTan

<1+Cosh[e+-Fx])2

1

(\/Za—b+bCosh[2 (e+fx)] (4b—4bTanh[l (e+fx)]2

2 )] +\/?mb\/2afb+bCosh[2 (e+fx)] (71+Tanh[i (e+fx)]2)

bLog[a—b—aTanh[l (e+1°x)]2+

2 2a-b+bCoshl[2 f
(2\/2 ab- 190 ](1+Cosh[e+fx])J 2 i > [ (e+ X)]
2

22 (1+Coshle+fx])?

bTanh[%(e+fX)]2+ a—b\/4bTanh{§(e+-Fx)]2+a[—1+Tanh{§(e+1‘:x)]2)2][—1+Tanh[§(e+fx)]2)+

1
2

1

Log[1+Tanh{§(e+fx)]2] [b—bTanh[ A

<e+-Fx)]2+a (—1+Tanh[§ <e+fx)]2]2

(e+fx)]2) —Zm\/4bTanh[

Problem 469: Result more than twice size of optimal antiderivative.

J(a+bSinh[e+-Fx12)3/2Tanh[e+-Fx]3dlx

Optimal (type 3, 156 leaves, 6 steps):

(2a-5b) \/ﬁAr'cTanh[E’”bsmh efxl® ]

Jab (2a—5b)\/a+bsinh[e+-Fx]2
. 2f ' 2f '
(2a-5b) (a+bSinh[e+fx]2)>? Sech[e+fx]? (a+bSinhle+fx]2)>?
6 (a-b)f ' 2 (a-b)f

Result (type 3, 614 leaves):
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\/Za—b+bCosh[2 (e+'Fx>] (bCosh[Z (e+fx)]  (a-b) Sech[e+fx]2)

G\E 2ﬁ .
.F
12+/2 a2-40+/2 ab+ 7167"2) Ar‘cTanh[\/2'—"*’“’@5“2 (e+fx) ]
1 ( J2a- 39 b?
- 202 2a-20 + 142 |64/2 ab- (1+Coshle+fx])
12f V2a-2b 27

N |

(e+1"x)]2+4bTanh[l (e+-FxH2+aTanh[
2

(e+fx)]4 /

N |

<1+Cosh[e+-Fx])2

JZaberCosh[Z(eJr-Fx)] \/ - h[
a-2aTan

1

(\/Za—b+bCosh[2 (e+fx)] (4b—4bTanh[l (e+fx)]2

2 )] +\/?mb\/2afb+bCosh[2 (e+fx)] (71+Tanh[i (e+fx)]2)

2 2a-b+bCoshl[2 f
(Zﬁab— 130 ](1+Cosh[e+fx]) @ roos [ (e+ X)]
2+/2 (1+Coshle+fx])?

bLog[a—b—aTanh[l (e+1°x)]2+
2

bTanh[%(e+fX)]2+ a—b\/4bTanh{§(e+-Fx)]2+a[—1+Tanh{§(e+1‘:x)]2)2][—1+Tanh[§(e+fx)]2)+

1
2

1

Log[1+Tanh{§(e+fx)]2] [b—bTanh[ A

<e+-Fx)]2+a (—1+Tanh[§ <e+fx)]2]2

(e+fx)]2) —Zm\/4bTanh[

Problem 470: Result more than twice size of optimal antiderivative.

J(a+bSinh[e+fx12)3/2Tanh[e+-Fx] dx

Optimal (type 3, 90 leaves, 5steps):
(a _ b) 3/2 ArcTanh [ \/a+bSinh[e+f x]?2 ]

Jab (a-b) \/a+bSinh[e+1‘:x]2 (a+bsinh[e+fx]2)>?
+ +
f f 3f

Result (type 3, 590 leaves):
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b Cosh|[2 (e+Fx” \/Za—b+bCosh[2 (e+Fx”

+

62 f
12+/2 a2 -22+/2 ab+ 22 ) Ar*cTanh[\/ZE_MCOSM2 el
. ( - 21 b2
) Wes V2a-2b +|4~/2 |6+/2 ab- (1+Coshle+fx])
Y J2a 2b 2v2.

J 2a-b+bCosh[2 (e+fx) | \/a_zaTanh[l (e+fx)]2+4bTanh[l (eJr.,:X)}ZJ”-,,T;,mh[l <e+-Fx)]4 /

(1+Cosh[e+fx])? 2 2 2

1

(\/Za—b+bCosh[2 (e +fx)] (4b-4bTanh[1 (e+fx)]”

2 ]] +\E\/ﬁb\/2a—b+bCosh[2 <e+-Fx)] (—1+Tanh[i (e+fx)]2)

bLog[a—b—aTanh[1 (e+fx)]2+

2 2a-b+bCosh|2 f
(2\/2 ab- 7o ] (1+Cosh[e+fx])J a-b+bCosh[2 (e+fx)]
2

22 (1+Coshle+fx])?

1
2

1

b Tanh|
2

(e+-Fx)]2+a [—1+Tanh[§ (e+fx)]2)2] [—1+Tanh[§ (e+fx)]2) +

(e+fx)]2+ a-b \/4bTanh[

1
2

1

Log[1+Tanh[l(e+fx)]2] [b—bTanh[ A

A (e+fx)]2+a(—1+Tanh[1(e+fx)]2J2

2

(e+fx)]2) —zm\/4bTanh[

Problem 474: Result unnecessarily involves imaginary or complex numbers.

J(a+bSinh[e+-Fx}2)3/2Tanh[e+-Fx]4dlx

Optimal (type 4, 305leaves, 8 steps):
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(3a-8b) Cosh[e+fx] Sinh[e+fx] \/a+bSinh[e+1‘:x}2

3f

8 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

+

2 + 3 + 2
3{\/Sech[e+fx] (a+b Sinh[e+f x]2)

a

(3a-8b) EllipticF[ArcTan[Sinh[e+fx]], 1—2} Sechfe + fx] \/aerSinh[eHCx]2 8 (a-2b) \/a+bSinh[e+-Fx}2 Tanh[e + x|

+ +

a

Sech fx]2 (a+b Sinh fx]2) 3f
3f echfe+f x] a+b Sinh[e+f Xx]

3/2

(a-2b) Sinh[e+fx}2\/a+bsinh[e+fx}2 Tanh[e+fx] (a+bSinh[e+fx]?)*"Tanh[e+fx]3

f 3f

Result (type 4, 224 leaves):

2a-b+bCosh|2 f
32]‘1a(a2b>\/ a-brbCosh[2 e+ fx)] EllipticE[j(e+-Fx>,E]+

a a

2afb+bCosh[2(e+fx)] b 1
4ia(5a-8b) EllipticF[i (e+fx), —| - s
a a 442

(32a®-108ab+18b”+ (64a>-16@ab+17b?) Cosh[2 (e+fx)]| +2 (6a-17b) bCosh[4 (e+fx)| -b?>Cosh[6 (e+Fx)])

Sech[e +fx]2Tanh[e + fX] /(IZ-F\/Za—berCosh[z (e+1:x)])

Problem 475: Result unnecessarily involves imaginary or complex numbers.

J(a+bSinh[e+-Fx]2)3/2Tanh[e+Fx]2d1x

Optimal (type 4, 260 leaves, 7 steps):
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4bCoshle+fx] Sinh[e+ f x] \/a+bSinh[e+fx}2 (7a-8b) EllipticE[ArcTan[Sinh[e+fx]], 1—5} Sech[e + f x] \/a+bSinh[e+1‘:x]2

- +

3 f Sech fx]2 b Sinh fx]2
3f ech[e+fx]2? (a+bSinh[e+f x]?)

a

(3a-4b) EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[e+-Fx]2

+

2 + 3 + 2
3{\/Sech[e+fx] (a+b Sinh[e+f x]2)

a

(7a-8b) \/a+bSinh[e+fx]2 Tanh[e + f x] (a+bSinh[e+fx}2)3/2Tanh[e+fx]

3f f

Result (type 4, 188 leaves):

2a-b+bCosh[2 (e+f
8ja(7a8b)\/ a-brblosh[2 [exfx)] EllipticE[i (e+fx),9}+
a a

2a-b+bCosh[2 (e+f
321’1a(ab)\/ abrblosh[2 [exfx)] EllipticF[1'1<e+-Fx),E]+
a a

V2 (-24a®+40ab-13b%-4 (2a-3b) bCosh[2 (e+fx)] +b?>Cosh[4 (e+fx)]) Tanh[e +fx] /(24-F\/Zafb+bCosh[2 (e+Fx)] )

Problem 477: Result unnecessarily involves imaginary or complex numbers.

JCOth[e+‘FX]2 (a+bsinh[e+fx]?)>?dx

Optimal (type 4, 256 leaves, 7 steps):
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4bCosh[e+fx] Sinh[e+fx] \/a+bSinh[e+1"x}2 Coth[e+fx] (a+bSinh[e+fx]2)*?
.F

3f

(7a+b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bsinh[e+fx]2
N

a

3f \/ Sech[e+f x]2 (a+bSinh[e+f x]?)

(3a+5b) EllipticF[ArcTan[Sinh[e +fx]], 1—5} Sech[e + fx] \/a+bSinh[e+1cx]2 (7a+b) \/a+bSinh[e+'Fx}2 Tanh[e + f x]
N
3f

3_F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)
a

Result (type 4, 184 leaves):

V2 (-24a®+8ab+3b*-4b(2a+b) Cosh[2 (e+fx)] +b?Cosh[4 (e+Ffx)]) Cothle+fx] -

b

a

|+

2a-b+bCosh[2 (e+f
81’1a(7a+b)\/ 2-brbCosh[2 (e £x)] EllipticE[i (e+fx),
a

a

BZia(a—b)\/zab+bCOSh[2<eﬂcX)] EllipticF[i(eﬂcx),E] /(24F\/2a—b+bCosh[2(e+fx)])

Problem 478: Result unnecessarily involves imaginary or complex numbers.
JCo‘l:h[eJr-Fx]4 (a+bSinh[e+Fx]2)3/2dlx

Optimal (type 4, 306 leaves, 8 steps):
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(a+b) Coshle+fx]?Coth[e+fXx] \/a+bSinh[e+1‘:x}2 (3a+5b) Cosh[e+fx] Sinh[e+fx] \/a+bSinh[e+1‘:x]2
+

f 3f

Coth[e+fx]3 (a+bSinh[e+fx]2)?2 8 (a+b) E1lipticE[ArcTan[Sinh[e+fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+1‘:x}2

+

3 f Sech f£x]2 b Sinh fx]2
3f ech[e+fx]?% (a+bSinh[e+f x]2)

a

(3a+b) (a+3b) EllipticF[ArcTan([Sinh[e+fXx]], 1—5} Sech[e + f x] \/aerSinh[e“‘:x]2 8 (a+b) \/a+bSinh[e+fx]2 Tanh[e +  x]

+

Sech fx]2 (a+bSinh fx]12) 3f
3af echle+f x] a+b Sinh[e+f X]

a

Result (type 4, 368 leaves):

i(3a?+6ab-b?) \/“'b”’c"swz (e+fx1L EllipticF|[4 (e+Fx), 5}

+ R

RV ’ 1
3f \/7\/2a—b+bCosh[2 (e+fx)] 2b
2\Ea\/“b*bc°52“<9**m EllipticE[i (e« fx), ] \E(Zab)\/“b*bc“gm‘***m EllipticF[i (e+fx), ]
i(4ab+4b?) - +
\/Zafb+bCosh[2 (e+Fx) ] \/Za—b+bCosh[2 (e+Fx)]
2 bSinh|2 f
\/Za—b+bCosh[2 (e+fx)} [2(\/TaCosh[eJr-Fx}+\/?bCosh[e+-Fx])Csch[e+-Fx]aCOth[e+fXJ Cschie+fx] + 1n[ (e+ X)]
3 342 62

Problem 485: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]*

dx

Ja+bSinh[e+fx]?

Optimal (type 4, 219leaves, 5 steps):
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2 (2a-b) EllipticE[ArcTan[Sinh[e+fx]], 1 g} Sech[e + f x] \/a+b51nh[e+-Fx]

- +

2 + 3 + 2
3 (ab>2_FJSech[e+fx] (a+b Sinh[e+f x]?)

a

(3a-b) EllipticF[ArcTan[Sinh[e+fx]], 1- 5} Sech[e + f x] \/a+b51nh[e+1‘:x] Sech[eJr.FX}z\/aJrbSinh[eJr.FX]z Tanh[e + f x]
3(a-b)f

a

+ 2 i 2
3 (ab)ZTcJSech[e fx]? (a+bSinh[e+fx]?)

Result (type 4, 206 leaves):

2a-b+bCosh[2 (e+f 2a-b+bCosh[2 (e+f
4ja(2ab)\/ a-brblosh|2 e+ fx)] EllipticE[j(e+-Fx),b}+2ja(ab)\/ a-brbCosh[2 (e £x)] EllipticF[j<e+fx),9],

a a a a

(2 (4a>-3ab+b?) Cosh[2 (e+fx) ]|+ (2a-b) (2a+b+bCosh[4 (e+fx)])) Sech[e+fx]?Tanh[e+fx] /

1
V2

(6 (a-b)?f./2a-b+bCosh[2 (e+fx)] )
Problem 486: Result unnecessarily involves imaginary or complex numbers.
J Tanh[e + f x]?
dx
\/a+b51nh e+fx]?

Optimal (type 4, 156 leaves, 6 steps):

EllipticE[Ar‘cTan[Sinh[e+-Fx]], 1- g} Sech[e + f x] \/a+bSinh[e+-Fx]2

- +

2 5 2
(a —b) 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)

a

EllipticF[Ar‘cTan[Sinh[e+fX]], 1- 5 Sech[e + f x] \/a+bSinh[e+-Fx]2

a

2 5 2
(a—b) _F\/Sech[e+fx] (a+bSinh[e+f x]?)

Result (type 4, 109 leaves):
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—ZiaJ“'b*bc“Tz @Bl El1lipticE[i (e+fx), 2] +3/2 (-2a+b-bCosh[2 (e+fx)]) Tanh[e + f x]

2 (a—b)F\/Za—b+bCosh[2 (e+fx)]

Problem 488: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]?

dx

\/a+bSinh[e+-Fx]2

Optimal (type 4, 207 leaves, 6 steps):

Coth[e + f x] \/a+bSinh[e+'Fx]2 EllipticE[Ar‘cTan[Sinh[e+-Fx]], 1- 5] Sech[e + f x] \/a+bSinh[e+1=x}2

4
af Sech fx]2 b Sinh fx]?
af ech[e+fx]? (a+bSinh[e+f x]2)

a

EllipticF[Ar‘cTan[Sinh[e+-Fx}], 1- 5 Sech[e + f x] \/aerSinh[e+-Fx]2 \/a+bSinh[e+-Fx}2 Tanh[e + f x]
+

Sech[e+f x]2 (a+bSinh[e+f x]?) af
af ech[e+f x]° (a+bSinh[e+f x]

a

Result (type 4, 105leaves):

a

V2 (-2a+b-bCosh[2 (e+fx)]) Coth[e+fx] —Zianab*b“Sh”(e“cx” EllipticE[i (e+fx), g}

2af\/2a—b+bCosh[2 (e+fx)]

Problem 489: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]*

dx

Ja+bsinh[e+fx]?

Optimal (type 4, 285 leaves, 7 steps):



2 (2a-b) Coth[e+fx]\/a+bSinh[e+fx]? Coth[e+fx] Cschle+fx]2/a+bSinhlefx]2

3a% f 3af

2 (2a-b) EllipticE|[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bSinh[e+1‘x]2

+

a

332 'F\/ Sech[e+f x]2 (a+bSinh[e+f x]?)
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(3a-b) EllipticF|[ArcTan[Sinh[e+fx]], 1—5} Sech[e + f x] \/a+bSinh[e+fx]2 2 (2a-b) \/a+bSinh[e+-Fx}2 Tanh[e + f x]

+

332 _F\/Sech[eﬁ:x]2 (a+bSinh[e+f x]?)

a

Result (type 4, 357 leaves):

-2+/2 aCosh[e+fx]+\/2 bCosh[e+fx]]| Csch[e+fx] 2
JZa—b+bCosh[2 (e+fx)] (( e —mth[e*fxlﬁcwe*f” ]
a 312 a

+

i <3 a273ab+b2> \/23b+bcosh[2 (e+f x) ] ElliptiCF[]l (e+fx>, %]

3a%f

1 3 a i
3a2f \/7\/2a7b+bCosh[2(e+fx)] 2b
ZﬁaJ”b*bc“Tz (1L EllipticE[i (e+fx), 5 V2 (2a-b) Jzameosh[z (1L EllipticF[i (e+fx), 5
i(2ab-b?) -

\/Za—b+bCosh[2(e+FxH \/Za—b+bCosh[2(e+fo

Problem 496: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]*
J dx
(

a+bSinhle+fx]2)%?

Optimal (type 4, 275leaves, 6 steps):
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Va /b (7a+b) Cosh[e+fx] EllipticE[Ar‘cTan[@gM}, 1- ﬁ}

- +

3 (a—b)3'F —aCoshesfx)® Ja+b$inh[e+1:x}2

a+b Sinh[e+f x]?

(3a+5b) EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/a+bSinh[e+fx]2

2 3 2
3 (a_ b>3f\/ Sech[e+fx]2 (a+bSinh[e+f x]?)

a

4aTanh[e + f x] Sech[e+ fx]2Tanh[e + f x]

+

3(a-b)2f+/a+bsinh[e+fx]2 3 (a-b)f+/a+bSinh[e+Ffx]?

Result (type 4, 212leaves):

2a-b+bCosh[2 <e+fx)]

2a-b+bCosh[2 (e+f
Zja(7a+b)\/ a-brbCosh[2 (e £x)] EllipticE|[i (e+fx),g}+8ja(a—b)
a a a

(8a>+21ab-5b”+4 (4a>+3ab+b*) Cosh[2 (e+fx)]|+b (7a+b) Cosh[4 (e+fx)]) Sech[e+fx]?Tanh[e+fx] /

22

(6 (a-b)?f./2a-b+bCosh[2 (e+fx)] )

Problem 497: Result unnecessarily involves imaginary or complex numbers.

Tanh[e + fx]?
J dx
(

a+bsSinhfe+fx]2)*?

Optimal (type 4, 217 leaves, 5steps):

2+/a /b Cosh[e+fx] EllipticE[Ar‘cTan[—\&i”}M], 1- i]
a

- +

(a—b)z'F —aCoshe+fx1® \/a+bSinh[e+1:x}2

a+b Sinh[e+f x]?

(a+b) EllipticF|[ArcTan[Sinh[e+fx]], 1- g] Sech[e + f x] \/a+bSinh[e+fx}2 Tanh[e + f x]

a

a (a—b)zf\/ Sech[e+fx]2 (a+bSinh[e+f x]?) (a_b> -F\/a +bSinh[e+-Fx]2

EllipticF[i (e+fx), E] -

a
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Result (type 4, 158 leaves):

2a-b+bCosh[2 (e+F 2a-b+bCosh[2 [e+f
-zjm/?a\/ 2-brbosh|2 e fx)] EllipticE[i(e+fX):E%iﬁ(a—b)J 2-bbCosh[2 e+ fx)] E1Liptick[i (e« x), °] -
a a a a

2 (a+bCosh[2 (e+fx)]|) Tanh[e +fx] /((afb)zf\/4a—2b+2bCosh[2 (e+fx)})

Problem 499: Result unnecessarily involves imaginary or complex numbers.

dx

J Coth[e + fx]?
(

a+bSinh[e+-Fx]2)3/2

Optimal (type 4, 237 leaves, 7 steps):

Coth[e + f x] 2Coth[e+Fx]\/a+bSinh[e+-Fx]2 2EllipticE[Ar‘cTan[Sinh[e+Fx]],l—g]Sech[e+-Fx]x/a+bSinh[e+fx]2

2
awc\/aerSinh[eﬂcx]2 a*f azf\/Sech[eﬂcx]z(a+bSinh[e+‘Fx]2)

a

+

EllipticF[Ar‘cTan[Sinh[ewa}], 1- z} Sech[e + f x] \/a+bSinh[e+1°x]2 2\/a+bSinh[e+-Fx]2 Tanh[e + f x]

+

, ] R a’f
azf\/ Sech[e+f x] (a;bSlnh[e+‘Fx] )
Result (type 4, 153 leaves):
2a-b+bCosh|2 f
-2 (a-b+bCosh|2 (e+-Fx>])Coth[e+-Fx]—2Ji\/7a\/ a-brbCosh[2(e+fx)] EllipticE[i(e+fx),E]+
a a

2a-b+bCosh|2 f
Ji\/Ta\/ a-b+bCosh (e+ XH EllipticF|i (e+fx), E] /(azf\/4a—2b+2bCosh[2 (e+fx” )
a a

Problem 500: Result unnecessarily involves imaginary or complex numbers.

dx

J Cothl[e+fx]*
(

a+bsinhfe+fx]?)*?
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Optimal (type 4, 341 leaves, 8steps):

(a-b) Cothle+fx] Csch[e+fx]2 (7a-8b) Coth[e+fx]+/a+bSinhle+Fx]?

- - +

3
abf.fa+bsinhle fx]2 3a°f

(3a-4b) Coth[e+fx] Csch[e+-Fx]2\/a+bS.inh[e+-Fx]2
3a’bf

(7a-8b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[eH‘:x]2

+

333 _F\/Sech[enfx]2 (a+bSinh[e+f x]?)

a

(3a-4b) EllipticF[ArcTan[Sinh[e+fx]], 1—2} Sechle + fx] \/aerSinh[eH‘:x]2 (7a-8b) Ja+bsinh[e+1:x12 Tanh[e + f x]

+

a

3
a’f
333 _F\/Sech[enfx]2 (a+bSinh[e+f x]?) 3

Result (type 4, 441 leaves):

i (3\/?a27 ljib +4\/?b2) \/Zab+bCosh[2 (e+fx) ] ElliptiCF[J'l (eJr-FX), g]

2 a 1

3a°f \/?\/Za—b+bCosh[2(e+fx)] 2b

z\/TaJ“’”bC““fz (£l EllipticE[i (e+fx), 2] /2 (2a-b) J”b*““““ (£ EllipticF[i (e+fx), 2]
7ab a a a

i

4\5sz - ’
\/Za—b+bCosh[2(e+Fx)] \/Za—b+bCosh[2(e+Fx)]

V2

(—4\/7aCosh[e+fx] +5\/7bCosh[e+Fx1) Cschle + f x]

1
—\/2a7b+bCosh[2 (e+Fx)]
f 6 a’

Cothle+fx] Csch[e+fx]2 -2 absinh[2 (e+fx)]++/2 b2Sinh[2 (e+fx)]
+
34/2 a? 2 a3 (2a—b+bCosh[2(e+FxH>
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Problem 507: Result unnecessarily involves imaginary or complex numbers.

dx

J Tanh[e + fx]*
(a+bsSinhle+fx]2)*?

Optimal (type 4, 333 leaves, 7 steps):

N /b Sinh[esfx] a
b (5a+3b) Coshle+fx] Sinhle+ fx] 8\/?\/?(a+b> Cosh[e +f x] E1lipticE [ArcTan| 1:}; X ],1—2]

- - +

3(a-b)>f (a+bSinh[e+fx]?)>?
(a-b)°f (a+bSinhle+fx]?) 3 (a-b)*f M\/a+bsinh[e+fx]2

a+bSinh[e+fx]?

(3a+b) (a+3b) EllipticF [ArcTan([Sinh[e+fx]], 1- 5} Sech[e + f x] \/a+bSinh[e+fx]2

a

2 3 + 2
3a (ab>4f\/5ech[e+fx] (a+bSinh[e+f x]?)

2 (2a+b) Tanh[e + fx] Sech[e+fx]2Tanh[e + f x]
+
3(a-b)*f (a+bSinh[e+fx]2)*? 3 (a-b)f(a+bSinhfe+Ffx]2)>?

Result (type 4, 479 leaves):

i(3a®+6ab-b?) J“b*““hmeﬂ” EllipticF[i (e+fx), 2]

1 a a 1
—1 7 |- o r
3(a-b)*f \E\/2a7b+bCosh[2 (e+fx)] 2b
Zﬁa\/za'bmc"sz[z(““” EllipticE[i (e+fx), g} V2 (2a-b) \/Za—b+bCosr;[2(e+fx)1 EllipticF[i (e+fx), f}
i(4ab+4b?) - N
\/Za—b+bCosh[2 (e+fx)} \/Za—b+bCosh[2 (e+fx>]
1 2Sech[e + fx] (\/?aSinh[ewx]+ﬁb51nh[e+fx}) V2 absinh[2 (e +fx)]
—\/Za—b+bCosh[2 (e+1:x)] - - _
f 3(a-b)* 3 (a-b)’(2a-b+bCosh[2 (e+fx”>2

2 (\/TabSinh{z (e+fx)]++/2 b2sinh|2 (e+-FxH) Sech[e +fx]2Tanh[e + f x]

+

3(a—b)4<2a—b+bCosh[2(e+fx)]) 3v/2 (a-b)®
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Problem 508: Result unnecessarily involves imaginary or complex numbers.

dx

J Tanh[e + f x]?

(a+bsinhfe+fx]2)*?

Optimal (type 4, 274 leaves, 6 steps):

. . /b Sinh[e+fx _
4bCosh e+ fx] Sinhle+ fx] b (7a+b) Cosh[e+fx] E1lipticE[ArcTan| N ],1-2]

- - +

3(a-b)*f (a+bSinh[e+fx]2)%?
(a-)"f (a+bsinhle £x]%) 3va (a-b)?f | 2Coshlesfxll \/a+bSinh[e+-Fx]2

a+b Sinh[e+f x]?

o |w

(3a+5b) EllipticF[ArcTan[Sinh[e+fx]], 1- g} Sech[e + f x] \/aerSinh[eﬁcx]2 Tanh[e + £ x]

(a-b) f (a+bSinh[e+fx]2)>?

3a (a _ b) 3 £ \/ Sech[e+fx]2 (a+bSinh[e+f x]?)
a
Result (type 4, 215leaves):
3/2
.. ) b
EllipticE|[i (e+Fx), =]+
a

2a-b+bCosh[2 (e+fx) |

[-na2 (7a+b) [

a

2a—b+bCosh[2(e+Fx)] 1

3/2 b
J EllipticF[i (e+fx), —] - ——

NG

(24a°-4a’b+5ab’-b’+4a (11a-3b) bCosh[2 (e+fx)]| +b? (7a+b) Cosh[4 (e+Ffx)]|) Tanh[e +fx]

8ia’(a-b)

a

/

(Ga (a-b)>f (2a-b+bCosh|2 (eﬂcx)”e./z)

Problem 510: Result unnecessarily involves imaginary or complex numbers.

Coth[e + fx]?
J( dx

a+bSinh[e+-Fx]2)5/2

Optimal (type 4, 351 leaves, 8 steps):
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Coth[e + fx] (3a-4b) Cothle+fx] (7a-8b) Coth[e+fx] \/a+bSinh[e+1‘:x]2

+ — —

3af (a+bsinhiesfx]?)>* 55 (a-b) 1°\/a+bSinh[e+1cx]2 32° (a-b) f

(7a-8b) EllipticE[ArcTan[Sinh[e+fx]], 1- g} Sechle + fx] \/a+bSinh[e+Fx]2

+

a

2 3 2
333 (a—b) _F\/Sech[e+'Fx] (a+bSinh[e+f x]?)

(3a-4b) EllipticF[ArcTan[Sinh[e +fx]], l—g} Sech[e + f x] \/a+bSinh[e+Fx]2 (7a-8b) \/a+bSinh[e+-Fx}2 Tanh[e + f x]

+

3 a3 (a—b)f

2 3 2
333 (a—b) _F\/Sech[e+'Fx] (a+bSinh[e+f x]?)

Result (type 4, 226 leaves):

-L(24a3-68a2b+69ab2-24b3+4b (11a®-19ab+8b?) Cosh[2 (e+fx) ]|+ (7a-8b) b’ Cosh[4 (e+fXx)|) Coth[e+fx] -

V2

3/2
b
EllipticE[i (e+fx), —] +
a

2a-b+bCosh|2 (e+fo

2ia’(7a-8b) (

a

g i a2 (a—b) 2a-b+bCosh|2 (e+FxH JB/Z

EllipticF[i (e+x), E]}/ (6a3 (a-b) f(2a-b+bCosh|2 <e+fx)])3/2)

a a

Problem 511: Result unnecessarily involves imaginary or complex numbers.

dx

J Coth[e + fx]*
(

a+bSinh[e+-Fx]2)5/2

Optimal (type 4, 385leaves, 9steps):
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(a-b) Coth[e+fx] Csche+fx]? 2 (a-3b)Coth[e+fx] Cschle+fx]?2

3abf (a+bSinh[e+-Fx}2>3/2 3a2b'F\/a+bSinh[e+-Fx]2

8 (a-2b) Coth[e+fx] \/a+bSinh[e+fx]2 (3a-8b) Coth[e+fx] Csch[e+fx]2+/a+bSinh[e+Fx]2
N .

3a%f 3a3bf

8 (a-2b) EllipticE[ArcTan[Sinh[e+fx]], 1- S} Sechle + fx] \/aerS.inh[e+-Fx]2

+

a

3 a4 'F\/ Sech[e+f x]2? (a+bSinh[e+f x]2)

(3a-8b) EllipticF[ArcTan[Sinh[e +fx]], 1—3} Sech[e + f x] \/aerS.inh[erFx]2 8 (a-2b) \/a+bSinh[e+fx}2 Tanh[e + f x]
+
3atf

a

3 a4 'F\/ Sech[e+f x]2? (a+bSinh[e+f x]2)

Result (type 4, 247 leaves):

ib(8a’-63a’b+92ab>-40b>-2 (8a>-38a’b+63ab’-30b%) Cosh[2 (e+fx)]|-b (13a>-36ab+24b?) Cosh[4 (e+Fx)] -

l[ﬁ

2a-b+bCosh|2 f 32
2ab?Cosh|[6 (e+fx)|+4b3Cosh[6 (e+fx)|) Coth[e+fx] Csch[e+fx]?+2a’b a-b+bCosh[2 (e~ X)]J

a

(8 (a-2b) EllipticE[i (e+fXx), E} +(-5a+8b) EllipticF[i (e+fx), 9]]
a a

]/ (6a4b-F(2a—b+bCosh[2 (e+fx)]>3/z)]

Problem 512: Unable to integrate problem.

J(a+bsinh[e+fx]2)p (dTanh[e+fx])"dx

Optimal (type 6, 122 leaves, 3 steps):

1+m 1+m 3+m . , bsSinhfe+fx]?
AppellFl[ , , —P» , —Sinh[e + fx]~°, ——}
df (1+m) 2 2 2 a
Lim bSinh[e+fx]2)P
(Cosh[e+fx]?) = (a+bSinh[e+fx]?)P 1+# (dTanh[e+fx])1*’"

a

Result (type 8, 27 leaves):

J(a+bsinh[e+fx]2)p (dTanh[e+fx])"dx
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Problem 513: Unable to integrate problem.

J(a+bsinh[c+dx]2)pTanh[c+dx]3d1x

Optimal (type 5, 110leaves, 3 steps):

(a-b (1+p)) Hypergeometric2F1[1, 1+p, 2+p, Lﬁj‘fﬂﬁ] (a+bSinh[c+dx}2>1+p Sech[c+dx]2 (a+bSinh[c+dx]2)1*p
- +

2 (a-b)*d (1+p) 2(a-b)d

Result (type 8, 25leaves):

J(a+b$inh[c+dx]2)pTanh[c+dx13d1x

Problem 514: Unable to integrate problem.

j(a+bsinh[c+dx]2)pTanh[c+dx] dx

Optimal (type 5, 63 leaves, 2 steps):

Hypergeometric2F1[1, 1+p, 2 +p, m‘;*ﬂﬁ] (a+bSinh[c+dx]2)*P
a

2 (a-b)d(1+p)

Result (type 8, 23 leaves):

J(a+bsinh[c+dx]2)pTanh[c+dxj dx

Problem 516: Unable to integrate problem.

JCoth[c+dx]3 (a+bsinh[c+dx]?)Pdx

Optimal (type 5, 94 leaves, 3 steps):

Cschic+dx]? (a+bSinh[c+dx]?) P (a+bp) Hypergeometric2F1[1, 1+p, 2+p, 1+ m‘;*ﬂ‘i] (a+bsSinh[c+dx]?)*P

2ad 2a%d (1+p)

Result (type 8, 25leaves):

JCoth[Cerx]?’ (a+bsinh[c+dx]?)Pdx
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Problem 517: Unable to integrate problem.

J(a+bsinh[c+dx]2)pTanh[c+dx]4d1x

Optimal (type 6, 103 leaves, 3 steps):

1 5 5 7 . , bSinh[c+dx]?
prpellFl[f, -, -p, —, -Sinh[c+dx]*, -————
5d 2 2 2 a

]

/ 2 ¢ 4 . 2\ p bSinh[c+dx]%)7P
Cosh[c+dx]? Sinh[c+dx]* (a+bSinh[c+dx]?)? |1+ ———————| Tanh[c+dx]

a

Result (type 8, 25leaves):

J(a+b$inh[c+dx]2)pTanh[c+dx14d1x

Problem 518: Unable to integrate problem.

j(a+bsinh[c+dx]2)pTanh[c+dx]2d1x

Optimal (type 6, 103 leaves, 3 steps):

3 5 . , bSinh[c+dx]?
—, -p, —, -Sinh[c+dx]?, -———
2 2 a

]

)

1 3
prpellFl[f
3d 2

> s 5 . 21 p bSinh[c+dx]2)P
\/Cosh[c+dx]* Sinh[c+dx]? (a+bSinh[c+dx]*)? |1+ ————————| Tanh[c+dXx]

a

Result (type 8, 25leaves):

J(a+b$inh[c+dx]2)pTanh[c+de2d1x

Problem 519: Unable to integrate problem.

JCo‘ch[c+dx]2 (a+bsinh[c+dx]?)”dx

Optimal (type 6, 99 leaves, 3 steps):

1 1 1 1 . , bsSinh[c+dx]?
—prpellFl[—f, -—, -p, —, -Sinh[c+dx]%, - ————
d 2 2 2 a

}

Cosh[c+dx]? Csch[c+dx] Sech[c+dx] (a+bSinh[c+dx]*)P |1
a

bSinh[c+dx]2)\P
ekt S oY
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Result (type 8, 25leaves):

JCo‘ch[c+dx]2 (a+bsinh[c+dx]?)?dx

Problem 520: Unable to integrate problem.

JCo‘ch[Cerx]4 (a+bsinh[c+dx]?)Pdx

Optimal (type 6, 103 leaves, 3 steps):
1 3 3 1 . , bSinh[c+dx]?
—prpellFl[—f, -—, -p, -—, -Sinh[c+dx]°, - —————
3d 20 2 2 a

]

p 3 . 21 p bSinh[c+dx]2)P
Cosh[c+dx]? Csch{c+dx]?>Sech[c+dx] (a+bSinh[c+dx]?)? |1+ ——

a

Result (type 8, 25leaves):

JCoth[c+dx]4 (a+bsinh[c+dx]?)?dx

Problem 521: Result is not expressed in closed-form.

Coth[x]3
j— dx
a+bSinh[x]3

Optimal (type 3, 152 leaves, 12 steps):

2/3 al/3-2bY/3 sinh[x
b?/ ArcTan [ =22 U] cochx)? Log[Sinh[x] ]
- +

ﬁ as/3 2a a

b?/3 Log[al/? + b1/2Sinh[x]| b2/? Log[a?? - a'/3 b3 Sinh[x] +b?3Sinh[x]2| Log|a+bSinh[x]?]
3a5/3 " 6a5/3 N 3a

Result (type 7, 162 leaves):
-bx+blog[eX-H1] +4axtl®-4alog[e*-11] 113 -3bxa1*+3blog[e*-11] #1*
b-2b#12-4an13+ b1t

24 a

- 8 RootSum[-b+3bm12+8an1®-3bnl* + bul® &,

&| +

3

X 12 ) X2
8x+Csch| =] -8Log[Sinh[x]] - Sech| ] J)
2 2
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Problem 522: Result more than twice size of optimal antiderivative.

J Coth[x]
dx
a+bSinh[x]3
Optimal (type 3, 28 leaves, 4 steps):
2Ar‘cTanh[Am*bsinh x)* ]

Va
3+a

Result (type 3, 66 leaves):

2+/b ArcSinh[¥2 Cﬁmﬂ b+acs;mxv
b

3+/a Csch[x]3/2~/a+bSinh[x]3
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Summary of Integration Test Results

1531 integration problems

A - 1111 optimal antiderivatives

B - 168 more than twice size of optimal antiderivatives
C - 122 unnecessarily complex antiderivatives

D - 69 unable to integrate problems

E - 61 integration timeouts



